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ABSTRACT. We show that under standard assumptions on the isotropy
groups of an integer GKM manifold, the equivariant Stiefel-Whitney classes
of the action are determined by the GKM graph. This is achieved via a
GKM-style description of the equivariant cohomology with coefficients in
a finite field Z;, even though in this setting the restriction map to the
fixed point set is not necessarily injective. This closes a gap in our ar-
gument why the GKM graph of a 6-dimensional integer GKM manifold
determines its nonequivariant diffeomorphism type. We introduce combi-
natorial Stiefel-Whitney classes of GKM graphs and use them to derive a
nontrivial obstruction to realizability of GKM graphs in dimension 8 and
higher.

RESUME. Nous montrons que sous des hypothéses standard sur
les groupes d’isotropie d’une variété GKM entiere, les classes de Stiefel—
Whitney équivariantes de D'action sont déterminées par le graphe
GKM. Ceci est réalisé par une description de style GKM de la cohomo-
logie équivariante avec coefficients dans un corps fini Z,, méme si dans
ce cadre I'application de restriction & ’ensemble des points fixes n’est pas
nécessairement injective. Cela répare une erreur dans notre preuve du fait
que le graphe GKM d’une variété GKM entiere de dimension 6 détermine
son type de difféomorphisme non équivariant. Nous introduisons des classes
combinatoires de Stiefel-Whitney pour les graphes GKM et nous les utili-
sons pour dériver une obstruction non triviale & la réalisabilité des graphes
GKM en dimension 8 et plus.

1. Introduction In GKM theory, named after an influential paper of
Goresky—Kottwitz—MacPherson [11], one associates a labelled graph to certain
torus actions on smooth manifolds. Concretely, we consider closed orientable
manifolds M with vanishing odd degree cohomology on which a compact torus
T acts with finitely many fixed points, such that at each fixed point, the isotropy
weights are pairwise linearly independent. In this situation, the orbit space of
the one-skeleton of the action is homeomorphic to a graph, and we label its edges
with the corresponding isotropy weights. The benefit of this GKM graph of the
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ON THE STIEFEL-WHITNEY CLASSES OF GKM MANIFOLDS 17

action is that it encodes a multitude of topological properties, both of the action
and of the manifold acted on, such as the (equivariant) cohomology ring.

In order for such statements to hold true with integer coefficients one assumes
additionally that for every point outside the one-skeleton of the action, i.e., every
point ¢ € M with dimT,; < dim7T — 1, the isotropy group T is contained in a
proper subtorus of T'. This condition is encoded in the GKM graph (see Remark
and holds e.g. if the isotropy groups are connected. The reason for imposing
this condition is that it ensures that the Chang—Skjelbred Lemma [4] is valid
with integer coefficients [6].

In this note we derive, under the very same assumption, a GKM type descrip-
tion of the equivariant cohomology with Z,, coefficients (see Theorem [3.4]). This
is insofar remarkable as the standard method to prove such statements, namely
by embedding the equivariant cohomology into the equivariant cohomology of
the fixed point set, is not applicable here. In fact, the map induced by the in-
clusion of the fixed point set is, under our assumptions, not necessarily injective
with coefficients Z,. As a replacement, we consider the natural map from the
disjoint union of the invariant 2-spheres into M, and show that it induces an
injection in equivariant cohomology for arbitrary coefficients (see Lemma .
It turns out that the H*(BT;Z,)-algebra Hy.(M;Z,) is naturally embedded in
the sum H;.(I';Z,) @ B*(T', p) equipped with an appropriate algebra structure.
Here, H3(I'; Z,,) is equivariant graph cohomology with Z,, coefficients (see Defi-
nition j and B*(I',p) = D.cpr p) H*=%(BT};Z,), where E(T',p) is the set of
isotropy weights that are divisible by p.

We give a description of the total equivariant Stiefel-Whitney class as an
element of H3(T';Zy) @ B*(T',2) in terms of the GKM graph (Theorem [4.4).
As a corollary we prove that under our assumptions on the isotropy groups,
the (equivariant) Stiefel-Whitney classes are encoded in the GKM graph. This
statement was already used in [7] in the proof of the fact that the diffeomorphism
type of a 6-dimensional simply-connected GKM manifold is determined by its
GKM graph. This gap in the argument is filled by the present note (see Remark
. As another application we derive a combinatorial criterion of when a GKM
manifold admits an (equivariant) spin structure (Theorem . Our compu-
tation of the equivariant Stiefel-Whitney classes of GKM manifolds motivates
a definition of combinatorial Stiefel-Whitney classes for abstract GKM graphs.
These are certain elements in Hj(I'; Zy) & B*(T',2) (see Definition [4.2)).

We note that a purely algebraic description of Hy.(M;Z,) is in some sense
unremarkable as it can be obtained by tensoring Hy(M;Z) with Z,, and our
assumptions ensure that the classical GKM description of Hj(M;Z) is valid.
However this method is not apt to describe phenomena that are intrinsic to
finite coefficients. In fact, the discrepancy between Hj}(M;Z) ® Z, and our
more Zy-intrinsic description has interesting implications: we show by means of
an example that in dimension 8 and higher, the condition that the combinato-
rial Stiefel-Whitney classes are contained in H}.(M;Zsy) provides a nontrivial
obstruction to realizability of abstract GKM graphs (see Theorem . For T2-
actions in dimension 6, i.e., for 3-valent graphs with labels in Z2, this condition
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turns out to be contained in the known obstructions for realizability (see Propo-
sition [5.3)) which explains why it does not appear as a separate condition in the
realization results of [8].

Acknowledgements. We are grateful to Michael Wiemeler for pointing out to
us the gap in 7] mentioned above.

2. GKM Actions The type of Lie group actions we consider in this paper
are the following, named after [11].

DEFINITION 2.1. An action of a compact torus T = S' x ... x S' on an even-
dimensional smooth closed orientable manifold M with H°(M;Z) = 0 is called
(integer) GKM if

(i) its fixed point set MT ={pe M | T -p= {p}} is finite and
(ii) its one-skeleton M7 := {p € M | dimT-p < 1} is a finite union of T-invarant
2-spheres.

The manifold M, together with an integer GKM action, will be called an (integer)
GKM manifold.

Often, one also considers rational GKM manifolds, for which one instead
requires the rational odd cohomology to vanish. In this paper, only the more
restrictive integer case will be relevant.

Given a GKM T-action on M, the orbit space M; /T is homeomorphic to a
graph, which we will denote by I'. Its vertex set equals M7, and every (unori-
ented) edge connecting two vertices p and ¢ represents a T-invariant 2-sphere
S containing the fixed points p and q. We equip such an edge e with the label
ale) € H*(BT;Z)/ £1 =2 24mT / £ 1 given by the weight of the T-module T, S
(which is, as a real representation, isomorphic to T,S). This labeling turns I’
into what is known as an abstract GKM graph, a notion that we will recall now.

Let T be an n-valent graph with finite vertex set V(I') and finite edge set
E(T"). We assume that E(I") does not contain loops, but multiple edges between
vertices are allowed. The edges of I' do not come with a fixed orientation, but
if we consider on an edge e € E(T") an orientation, then we can speak about its
initial vertex i(e) and its terminal vertex ¢(e). For an oriented edge e, we denote
by € the same edge with opposite orientation. Given a vertex v we denote by E,
the set of all oriented edges emanating from v.

