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BouUNDED CIRCLES ON A COMPLEX HYPERBOLIC
SPACE ARE EXPRESSED BY TRAJECTORIES ON
GEODESIC SPHERES
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ABSTRACT. We take a bounded circle on a complex hyperbolic space.
We show that if it has complex torsion either £1 or 0 then it is expressed
by a geodesic on some geodesic sphere, and show that if it has complex
torsion 7 with 0 < |7| < 1 then it is uniquely expressed by a non-geodesic
trajectory on a geodesic sphere up to congruency.

RiESUME.  Nous prenous un cercle borné en ’espace hyperbolique com-
plexe. Nous montrons que il est exprimé par une géodésique sur une sphére
géodésique si sa torsion complexe est 0 ou £1, et montrons que il est uni-
quement exprimé par une trajectoire sur une spheére géodésique qui n’est
pas une géodésique si sa torsion complexe est 0 < |7| < 1.

1. Imntroduction In our previous paper [5], we pose the question whether
every circle on a complex projective space CP™ can be seen as a geodesic on
some geodesic sphere. This question comes from the elementary result that
every circle on a Euclidean 3-space R? can be seen as a geodesic on a standard
sphere of suitable radius and such an expression is unique up to congruency
on R3. Our answer to the question on circles on CP" is negative. Circles on
CP™ are classified by their geodesic curvatures and complex torsions. Complex
torsion of a circle of positive geodesic curvature measures the angle between the
velocity vector and the complex line formed by the acceleration vector. When
a circle on CP" is a geodesic or has complex torsion either +1 or 0, it can be
seen as a geodesic on some geodesic sphere. But when it has complex torsion
7 with 0 < |7| < 1, it cannot be seen as geodesics. If we consider trajectories
for Sasakian magnetic fields, which are natural generalizations of geodesics from
the dynamical theoretic point of view, it can be seen as a trajectory on some
geodesic sphere.

There are many studies how geodesics on submanifolds can be seen in their
ambient spaces. For example, Sakamoto [11] studied isometric immersions which
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map each geodesic to a curve contained in a totally geodesic 2-dimensional sub-
manifold, and Maeda [7] gave a characterization of geodesic spheres in a complex
hyperbolic space CH™ by the property that geodesics can be seen as circles in
the ambient space. Our study gives another view on curve theoretic study on
submanifolds.

In this paper, corresponding to [5], we study circles on a complex hyperbolic
space CH™. Of course, since there are circles whose images are not bounded sets,
it is clear that not all circles can be seen as geodesics on geodesic spheres. But
if we restrict ourselves to circles whose images are bounded sets, our question is
still meaningful. Moreover, for circles on CP™, we have their multiple expres-
sions up to a congruency relation. We are hence also interested in uniqueness
of expressions of bounded circles by trajectories. We show that for bounded
circles of complex torsion £1 we have many expressions but in other case their
expressions are unique up to a congruency relation.

2. Circles on a Complex Hyperbolic Space A smooth curve v parame-
terized by its arc-length on a Riemannian manifold M is said to be a circle if it
satisfies the equations

Vi = kYo,
(21) B vy v
V.Y, = —ky5.

with a nonnegative constant k, and a field Y, of unit tangent vectors along
~v ([10]). Here, V denotes the Riemannian connection on M. We call k., and
{#,Y,} the geodesic curvature and Frenet frame of v, respectively. We note that
the equations is equivalent to the equation

(2.2) ViV = —k25.

For a circle « of positive geodesic curvatureon a complex hyperbolic space
CH"(c) of constant holomorphic sectional curvature ¢ which satisfies (2.1)), by
using the complex structure J on CH", we set 7, = (§,JY,), and call it its
complex torsion. Since we have

%7’7 = (k,Y,,JY,) + (¥, —kyJY) =0,

we find that 7, is constant along v. When 7, = 0, it is said to be totally real.
We can classify circles on CH™(c) by their geodesic curvatures and complex
torsions. We say two smooth curves 1,72 on a Riemannian manifold M which
are parameterized by their arc-length to be congruent to each other (in strong
sense) if there is an isometry ¢ of M satisfying @ o, (t) = v2(¢) for all t. Since
CH™(c) is a symmetric space of rank one and its isometries are +-holomorphic,
we find the following.
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LEMMA 1 ([3,8]). Two circles v1,v2 on CH™(c) are congruent to each other if
and only if their geodesic curvatures and complex torsions satisfy either k., =
kyy =0 or kyy = ky, >0 and |7, | = [7,].