DEFINITION 2.2. A connection on I' is a collection of bijections V. : E;,) —
Ey(e), for any oriented edge e, such that

(i) Ve(e) =€ and
(i) Ve=V_L

DEFINITION 2.3. Let k > 1. Then an (abstract) GKM graph is an n-valent
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graph T', together with a labelling of the edges « : E(T') — Z¥/ 4 1, called awial
function, such that

(i) For any v € V and e # f € E,, the labels a(e) and a(f) are linearly
independent.
(i) There exists a connection V on I' which is compatible with the axial function

in the sense that for every oriented edge e and f € FEj() there exists sign
choices for a(f) and (V. f) such that

a(Vef) =alf) mod ale).

It was shown in |10, Proposition 2.3] and [12] that the graph associated to
a GKM T-action is an abstract GKM graph, i.e., that it admits a connection
compatible with the labelling. Note however that the compatible connection is
not necessarily unique, so that we do not fix it as part of the structure.

Recall that the equivariant cohomology of a T-action on a T-space M with
coefficients in a ring A is defined as the cohomology Hi.(M; A) := H*(Mr; A)
of the Borel construction Mt = M x1 ET.

Throughout the paper we will often impose the following assumption on the
action:

(1) For every ¢ € M \ My, the isotropy group T,
is contained in a proper subtorus of T.

The reason for this requirement is the Chang—Skjelbred Lemma for integer

coefficients (see [6, Theorem 2.1]) which is crucial for many of our considerations.

We note that the Lemma holds under more general topological assumptions than

the ones made below.

LEMMA 2.4. For a closed smooth T-manifold M satisfying such that
H}(M;Z) is a free H*(BT;Z)-module, the sequence

0 — HM(M;Z) — Hp(MT;Z) — HiY (M, M7T;7)

is exact, where the middle arrow is induced from the inclusion MT — M, and the
right arrow is the boundary morphism in the long exact sequence in equivariant
cohomology of the pair (My, MT).

This implies that the integral equivariant cohomology of the T-action is deter-
mined by the one-skeleton: the morphism HZ(M;Z) — Hx(M7T;Z) is injective,
and its image equals the image of the map Hi(My;Z) — Hi(MT;Z) induced
by the inclusion MT — M.

If the action is GKM, then freeness of the equivariant cohomology is implied
by the vanishing of the odd cohomology groups and the one-skeleton M is, as
a T-space, encoded in the GKM graph, so Condition implies via Lemma
that H}.(M;Z) is fully described by the GKM graph. One defines
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DEFINITION 2.5. The equivariant graph cohomology of the GKM graph I' with
coefficient ring A is

all edges e between ¢ and r

Hi(T;A) = {(me P H*(BT; A)

peEMT

fqo— fr =0 mod a(e) for }

C Hi(MT;A).

where we consider a(e) as an element in the image of H?(BT;Z) — H*(BT;Z)®
A = H?*(BT; A) modulo sign. On H(T; A) we consider the natural structure of
H*(BT}; A)-algebra, with componentwise multiplication.

The same definition was given in [12] for abstract GKM graphs, keeping in
mind the identification H?(BT;Z) = Z*.

As observed in 11, Theorem 7.2] (for coeflicients in the complex numbers; see
|9, Proposition 2.30] for the integer case), the Chang—Skjelbred Lemma becomes

PROPOSITION 2.6. For an integer GKM action satisfying , the inclusion
MT — M induces an isomorphism

H}(M;Z) = Hy(T;Z).

See Section [3] below, in particular Theorem [3.4] for a relation between
H}(M;Zy) and Hp (I Zy).

REMARK 2.7. As the previous proposition is central to many aspects of this
paper, so is Condition . In our setup, this condition is in fact encoded directly
in the GKM graph as described by Proposition [2:8 below. This was observed
earlier in [5, Proposition 3.10] in a symplectic setup.

ProOPOSITION 2.8. An integer GKM manifold satisfies Condition if and
only if any two adjacent weights are coprime (i.e. they are not both divisible by

any 1l <n €Z).

PrROOF. If two weights a, 3 adjacent to ¢ € MT are divisible by a prime p,
then the corresponding 4-dimensional subspace in T, M is fixed by the maximal
p-torus T),. This subgroup is not contained in a proper subtorus hence Condition
is violated in a neighbourhood of .

Now assume that any two adjacent weights are coprime and fix a prime p.
Then MlT * consists of M7T as well as all invariant 2-spheres whose weight is
divisible by p. In particular dimz, H* (MlT”; Z,) = |MT|. Let S be an invariant
2-sphere in MlT ? and let NS denote its normal bundle. Then by assumption
none of the weights in the isotropy representations of N|gr are divisible by p.
From this we infer that (V.S)?? is just the zero section. An analogous argument

for the isolated fixed points shows that MIT ? is a union of connected components
of M™r. But we have

dimz, H*(M"?;Z,) < dimg, H*(M;Z,) = dimg H*(M;Q) = |[M"|
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where the inequality follows from the localization theorem applied to T, (see
e.g. |1, Thm. 3.10.4]) the first equality follows from H*(M;Z) being torsion free,
and the second equality is due to the fact that the spectral sequence of the
Serre spectral sequence of the Borel fibration of the T-action collapses (see e.g.
[1L Thm. 3.10.4]). Hence it follows that M7» contains no connected components
besides the ones in MlT ?. Since any subgroup of T" which is not contained in
a proper subtorus contains a maximal p-torus for some prime, this proves that
Condition holds (to see the last claim, note that any closed subgroup of T is
isomorphic to Z,,, X ... X Zy, X T! with n; > 1 and ni|n;+1 and being contained
in a proper subtorus is equivalent to k 4+ < dimT'). (]

ExaMPLE 2.9. Consider the sphere S?* C C" @ R together with the action
of T = T" given by t - (z1,...,2n,h) = (a1(t)z1,...,a,(t)zy, h), for certain
a; € hom(T,S') = H?(BT;Z). If none of the o; vanishes, then the fixed point
set is given by the poles {N, S} = {(0,...,0,%+1)}. Fixing some 1 < i < n the
subspace S; C S?" with z; = 0 for j # i is a 2-sphere and the action is GKM
with one-skeleton S = |J; S; if and only if all of the o; are pairwise linearly
independent. The GKM graph (T, «) is given by

aq

e
~——

(7%

where the labels are to be understood up to sign. We now consider the case
n = 3 (for the purpose of making the examples below effective) and r = 2. Let
x,y denote the standard basis of H?(BT;Z).

(1) Set (a1, @2, a3) = (z,y,x+y). Then H}(T'; Z) is the subset of H5({N, S}) =
H*(BT;Z)® H*(BT;Z) generated over H*(BT;Z) by (1,1) and (0, zy(x +
y)). We observe that this is isomorphic to H%(S%;Z) =~ H*(BT;Z) ®
H*(S%Z) by Proposition Furthermore, we note that reducing coeffi-
cients mod p for some prime p embeds H. (5% Z,) = H*.(I'; Z) ® Z,, into
H,({N,S};Zy) and its image is precisely H7.(T';Zy).

(11) For (0417 a2, 043) = (.I‘, Y,z +py) we obtain

H7(S%Z) = Hy(T3Z) = ((1,1), (0, zy(a + py))) i+ (T:2) -

As before, after reducing coefficients mod p, H3(S% Z,) gets mapped iso-
morphically onto the subalgebra ((1,1), (0, 2%y)) = (57:2,) of Hf.({N, S}; Zy).
Note however that in contrast to the previous example this no longer agrees

with H5(T';Z,). The latter is generated by the reductions of (1,1), (0, zy)
as the divisibility conditions by x and x + py become equivalent mod p.
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(iil) For (aq,as9,a3) = (z,y,p(x + y)) one arrives at the generators (1,1) and
(0, pry(x +y)) of Hx(S%Z) = H%(I';Z). Note that the second generator,
while being primitive in H}(S% Z) reduces to 0 in H({N,S};Z,). Hence
in this case the map H3(S%Z,) — H:({N,S};Z,) is not injective.

Let us recall the notion of an orientable GKM graph introduced in [§]. Given
an abstract GKM graph (T, ) with labels in Z*/ 4+ 1 we choose an arbitrary
compatible connection and lift &: E(T') — ZF. Now for an edge e € E(I') and
e # f € Ej) there is a unique ¢y € {£1} such that

a(f) =era(Vef) mod ale)

We set
ne)=— [ e
fE€E; )\ {e}

DEFINITION 2.10. We call the abstract GKM graph (I',«) orientable if for
every closed edge path eq,...,e; in T one has n(ey) ... -n(e) = 1.

As shown in [8] this property is independent of the choices of V and &. The
GKM graph of a GKM manifold is always orientable (see [8, Corollary 2.24]).

3. A GKM Description of H}.(M;Z,) The starting point of our descrip-
tion is given by the following

LEMMA 3.1. Let M be an integer GKM manifold satisfying Condition and
let Xpr denote the disjoint union of all invariant 2-spheres of M. Then for any
coefficient ring A the map H5(M; A) — H3 (X3 A) is injective.

Proor. Let S = HT(BT;A). We set M® to be the collection of all points
q € M for which no element of S gets annihilated under the map H*(BT; A) —
H*(BT4; A) where T is the stabilizer of . Let U C T be a proper subtorus.
Then the induced map H?(BT; A) — H?(BU; A) has nontrivial kernel as up to
isomorphism it is a projection AT — Adm@) [p particular some element of
S gets annihilated by this map. Hence, by the assumption on the isotropies, the
same holds for H*(BT; A) — H*(BT,; A) for any point ¢ ¢ M;. Consequently
MS C My. As H:(M; A) is free over H*(BT}; A) the localization theorem (see
e.g. [1, Thm. 3.2.6]) implies the injectivity of HX(M;A) — Hi(MS; A) and
hence also
Hi(M; A) — Hj(My; A)

is injective. Since H}.(M) is concentrated in even degrees the claim of the lemma
will follow from the fact that

Hp(My; A) = Hp(Xar; A)

is injective in even degrees. To see this thicken the vertices of M; to starlike
trees on which T acts trivially to obtain an equivariantly homotopy equivalent
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space Y. Now cover Y =V UW where V is a small neighbourhood of X»; C Y
and W is the interior of the inserted trees. The corresponding Mayer-Vietoris
sequence then reads

.= Hp(My; A) » Hp (Xp; A) @ Hr(W; A) - HRE (VAW A) — ...

We note that V N W is a disjoint union of intervals fixed by T. Hence the map
Hy(W;A) — Hy(VNW; A) is injective as well as concentrated in even degrees.
This proves the desired injectivity of H2*(My; A) — HZ (X5 A). O

In order to achieve a combinatorial description of the equivariant cohomology
we recall the equivariant cohomology of 2-spheres. Let S? be S2, equipped
with the T-action with weight o € H?(BT;Z). We assume that the weight is
nontrivial; then the action is (potentially noneffective) integer GKM, and its
integer equivariant cohomology is, via restriction to the fixed point set, given as

2) H(S2:7) = {(f,9) € H'(BT;2)* | f —g=0 mod a}.
It is a free H*(BT'; Z)-module of rank 2; one choice of generators are 1 and («, 0)

(or (0, ).
Let p be an arbitrary prime. By the universal coefficient theorem,

HT*“(SEA Zp) = H%(Si;Z) ® Zp,
which is a free H*(BT'; Z,)-module of rank 2.

LEMMA 3.2. We denote & := (a,0) as an element of H%(S%;Z) under the
identification . With the same letter we denote its reduction to Z, coefficients.

(i) As an H*(BT;Z)-algebra,
H7(Sa;Z) = H* (BT Z)[€]/ (€% — af).
(ii) As an H*(BT;Z,)-algebra,
Hi7(S%: Zp) = H* (BT Z,)[€] /(€7 — af).
In particular, if « is divisible by p, then
H7(S%;Zp) = H* (BT Z)[€]/(€2).
(iil) If « is not divisible by p, then the inclusion of the fixed point set induces an
imjection
H} (S8 Zy) — H*(BT; Zy) ® H' (BT Zy)

with image {(f,9) | f—g =0 mod r(a)}, wherer: H*(BT;Z)— H*(BT;Z,)
reduces coefficients.
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(iv) If v is divisible by p, then the map

{(f.9) € H*(BT;Z)* | f —g=0 mod a}
= H7(S3:2) — Hi(S3:Zy) = H (BT Z,)[€]/(€7)

giwen by reducing coefficients from Z to Z, is the map

oy +r (120) e

@
The inclusion of the fixed point set
H}(S2;,Z,) — H*(BT;Z,) ® H*(BT; Z,)

sends 1 € H3(S%;7Z,) = H*(BT; Z,)[€]/(€) to (1,1) and has kernel gener-
ated by &.

PROOF. For part (i), note that 1, together with £ = (a,0), constitutes an
integer basis of H%(S2;7Z), and that ¢ satisfies €2 = af. Part (ii) follows im-
mediately by reducing coefficients to Z,. Part (iii) follows from the integral
GKM description H;(S2%;Z) = {(f,g9) € H*(BT;Z)* | f —g = 0 mod a} by
reducing coefficients to Z,. Indeed, by naturality the restriction H(S2;Z,) —
H*(BT;Z,) ® H*(BT;Z,) takes values in the desired subalgebra and for any
(f,g) in said subalgebra we find lifts of f, g to H*(BT;Z) that agree modulo
a. To see injectivity, let © € H5(S%;7Z,) lie in the kernel and choose a lift
y € H3(S2;7Z). Then y maps to (f,g) € H*(BT;Z)® H*(BT;Z) where f,g =0
mod p. But since «, p are coprime also % = % mod « and thus y is divisible
by p in H3(M;Z). Hence x = 0. The first statement in part (iv) follows from
reducing coefficients in the expression (f,g) = (9,9) + (f — g,0), and the second
one follows directly from our choice of generator £. O

REMARK 3.3. In case p =2 and « is divisible by 2, the generator ¢ is (in Zy
coefficients) uniquely determined by the condition £2 = 0. In fact, an element of
the form & + f squares to (¢ + f)? = €2 + 2f¢ + f2 = f? which does not vanish
if f # 0. Note that in this case, choosing as second generator the element (0, «)
would give the same element with Zs coefficients, which is not true for p > 2.
Hence in the latter case the specific maps of Lemma [3.2]| are not canonical.