By this lemma, we find that the moduli space C(CH™), the set of all con-
gruence classes, of circles on CH™(c¢) is set-theoretically identified with the
set [0,00) x [0,1]/ ~, where we define (k1,71) ~ (ko,72) for (ki,71), (ke,72) €
[0,00) x [0, 1] if and only if either k; = ks =0 or k1 = k2 > 0 and 71 = 7».

We here recall some basic properties of circles on CH™(c). We define a function
v:[0,00) = R by

0, if k< +/[c]/2,
v(k) = § (4k2 4 ¢)32 /(3V3|clk), if \/]c]/2 <k < /],
1, if k> +/]cl.

A circle v on CH™(c) has the following properties (for more, see |3]):

(1) It is an orbit of a one-parameter family of isometries of CH"(c);

(2) If ky > /]c] or 7, < v(k,), it is bounded, that is, the set v((—00,00)) is a
bounded set;

When 7, = £1, it lies on a totally geodesic CH';

3)

(4) When k, > \/|c[ and 7, = %1, it is closed of length 7/, /k2? + ¢;
(5) When 7, = 0, it lies on a totally geodesic RH?;

(6) When k, > +/|c|/2 and 7., = 0, it is closed of length 27/, /4k.2 + c.

3. Expressions by Geodesics on Geodesic Spheres Generally, for a
smooth curve o on a real hypersurface M in CH"(c), we call the curve ¢ o o on
CH™(c) defined by use of an isometric immersion ¢ : M — CH"(c) the extrinsic
shape of o. For a curve v on CH"(c), if there is a real hypersurface M and a
curve o on M satisfying v(t) = ¢ o o(t) for all ¢, we say that 7 is expressed by
o and call (M, o) an expression of . In this section, we study expressions of
circles by geodesics on geodesic spheres. If we have two expressions (M, 01)
and (Ms,02) of a circle v on CH™(c), we say they are congruent to each other
if there is an isometry ¢ of CH™(c) which either preserves 7 or reverses v, that
is, either ¢ o y(t) = ~(t) for all £ or @ o y(t) = v(—t) for all £. Our main result
in this section is the following.

THEOREM 1. Let v be a bounded circle on CH"(c).

(1) When Ty = £1 or when 1y, = 0, it is expressed by a geodesic on some geodesic
sphere in CH™(c). Such an expression is unique up to congruency.

(2) If 0 < || < 1, it cannot be expressed by any geodesics on any geodesic
spheres in CH™(c).
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We take a geodesic sphere M = G(r) of radius r in CH"(c). It admits an
almost contact metric structure (§,7n,, (, )) induced by the complex structure
J on CH™(c). Let N be the inward unit normal of this geodesic sphere. With the
induced metric (, ) on M, the characteristic vector field ¢ is defined by & = —JN,
the 1-form n by n(v) = (v,£), and the structure tensor field ¢ which is a (1, 1)-
tensor field on M by ¢(v) = Jv — (v,£)N. The shape operator Ays of M with
respect to N satisfies Ap€ = dpr€ and Aprv = Apgv for each tangent vector v €
TM orthogonal to &. Here, the principal curvatures are dy; = m coth(\/m r)

and Ay = (v/]e]/2) coth(y/|c[7/2) (see [9], for example). In particular, Ay and
¢ are simultaneously diagonalizable, that is, Ay;¢ = @A,

For a geodesic o on a geodesic sphere M in CH"(c), we set p, = (7,§)
and call it its structure torsion. By the Weingarten formula which states that
VxN = —Ap X for a vector field X tangent to M, we have Vx& = ¢ApuX.

Since Aj; is symmetric and ¢ is anti-symmetric, we have

d ) . ..

%pa = <Ua¢AM0> = _<AM¢0-70->a
hence we have p .

apa = §<d» (¢AM - AM¢)‘.7> =0.

This means that the structure torsion of a geodesic ¢ is constant along o. We
can classify geodesics on a geodesic sphere by their structure torsions.

LEMMA 2 ([4]). Two geodesics 01,02 on a geodesic sphere in CH™(c) are con-
gruent to each other if and only if their structure torsions satisfy |ps,| = |po,|-

We study the condition that the extrinsic shape of a geodesic to be a circle.
For the sake of simplicity, we denote ¢ o ¢ also by o.

LEMMA 3. Let o be a geodesic on a geodesic sphere M in CH™(c). Its extrinsic
shape is a circle if and only if either p, = 1 or p, = 0. When p, = £1, the
geodesic curvature of the extrinsic shape is §p; and the complex torsion is F1.
When p, = 0, they are A\yr and 0.