In the following, we wish to derive a more explicit description of the equivari-
ant cohomology H(M;Z,) in terms of the GKM graph I'. As in the computation
of the equivariant cohomology of the 2-spheres in Lemma we distinguished
one of the two fixed points via our choice of generator £, we need to choose an
auxiliary orientation of each edge e of the graph, so that its initial vertex i(e)
and its terminal vertex t(e) are well-defined. This orientation does not need to
satisfy any additional assumptions. Moreover we fix a sign for a(e) for each edge
e.
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Let X denote the disjoint union of the invariant 2-spheres in M as in Lemma
[31] Then clearly

Hi (X Z GBHT S2 (01 Zp

where the sum runs over all edges e in the GKM graph of M. Using Lemma
the sum can be embedded into

(3) P wBT;Z,)) e @ H(BT;Zp) &,

ecE(T) e€E(T,p)

where E(T") denotes the edges of ', E(T',p) = {e € E(T') | a(e) =0 mod p} and
€. is the mod p reduction of the element (a(e),0) € H%(S2, \;Z) (where the

a(e)’

first entry corresponds to i(e), the second to t(e)), so that

H(82eyi Zp) = H* (BT Zy)[8e]/ (€2 — a(e)ée)-

Recall the definition of equivariant graph cohomology, Definition 2.5] and con-
sider

Hr(T;Zy) ® B*(T', p)
with B*(T,p) = @eeE(F,p) H*=%(BT;Z,), as an H*(BT;Z,)-algebra, where
multiplication is defined as follows: For f = (f,), f" = (f;) € H}(I';Z,) and
9=1(9¢),9 = (9c) € B*(I', p) define

(L9 9") = (ff fd + f9)

whete ((f£)g) = (fufy) and fg' = (fiyl) as well as f'g = (f1,00) for ¢ €
E(T',p). Note that for any such edge e we have f;c) = fy(). Finally, there is an
embedding n: H3(T';Z,) @ B*(T',p) — H3(Xw;Z,p) defined by

((f2): (ge)) = ((fice) fe(e))ee s (gele)ec B(rp)) -

We remark that the above map is well-defined and a homomorphism of
H;.(BT; Zy)-algebras due to Lemma [3.2) (ii) and (iii).

THEOREM 3.4. The map i*: H3(M;Z,) — H}WXwm;Z,) induced by the map
i: Xy — M factorizes through o H*(BT; Zy)-algebra morphism ©: H.(M; Zy)
— H3(T;Zy,) ® B*(I', p). Moreover the following diagram commutes

H}(M;Z) —— Hp (I3 Z)

l [

H:(M;Z,) —2— Hi(T;Z,) @ B*(T,p) — H:(Xar;Zyp)
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where the vertical map on the left is the (surjective) reduction modulo p, whereas
the vertical map on the right is defined as

U: Hy(T',Z) — Hy(T',Z,) ® B*(T, p),

V((fy) = ((T(fq))7 (7' (W))&E(r,;a)) '

If Condition is valid, then ® s injective.

Recall that above we chose signs and orientations of the edges. These enter
in the definition of ¥ in the case p # 2 (see Remark [3.3).

PRrROOF. The inclusion of the fixed point set M7 — M factors through X/,
thus the induced map factorizes as

i* j
Hi(M;Zy) — Hi(Xar; Zy) — Hp (M5 Zy).
Now consider the commutative diagram

Hp (I Zy) @ B*(T', p)

P

Hy(M;Zy) — Hi(Xnr; Zy) — H;(MTQZp)v

where 7 is the embedding from above. From the definitions of all involved maps,
the map 7 is just the projection to the first component. For « € H}.(M;Z,) we
have that

w:=14"(z) —n(joi*(x),0) € ker .

From Lemma (iii) it follows that w lies in B cpr ) H;(Si(e);Zp) and by
Lemma (iv) w restricted to each H}(Sz(e);Zp) (e € E(I',p)) must be a
multiple of &, say ge&e, for g. € H*~%(BT};Z,). Therefore w = (0, (9e)ecE(r,p))
and defining

(I)(l‘) = (] © Z*(l‘), (ge)eEE(F,p))
proves the first statement of the theorem. We see that from Lemma [3.2] (iv) and
the definition of ¥ that the square in the diagram of the theorem commutes.

Condition implies that ¢* is injective by Lemma hence in this case also
® is injective. O

REMARK 3.5. We regard this statement as a GKM description of the equiv-
ariant cohomology of M with coefficients Z, because it describes Hj.(M;Z,)
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purely in terms of the GKM graph I'. In fact, the theorem says that it is iso-
morphic, as an H*(BT};Z,)-algebra, to the image of the map ¥ : Hy(I';Z) —
H:(T;Z,) & B*(T, p).

Note that the map VU is not necessarily surjective, hence ® : Hi.(M;Z,) —
H3(I';Z,) @ B*(I',p) not necessarily an isomorphism. In fact even in case
all weights are primitive (and hence there is no B*(T',p) summand) the map
H}(M;Z,) — H}(T';Z,) is not necessarily surjective, see Example (ii) and
(ii).

REMARK 3.6. Let T, C T be the maximal p-torus. The injection ® in Theorem
is very much related to the composition

Hyp(M;Zy) — HT*“p(MEZp) - H;‘p(MTPZZp)

where the first map is an isomorphism onto the even degree part of the middle
algebra and the second map is an injection due to the localization theorem and
the fact that the Serre spectral sequence of the Borel fibration of the T},-action
collapses (this latter fact is inherited from the analogous property of the T-
action). From the assumptions on M it follows that M7r consists exactly of
the spheres with weight divisible by p as well as the remaining 7T-fixed points.
Hence one naturally has H3(I'sZy) & B*(I',p) C H, (M™»;7,) and the map
Hy(M;Zy) — H, (M™r;7,) factors through ®.

The image of ® agrees with the image of Hy, (M1,p;Zp) — H;p(MTp; Zy) by
the Chang-Skjelbred Lemma for finite tori (see [2], or [3, Theorem 4.1] for the
case p = 2) where My, = {x € M | p > |T,, - z[}. However the space M,
will be larger than M; in case the weights are not pairwise linearly independent
when reduced to Z,, coefficients. In particular M; , is not directly encoded in the
GKM graph (although much of its combinatorics are). This is the reason why
our combinatorial description of the image of ® is not intrinsic to Z,-coefficients
but rather via reduction from the description obtained by the integral Chang-
Skjelbred Lemma.

Under additional conditions on the weights, combinatorial descriptions which
are closer to the classical GKM description can be derived. For example, one
may consider so-called mod 2 GKM manifolds [3], which are GKM manifolds
such that the weights at any fixed point reduced modulo 2 are non-zero and
distinct. This condition is rather restrictive though; for instance, if dim7T = 2,
then it forces M to be at most 6-dimensional.

REMARK 3.7. Let M, N be two integer GKM manifolds satisfying Condi-
tion . An isomorphism ®: (T'pr,ap) — (Iy,an) of GKM graphs is an
isomorphism ¢: I'j; — I'y of graphs together with an automorphism ¢: T"— T
intertwining the labels i.e. an(¢(e)) = ¢¥*(an(e)) where ¢* denotes the corre-
sponding automorphism of H*(BT;Z). Then this induces an isomorphism

Hp(M;Z) = Hy(Un; 2) — Hp(Tn; Z) = Hp (NS Z)
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by applying * to all H*(BT;Z) components and identifying vertices according
to ¢. Similarly ® induces an isomorphism

H7(Ta;Zy) & B*(T,p) - Hy (TN Z,) ® B* (T, p).

The description from Theorem [3.4]is natural in the sense that the diagram

Hy(M;Zy) —— Hp(M;Z)® Ly ————— Hi(N;Z)®Zy —— H3(N:Zy)

J J

H}(Tar;Zp) @ B*(T,p) — Hp(Un;Zp) © B*(T,p)

commutes, provided the choice of signs and orientation of edges in E(T',p) for
the construction of the vertical maps are compatible.

As an aside, we note that the passage to X, instead of the fixed point set in
order to arrive at a GKM description of H(M;Z,) was necessary:

PROPOSITION 3.8.  Given Condition (T)), the map H;(M;Z,) — H3(MT;Z,)
is injective if and only if none of the weights of the isotropy representations in
the fized points is divisible by p.

PRrROOF. If some weight « is divisible by p, then consider the equivariant Thom
class (cf. [12]) of any of the two fixed points in the corresponding sphere, with
integer coefficients. This is, in the description Hy(M;Z) C @ H*(BT;Z), local-
ized at that fixed point, and equal to the product of the weights at that point.
Note that no other weight at this fixed point is divisible by p, by Condition .
Hence, the Thom class is not divisible by p in H}.(M;Z). It thus survives to
HY(M;Z,); on the other hand, upon restriction to the fixed point set, it vanishes
with Z,-coefficients. Hence, the map induced by the inclusion M T _ M is not
injective with Z,-coefficients.

Conversely, if none of the weights are divisible by p, choose an element w
in the kernel of the map Hx(M;Z,) — Hi(MT;Z,). If it is nonzero, then by
Lemma [3.3] there is an invariant 2-sphere to which w restricts nontrivially. But
then, by Lemma (iii), it restricts nontrivially to the fixed point set, which is
a contradiction. (]

REMARK 3.9. (a) Let C, denote C together with the action of T by « and let
T act on C,@®C by a on the first factor and trivially on the second. Then 52
can be identified with the equivariant projectivization CP. of C, @ C. The

tautological bundle O(—1) is a subbundle of the equivariant trivial vector
bundle CP! x (C, @ C) given by

{([z1 : 22], (w1, w2)) € CP" x (Co @ C) : (wy,w2) € [21 : 22]}
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which has an induced T-action

t- ([21, 22, (w1, w2)) = ([(t)z1, 22, ((t)w1, w2))

such that the projection to CP is equivariant.
The Borel model (CPL)r can be viewed as a projectivisation of an equiv-
ariant complex rank 2 vector bundle F over BT. To see this, let L, :=
ET xr C, and

E=FET xp (C,®C)

where T acts as in (a). We obtain P(E) = (CPL)r. Moreover note that we
identify « € H?(BT;Z) with the first Chern class ¢;(L,). Thus we have
ci(F) = a and cp(E) = 0. Let Op(g)(—1) denote the tautological bundle
over P(E), i.e. Opg)(—1) restricted to every fiber of P(£) — BT is the
tautological line bundle over CP'. In other words we have

OIP’(E‘)(_l) = FET xp O(—l)

Set &p == ¢1(Op(gy(—1)) € HE(CPL; Z). Note that & is the equivariant first
Chern class of O(—1) viewed as an equivariant bundle over CP!, cf. (a). If
H:(CPL;Z) is embedded in H*(BT;Z)? as in (2]) we have

& = (61, B2)

where f3; are the weights of the T-action of the fibers of O(—1) over the fixed
points of CPL. For 31 we consider the point [1 : 0] and the action on the
fiber is given by t - (A,0) = (a(t)\,0) for A € C (see (a)). Thus for By over
[0: 1] we have t - (0,\) = (0, A) for A € C. Hence we obtain &p = (o, 0) and
consequently in the description of H%(CPL;Z) of Lemma (i) we have
&p=¢.

Let Op(g)(1) be the dual bundle of Op(g)(—1). Clearly Op(g)(1) restricted
to each fiber of P(E) is the hyperplane bundle O(1) of CP!. Set &* :=
c1(Op(g)(1)), thus £ = —&p. As above one has £* = (—a,0) as an element
of H*(BT;Z)?.

Applying the Leray-Hirsch theorem one obtains the cohomology of
H*(P(E);Z) as a H*(BT;Z)-module, also known as the Chow ring

H*(P(E)) = H* (BT Z)[§"]/((€)* + c1(E)E" + c2(E))
= H*(BT; Z)[€"]/((£") + ag”)

Thus in terms of & we obtain the same description of the cohomology of
the Borel model of (CP.)r as in Lemma

H*(P(E)) = H*(BT;Z)[&]/(¢¢ — age).
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4. Equivariant Stiefel-Whitney Classes We denote by r the map that
reduces the coefficients of an integer polynomial to Zy. This map is well-defined
on polynomials that are given only modulo sign.

LEMMA 4.1, Let (I', ) be a GKM graph. For any v € V(I') we set

fo =[] A +r(ale)) € H*(BT; Zy).

ecE,

For an edge e € E(T',2) we choose a compatible connection Ve: Eyoy — Ey)
as well as lifts &(—) of labels in Ejoy and Ey.y to H*(BT;Z) such that &(l) =
a(Vel) mod afe) for alll € E;.y and set

fmr (Hze%ﬂ + &) = iep,, (1 +a(0)

a(e)

Then this defines an element of H}(I';Zy) & B*(T',2) which is independent of
the choices made in the construction.

) € H*(BT;Zy).

PrROOF. The collection of the f,, v € V(I') defines an element of H7(I';Zs)
due to the existence of a compatible connection. The sign choices are arbitrary
as the congruences between the f, are only checked modulo 2.

Fixing an edge e, and V,&(—) as in the construction of f., we check first that

z= [ a+a)- [] a+aw)

leEi(g) leEt(e)

is in fact divisible by a(e) due to the congruences a(l) = @(V.l) mod a(e).
The element z is determined by two choices: the connection Ve: Ej) — Ey)
as well as the subsequent choice of signs for the labels. Inverting the sign of a(l)
for some [ € Ej( forces a sign change in the corresponding label &(V.l) and
consequently the value x in the construction will differ by

2a(1) [+ &) — 2a(Vel) [T (1 + a(vel')).

£l V£l

This difference is divisible by 2a(e) hence f. does not depend on the sign choice.

If for some 1,1" € Ej(.y\{e} one has &(I) = +a(l') mod a(e) then the connec-
tion V can be modified to a connection V' by swapping the images of [,1’. Any
other connection arises from V by operations of this type so it suffices to show
that V’ admits a choice of signs &'(—) such that the resulting f. is the same.
If a(l) = a(l’) mod a(e) then & = & works. Otherwise we have to modify &
by setting &' (V. l) = —&(V.(l)) and &' (V') = —a(V.l'). With this modified
sign choice the construction of x changes by a multiple of 2(&(V.l) + a(V.l")).
However since by assumption &(V.l) = &(l) = —a(l') = &(Vl’) mod a(e) this
difference is divisible by 2&(e) and hence yields the same value for f.. 0
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DEFINITION 4.2. We call the element f € H}(T';Zy) @ B*(T, 2) the total equiv-
ariant Stiefel-Whitney class of (T, «).

LEMMA 4.3. Consider a T-action on S? via a weight o and let E — S? be an
orientable real T-vector bundle such that the weights over the fixed points are
linearly independent from . Then E is determined up to isomorphism by the
weights (up to sign) over the fized points.

PROOF. Denote by N, S the fixed points of S2, and by S%,, Sg the correspond-
ing hemispheres. Note that each hemisphere deformation retracts equivariantly
to the corresponding fixed point so we obtain isomorphisms F| 52, = D? x Ey
where T acts diagonally and analogously for S. Having fixed these isomorphisms
we identify E as the gluing of D? x Ex and D? x Eg along an isomorphism

0: S'x Ey — S' x Eg

which covers the identity on S'. We argue that the space of such isomorphisms
is connected and hence the isomorphism class resulting from the gluing does not
depend on . Consequently the isomorphism class as a real T-vector bundle will
be determined by the isomorphism classes of the real T-representations Ey and
FEs and hence by the weights up to sign.