ProOOF. By the Gauss formula which states that VY =VyY + (A X, V)N
for arbitrary vector fields X,Y tangent to M and by the Weingarten formula,
we have

6(7(5' = <A]y[é',('T>N = {)\M + (51\/[ — )\M),OGQ}N,
VoN = —Ané = =M (6 = pol) — 6rpot
= —{Ar + (O = Aw)p 1o+ (Oar — Anr)po (po& =€)

Since dp; > Ay > 0, we find that the extrinsic shape of ¢ is a circle if and only
if either p, = £1 or p, = 0. When p, = £1, we find that the geodesic curvature
of the extrinsic shape is d;; and its complex torsion is F1, because its Frenet
frame is {6 = £&,N}. When p, = 0, they are A\j; and 0, because its Frenet
frame is {&, N}. O
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As a consequence of Lemmas [2 and [3] we have the following

PROPOSITION 1. Let « be a circle on CH™(c). If we have two expressions of
by geodesics on geodesic spheres, they are congruent to each other.

ProoF. Let (Mj,01) and (M, 02) be two expressions of v by geodesics on
geodesic spheres. By Lemma |3 the complex torsion 7, of v is either £1 or 0.
Corresponding to these cases, the radii of these geodesic spheres satisfy either
coth(v/Je[r) = ky/+/]c| or coth(y/]e[r/2) = 2k,/+\/|c|. This means that the
radii of these geodesic spheres are determined by . Hence they are isometric to
each other and there is an isometry ¢ of CH"(c) satisfying ¢(M;) = Ms. The
curve ¢ ooy is a geodesic on My. Since ¢ is £-holomorphic, that is, it satisfies
dgoJ = +Jodp, and since dp(Nyps, ) = Ny, , we have

Pgoo = <d¢ ooy, _JNM2> = i<d¢ ooy, _d¢(JNM1)>
= :|:<(5'1, —JNM1> = ﬂ:pgl.

Therefore, we obtain |pgos, | = |ps,| and find that ¢ o o1 and o, are congruent
geodesics on Ms by Lemma We therefore have an isometry ¢ of M, with
Yo (poor)(t) = oa(t) for all t. It is well known that isometries on a geodesic
sphere in CH™ are equivariant. This means that for the isometry 1 of My there
is an isometry ¢ of CH™(c) with ¢’M2 = ). Considering the isometry & = ¢ o ¢
of CH"(c), we find that it satisfies $(M;) = M> and preserves 7. O

We are now in a position to prove Theorem|[I] The second assertion is a direct
consequence of Lemma To show the other assertions, we need the result on
congruency of circles. For each circle of complex torsion either +1 or 0, the
existence of its expressions is guaranteed by Lemmas [I] and [3] Uniqueness of
its expression is a consequence of Proposition This completes the proof of
Theorem [II

4. Expressions by Trajectories on Geodesic Spheres Since we cannot
express all circles on CH™(c) by geodesics on geodesic spheres, we extend the
family of curves on geodesic spheres. Though circles are simplest curves next
to geodesics from the viewpoint of Frenet-Serret formula, they are determined
by their initial velocity and acceleration vectors. We therefore take a family of
curves which are determined only by their initial velocity vectors. On a geodesic
sphere M, we have a natural 2-form Iy associated with the almost contact metric
structure. It is defined by Fy(v,w) = (v, ¢pw) for all tangent vectors v,w € T,M
at an arbitrary point p € M. Since the complex structure on CH™(¢) is parallel,
we find that this 2-form is closed. We call a constant multiple F,, = kF, (x € R)
a Sasakian magnetic field. Generally, a closed 2-form on a Riemannian manifold
is said to be a magnetic field because it can be regarded as a generalization of
static magnetic fields on a Euclidean 3-space (see [12]). A smooth curve o on
a geodesic sphere M parameterized by its arclength is said to be a trajectory
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for F,, if it satisfies the differential equation Vs;0 = k¢o. For the canonical
magnetic field Fy, its trajectories are geodesics. Thus, trajectories for Sasakian
magnetic fields are generalizations of geodesics which are closely related with the
almost contact metric structure of the underlying geodesic sphere. Moreover, the
equation of circles on CH" of complex torsion +1 is given as V4y = Fk,J7,
hence such circles can be interpreted as trajectories for Kéhler magnetic fields
(I1])- Therefore, the authors consider that to study expressions by trajectories
for Sasakian magnetic fields is natural.