Set U = ker(a) and let V' be the U-representation given by the restriction
of En which gets identified via ¢|{11x g, With the restriction of Eg to U. We
identify domain and target of ¢ with T'x ¢ V via the map [t,v] — (¢-1,tv). Thus
using these identifications any isomorphism o like ¢ can be considered a T-
equivariant automorphism of 7' x; V' covering the identity of T/U. We conclude
the proof by arguing that the space of these automorphisms is connected.

Such an automorphism o induces a unique A € GL(V) determined by
o([1,v]) = [1, Av] which commutes with the U-action. Conversely such an A
defines an automorphism of T xy; V' by setting o([t,v]) = [t, Av]. Hence it suf-
fices to prove that the image of U in GL(V') has connected centralizer. We note
that U = Uy x G where Uy is a torus and G is a potentially trivial finite cyclic
group. The Uy-representation V' decomposes into a sum of irreducible real repre-
sentations V = (C; where the §3; are weights Uy — S* with 3; # +8; for i # j
(note that the real Up-representations defined by ; and —f; are isomorphic).
Furthermore none of the (3; are trivial as by assumption the weights are linearly
independent from «. An automorphism A of the Uy-representations will respect
each of the summands ij and we see that the centralizer of Uy in GL(V) is iso-
morphic to [[ GL(k;,C). But then the centralizer of U in GL(V) is isomorphic
to the centralizer of the image of a single generator of G in [[ GL(k;, C) which is
connected as well, as one can observe by computing the centralizer of a Jordan
block as upper triangular Toeplitz matrices. O

THEOREM 4.4. Let M be an integer GKM manifold with GKM graph (T, «).
Then the image of the total equivariant Stiefel- Whitney class of M in H7.(T'; Z2)®
B*(T',2) is the total equivariant Stiefel-Whitney class of (T'; ).
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PRrROOF. The statement about the image in H7(I'; Z2) was proved in |7, Propo-
sition 3.5], by combining naturality of the Stiefel-Whitney classes with the fact
that for any fixed point ¢, one may choose an invariant complex structure on
T, M, which allows to write the equivariant Stiefel-Whitney classes, restricted
to ¢, as the mod 2 reduction of the equivariant Chern classes. It remains to
consider an invariant 2-sphere S. We have an equivariant splitting TM|s =
NS ®TS. Now let a € H?(BT;Z) denote the weight of S with an arbitrar-
ily chosen sign and for a fixed point ¢ € ST let B1,...,8,.1 € H*(BT;7Z)
the weights of NS, where again the sign is chosen arbitrarily. Then we may
choose signed weights 71, ...,v,_1 € H?(BT;Z) at the other fixed point r such
that 5; =v; mod « for i = 1,...,n — 1. There is an equivariant complex line
bundle L; over S with weights (;,7; over ¢,r, hence by Lemma we have
NS Ly ®...0 L,_1. Furthermore we choose a T-invariant complex struc-
ture on S such that the weights of T'S over ¢,r become «, —«. Hence the total
equivariant Stiefel-Whitney class of TM|g is the mod 2 reduction of the total
equivariant Chern class cof TS @& L1 ... 8 L,_1. In the GKM description

H7(S:2) — Hy({¢}; Z) & Hy({r}; Z) = H*(BT; Z)

the class ¢ restricts to ((1 +o) I+ 8), (1 —a) TS+ 71)) Hence,
using the terminology from Lemma the image in B*(I",2) is given by

; ((1 o) [ (14 8) (1 - o) [I (1 +%>> |

«

The denominator in the expression above agrees with the one in the definition
of the equivariant Stiefel-Whitney class of (I'; @) up to a multiple of 2«, hence
the corresponding elements in B*(T', 2) agree. O

REMARK 4.5. In the setting of the Remark [3.7| with p = 2, it was claimed in
[7] that the top row of the commutative diagram from that remark maps the
equivariant Stiefel-Whitney classes onto one another. This is true and follows
directly from the results of the last and this section: the vertical maps are
injective (Theorem 7 the bottom horizontal map sends the total equivariant
Stiefel-Whitney class of (I'pz, aps) to that of (T, an) (Definition and the
fact that these are the images of the total Stiefel-Whitney classes of M and
N (Theorem [4.4). The argument given in [7] was similar and used the same
commutative diagram but left out the B*(I",2) summands in the second row.
This argument however was incomplete as the vertical maps are in general not
injective without considering the B*(T', 2) summands as is shown by Proposition

B3

COROLLARY 4.6. Let (T',«) be a GKM-graph of an integer GKM manifold.
Then the total equivariant Stiefel-Whitney class lies in the image of the map

U: Hi(T;Z) — Hi (T Zy) @ B*(T, 2).
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Proor. If M has torsion-free cohomology, then the map H}(M;Z) —
H}.(M;Zs) is surjective. The claim now follows from the commutativity of the
square in Theorem [3.4] O

It is well known that the only obstruction for a spin structure on the frame
bundle of a manifold is given by the second Stiefel-Whitney class. We will show
here the corresponding result for equivariant spin structures. Before we do that,
we would like to settle some necessary definitions.

Let X be a topological space with a homotopy type of a CW complex. Con-
sider an oriented (real) vector bundle F — X endowed with a euclidean bundle
metric. Denote by Pso(FE) the bundle of oriented orthonormal frames of E — M.
Now assume that X is a G-CW complex (see |13] Definition 2.1]) for a connected,
compact Lie group G and F — M is equivariant vector bundle, such that G acts
by isometries on E. Then Pso(F) has a canonical induced action such that
Pso(E) — M is equivariant.

DEFINITION 4.7. Let X be a G-space and E — X an G-equivariant, real,
oriented euclidean vector bundle of rank r over X. An equivariant spin structure
on E — X is a pair (Pspin(E), ¢) such that

(a) Pspin(E) — X is a G-equivariant Spin(r)-principal bundle, i.e., the actions
of G and Spin(r) commute and the projection to the base is equivariant,

(b) ¢: Pspin(E) = Pso(FE) is a G-equivariant double covering,

(¢)  is Spin(r)-equivariant in the sense that

p(p-s)=wp)-pls),
where p € Pspin(E), s € Spin(r) and p the double covering of SO(n).

THEOREM 4.8. Let X be a G-CW complexr and E — X be as in the definition
above. Then, E — X admits an equivariant spin structure if and only if the
equivariant second Stiefel-Whitney class wS (E) vanishes.

In particular for a GKM manifold M with acting torus T and invariant Rie-
mannian metric satisfying Condition , the tangent bundle of M admits an
equivariant spin structure if and only if

(a) For allv € V(') we have Y. a; =0 mod 2, where o; are the weights of
the isotropy representation at v and
(b) foralle € E(T,2)

&(1@) doal - > al)] =0 modz2,

lEEi(e) lEEt(ﬂ)

where &(—) are lifts of the labels in Ej.y and Ey.y to H*(BT;Z) such that
a(l) = a(Vel) mod afe) for alll € Ey.
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Moreover M admits a (non-equivariant) spin structure if and only if (same no-
tation as above)

(a) >, a; are identical mod 2 for allv € V(T) and
(b) foralle e E(T,2)

a(le) Yoah— Y, al)| =0 mod2.

lEEi(e) leEt(e)

PROOF.  Assume first that wS (E) = 0. Then the principal bundle (Pso(E))g =
EG x¢ Pso(E) = X admits a spin structure say P (Pso(FE))e which is a
double cover. The frame bundle Pso(FE) has the homotopy type of a G-CW
complex, therefore we infer from [14, Theorem A] that there is a G-equivariant
double covering P — Pso(F) such that P = EG xg P = P. Since P — Pso(E)
is the pullback of Pg by the fiber inclusion Pso(E) — (Pso(F))q it follows that
P is the pullback of P. Thus the concatenation of the maps P — Pso(E) = X
is a Spin(r)-principal bundle, which is the pullback of P - Xa by the fiber
inclusion. From the fact that the G-action commutes with the orthogonal action
on Pso(F) we infer that the G-action on P commutes with the Spin(r)-action:
for fixed ¢ € G and p € P the maps Spin(r) — P given by h — g - (h - p)
and h — h-(g-p) are lifts of the same map to Pso(E). Hence P — X is an
equivariant spin structure for £ — X.

Conversely, if Pspin(E) — Pso(E) is a G-equivariant spin structure, then
EG x¢g Pspin(E) = EG X Pso(E) is a spin structure of EG X¢ E, hence
0= ’LUQ(EG XaG E) = wG(E)

For the second claim, note first that every G-manifold is a G-CW complex
(cf. [15 Proposition 4.4]) and that the 7' on M induces a canonical action on
TM — M by taking differentials. This turns TM — M into a T-equivariant
bundle. Now use the combinatorial description of w3 (M) from Theorem [4.4

Finally, the last claim follows from the fact that the existence of a spin struc-
ture on M is equivalent to wy(M) being zero. From the naturality property of
the Stiefel-Whitney classes the latter condition holds if and only if w lies in the
kernel of the map H2(M;Zy) — H?(M;Zs) induced by the fiber inclusion from
M into the Borel model. But clearly this is equivalent to the H%(T; Zs)-part of
wd (M) fulfilling condition (a) and the B?(T,2)-part vanishing as in condition
(b). O

5. Non-realizability via Stiefel-Whitney Classes

THEOREM 5.1. In dimension 2n > 8 there is an n-valent effective T?-GKM
graph (T';a) such that HY(T;Z) is free over H*(BT;Z) and H*(I';Q) =
H#(T;Q)/HY(BT;Q) - Hy(I; Q) satisfies Poincaré duality with fundamental
class in degree 2n but which is not realizable by an integer GKM manifold.
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PrROOF. We prove the statement in dimension 8 by giving a concrete example.
Higher dimensional examples can be constructed by taking the product with
single edge graphs with generic label (i.e., GKM graphs of a suitable S?). Let
x,7y denote a basis of H?(BT;Z). Consider the GKM graph

s

T+ 2y

T —2y

The fact that H}.(T'; Z) is free over H*(BT'; Z) and that H}.(T'; Z) satisfy Poincaré
duality can be checked by computing explicit generators for the above H*(BT'; Z)
modules. These turn out to be given by the elements

1 2% — 3zy + 2¢2
1 2% + 3zy + 212
a = 11 az = Oy Y )
1 0
0 223y — 622y + 4oy
e — 2zy o — 0
3 2l‘y ) 4 — 0
0 0

of H*(BT;Z)*, where the components correspond to the vertices starting with
the lower right one and proceeding counterclockwise. The following lines of code
carry out this computation in Macaulay?2

R=2Z[x,y]

C=cokernel(diagonalMatrix ({x,2%y,x+y,x+2*y,x,2%y,x-y,x-2%y}))
i:f:zii;l;n}’{{l’_1’O’O}’{l,_1’0’0}’{0’1,_1’0}’{0’1’_1’0}‘{O’O’1’_1}’{0’0,1’_1}’{_1‘0’0’1}’{_1’0,0’1}})

In the code above R = H*(BT;Z) and C' is the direct sum of all R/(«a(e))
where e runs over all (non-oriented) edges. The order of the summands is such
that the first two correspond to the double edge on the right from which point
on we proceed counterclockwise while always prioritizing the left hand resp. top
edge. The map f: R* — C is defined such that its component corresponding to
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an edge e is given by taking the difference of the values at i(e) and t(e) where
all edges are oriented counterclockwise.

Having computed these generators, their linear independence over R can be
verified directly via a determinant argument. To check Poincaré duality we
compute

agaz = —aq + 2xyas.

It remains to show that (I', ) is not geometrically realizable. The equivariant
Stiefel-Whitney class of (T, ) has a nontrivial B*(T",2) component in degree 2.
To see this we consider the left hand vertical edge e of label 2y and compute
the element f. as defined in Lemma [4.1l The sign choices depicted above are
admissible in the sense of the definition. Then the degree 2 part is equal to

T((a:Qy)+(xy)+x+2y((x+y)+(x+2y)+:v+2y))

2y
-5
=r (y) =1
Y

We argue that the image of ¥: H3(T;Z) — Hy(I';Z2) & B*(T',2) has trivial
B2%(T,2) component, which then implies nonrealizability of (I',«) by Corollary
Indeed if f S H%(F, Z) then fi(e) = ft(e) mod x and fi(e) = ft(e) mod 2y
for both edges e € E(I',2). This implies f;) = fi(e) and hence

. <.fi(e) - ft(e)> _o.
2y

REMARK 5.2. One should compare this example with the main result of [8] by
which a 3-valent T2-GKM graph (T, «) is realizable by an integer GKM manifold
if and only if H3(I';Z) is free over H*(BT;Z) and H*(T'; Q) satisfies Poincaré
duality with fundamental class in degree 6. In other words, Theorem shows
that the necessary and sufficient criteria known for T2-actions in dimensions < 6
no longer suffice in dimensions > 8 as the criterion from Corollary [£.6] becomes
a nontrivial obstruction.

We point out that it is shown in [ Corollary 2.28] that a 3-valent T?-GKM
graph such that H(T'; Q) satisfies Poincaré duality with fundamental class in
degree 6 is automatically orientable (see Deﬁnition. This is why in the real-
ization theorem of [8] orientability is not listed as a separate condition. In higher
dimensions we do not know of any general implication between orientability and
Poincaré duality of the equivariant graph cohomology; however, the counterex-
ample in Theorem is orientable as well as one can check directly by hand.

O

Remark together with Corollary imply the purely combinatorical ob-
servation that for a 3-valent graph satisfying the conditions listed in the remark,
the total equivariant Stiefel-Whitney class lies in the image of H;(I';Z) —
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H:(T';Zy) @ B*(T',2). The remainder of this section is dedicated to giving a
direct combinatorial proof of this fact with slightly reduced assumptions.

PROPOSITION 5.3. Let (I',a) be a S-valent orientable T?>-GKM graph. Then
the total equivariant Stiefel-Whitney class lies in the image of H5(I';Z) —
H3(T;Zy) & B*(T, 2).

To prove this we first prove the existence of combinatorial Thom classes of
connection paths in 3-valent orientable GKM graphs.

DEFINITION 5.4. Given a connection path ¢ = eq,...,e; in a GKM graph as
well as a vertex v, we call an edge e at v normal to c if there exists j such that
t(ej—1) =i(ej) = v and e is normal to the edge path e;_1,e;.

Note that a vertex may have more than one edge normal to ¢, even if (T, «)
is 3-valent and orientable.

ExAMPLE 5.5. Consider a 2-valent 2n-gon with 2n vertices and alternating
labels @3 = (1,0) and a3 = (0,1). Now take the product of this with the one
edge graph of label ag = (1,1). Note that

a; = oy mod oy

for any choice of distinct ¢, j, k. Hence the congruence condition in the definition
of a compatible connection is void and any collection of bijections {V.: Ej) —
Eye) | e € E(T'),Ve(e) = €} defines a compatible connection. Now e.g. if one
changes the standard product connection at a single edge e belonging to one of
the two copies of the 2n-gon, there will be only a single connection path going
through e and which crosses it twice.

Let (T, @) be a 3-valent orientable T2-GKM graph with compatible connec-
tion V and ¢ = eq,...,€ a connection path, i.e. a closed edge path satisfying
Ve,€i—1 = eiy1, where we set eg = ¢; and e;41 = e;. We define a function 8
on the set of oriented edges of I', as follows: let f; denote the oriented edge at
i(e;) (i-e., i(f;) = i(e;)) which is normal to the edge path ej_1,e;. We lift the
label a(f1) arbitrarily to 8(f1) € Z2. We transport this chosen sign along ¢ in
the sense that, for j = 2,...,1, we let 8(f;) € Z* be an element that reduces to
a(f;) modulo £, with the sign chosen such that

B(f;) = B(fj—1) mod ale;j-1).

Note that as connection paths are uniquely determined by two successive edges,
every oriented edge can be normal to ¢ only at most once. Thus, S is well-defined,
but note that with an edge e, also the opposite edge € might be normal to ¢, and
the signs of (e) and f(€) are not directly related. We can extend the function
B by zero on all edges on which it is not yet defined.
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PROPOSITION 5.6. Let (T',a) be a 3-valent orientable T?>-GKM graph. For any
verter v we put

Th(c), := Y Ble).

eck,

This gives a well-defined cohomology class Th(c) € H2(T;Z), which we call the
Thom class of c. It is uniquely defined up to a global sign.

PrROOF. We first claim that 8(f1) = B(f;) mod a(e;), which is the only con-
gruence for normal edges along c that is not automatically satisfied by construc-
tion.

In order to show this, we make use of the orientability of I'. We lift the labels
a(er) and a(ez) to elements 31 and B € Z2?. We choose this notation instead of
the more usual &(e;) as the connection path might traverse any edge twice, even
in the same direction. Then, for i = 2,...,1 — 1 we lift a(e;) to 8; € Z? in such
a way that

Bix1 = —Bi—1 mod a(e;).

The sign choices of §; and B(f;) were arranged such that 8,11 = €81
mod a(e;) holds with ¢, = —1 for ¢ = 2,...,1 — 1 but the value of €, ¢ is
not yet determined. We note that det(5;—1, ;) and det(5;, B;+1) share the same
sign if and only if ¢; = —1. As the determinant expression arrives at its original
value when moving around the edge path once, we infer that e; = ¢;.

By the sign choices for 8(f;), it follows that n(e;) =1 fori=2,...,1 —1 and
hence by orientability of I we have n(e1) = n(e;). If n(e;) = —1, then 1 = ¢, = €;.
Then n(e1) = —1 implies that 3(f1) = B(f;) mod a(e;). If n(e;) = 1 we arrive
at the same conclusion as this forces ¢4 = ¢, = —1 and thus 71 = 1 implies
B(1) = B(f) mod aler).

Now we need to show that Th(c), as defined in the statement of the proposi-
tion, satisfies all congruence relations to be contained in the equivariant graph
cohomology. For an edge e that is not part of the connection path ¢, the values
Th(c);(ey and Th(c)y) are either zero or lifts of a(e) to Z?, which makes the
congruence relation along e trivially satisfied.

For an edge e that is part of the connection path, Th(c);.) and Th(c)s(
consist each of at most three summands, corresponding to parts of ¢ that tra-
verse i(e) respectively t(e). Potential parts of ¢ with e respectively € as normal
edge are irrelevant for the congruence relation, as they contribute only lifts of
a(e). The at most two other parts contribute summands of the form 5(f;) and
B(fj+1) to Th(c)ie respectively Th(c)y(., which satisfy the congruence relation
by construction of 8 and the argument in the first part of the proof. O

As a corollary of our construction of Thom classes, we obtain that the Stiefel-
Whitney classes of a 3-valent orientable GKM graph lie in the image of
H:(T;Z) — Hy(T;Z2) @ B*(T, 2):

PROOF OF PrRoPOSITION B.3l  We claim that the second equivariant Stiefel—
Whitney class of I' is equal to the image of the sum ) Th(c), where ¢ runs
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through all connection paths of T' (up to starting vertex and orientation). In a
3-valent graph every edge at a vertex v arises exactly once as the normal edge to
an edge path through v. The sum ) Th(c) therefore evaluates, at any vertex
v, as the sum of the labels of the adjacent edges, with certain signs. As with Zo
coefficients the signs do not matter, this shows that the H%(T; Zs)-components
of the second Stiefel-Whitney class and of the image of > Th(c) coincide. As
for the B2?(T, 2)-component, consider any edge e € F(T',2). Denote by ey, es the
other two edges at i(e), as well as f; := V.e;. Then the B?(T',2)-component of
the second Stiefel-Whitney class at e is

; (d(el) +ale2) — a(f1) — d(f2)> ’

a(e)

where the signs are chosen in any way such that that congruences a(e;) = a(f;)
mod a(e) hold. But these congruences are fulfilled by the chosen signs in the
Thom classes of the connection paths following the edge paths ej,e, fi and
€2, €, fa, by construction of the function .

Concerning the fourth equivariant Stiefel-Whitney class of I', we claim that
it is equal to the image of the sum ) _Th(e) of all Thom classes of edges of T
Recall from [8, Definition 2.15] that the Thom class Th(e) € H#(I'; Z) of an edge
e is defined as follows: with notation as before, i.e., e1,e3 and fi, fo the other
edges at i(e) and t(e) respectively, with f; = V.e; and signs chosen such that
a(f;) = ale;) mod afe), then

o) — aler)a(es) v=i(e)
e {Mﬁmm)v=ﬂd

Firstly this shows that, denoting E, = {ej, eq, e3} for a vertex v,

(Z Th(e)) = a(ey)a(es) + aer)a(es) + alez)a(es)
e v
which coincides, after passing to Zo coefficients, with the H7(I'; Zs)-component
of the fourth Stiefel-Whitney class of I'. Now fix any edge e € E(T",2). Then the
B*(T', 2)-component of the fourth Stiefel-Whitney class is by definition given by

. ((&levaler) +ale)aler) +ale)aler) — a(f1)a(fz) — a(e)alfr) — a(e)alf2)
a(e) '
which coincides with the e-component in B4(T',2) of the sum of Thom classes.
As for the sixth equivariant Stiefel-Whitney class, we claim that it is equal to
the image of the sum ), Th(v) of the Thom classes of all vertices of I". Recall

from [12], cf. [8| Definition 2.13] that the Thom class Th(v) € H$(T;Z) of a
vertex v is well-defined up to sign, and given by

”mwn:{gaad@ -
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with signs chosen arbitrarily.

This shows directly that the H%(I';Zs)-part of > Th(v) and of the sixth
Stiefel-Whitney class coincide. One computes that the BS(T',2)-part of both
classes vanishes. (]
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