For a trajectory o for F, on a geodesic sphere M, we define its structure
torsion by p, = (6,&). By the same computation as for geodesics, we find that
it is constant along 0. We can classify trajectories on a geodesic sphere by their
strengths of magnetic fields and complex torsions.

LEMMA 4 (|2]). Two trajectories 01,02 for Sasakian magnetic fields ¥y, and
F., on a geodesic sphere M in CH™(c) are congruent to each other if and only
if they satisfy one of the following conditions:

(1) |p01‘ = |p<72| =1,
(i) [poi| = lpos| <1, k1] = |K2| and k1ps, = K2po,.

Remark 1. Every trajectory o with p, = £1 is a geodesic, and does not depend
on Sasakian magnetic fields.

This lemma guarantees the condition on two expressions to be congruent.

LEMMA 5. Let (My,01) and (Ma,02) be two expressions of a bounded circle
on CH"™(c) by trajectories for Sasakian magnetic fields F.,, and F,, on geodesic
spheres. They are congruent to each other if and only if the base geodesic spheres
have the same radii and one of the following condition holds:

(i) pos| = lpos| =1,

(il) |po,| = lpo,| <1 and K1ps, = K2pe,

Proor. Through isometric embeddings, we regard geodesic spheres My, Mo

as subsets of CH"(c). Therefore, we have o1(t) = o2(t) = y(t) for all ¢.
Suppose that these two expressions are congruent to each other. We then have

an isometry ¢ of CH"(c) with ¢(M;) = Ms satisfying either ¢ o o1(t) = o2(t)

for all t or ¢ o 01(t) = oa(—t) for all t. In particular, the radii of M; and M,

coincide with each other. We set

. 1, when ¢ ooy(t) = o2(t) holds,
| -1, when @ooy(t) = oa(—t) holds.

We then have (d@ o d1)(t) = eda(et). Since we have dp(Npz, ) = Ny, and since
¢ is £-holomorphic, we find

Poy = <d27£M2> = 6<d95(0"1)7 _Jd()b(NMl» = i€<d()5(0"1)7 _d()bJ(NMl)>
= :I:6<d¢(0-1)7 d¢(£M1)> = :l:€<é-17£M1> = :l:€p0'1'
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In particular, we have |ps, | = |po,|- Also we have

K/2¢d2 = V('Qd'g = Vdg,o[;l (d@ O 0'1) = d@(volal) = d(ﬁ(fﬁ:l(ﬁtfl)
= £1dP(J1 — poy, Nar,) = £r1J(dp 0 61) — K1po, N,

= ter1J02 F €k1po, Ny, = Eek1d0.

When |ps,| = |po,| = 1, because the ¢ds is the null vector, the above tells
nothing. When |p,,| = |po,| < 1, we have ko = texy. Hence, we find |k1| = |ka|
and K2py, = Ki1po,. Thus, if two expressions (Mi,o1) and (Ma,02) of « are
congruent to each other, then one of the conditions in the assertion holds.

On the other hand, we suppose that (My,01) and (Maz, 02) satisty the con-
ditions in the assertion. We have an isometry @ of CH™(c) with ¢(M;) = Mo,
because M7, My are of the same radius. By the same computation as above,
we find pgos, = F€ps, and Vigos, (dp o 1) = terp(dy o 1) because ¢ is +-
holomorphic. Thus, ¢ o 07 and o5 are trajectories on Ms which satisfy one of
the conditions in Lemma [ We therefore find an isometry v of M, satisfying
Yo (pooy)(t) = oa(t). It is known that there is an isometry ¢ of CH"(c)

satisfying ’(/J‘ M, = 1. We hence find that the isometry 1 o ¢ of CH™ satisfies
(o @)(My) = My and (1 0 ¢) 0 01 (t) = oo(t) for all ¢. 0
We are now in a position to study expressions of circles by trajectories on

geodesic spheres. If we take a trajectory o for F, on a geodesic sphere M, its
extrinsic shape satisfies

VVed = Ve {kJo + ((Ar6,6) — kpe)Nas )
= —{Fcz(l —p2) 4+ { A + (6n — AM)PCE}Q}&
+ {A = Epo + (O — An)pE HE + (60 — Anr)po } (pod — €).

Therefore, we obtain the condition on trajectories on a geodesic sphere to be
circles in CH™.

LEMMA 6. Let o be a trajectory for B, on a geodesic sphere M in CH"(c). Its
extrinsic shape is a circle on CH™(c) if and only if one of the following condition
holds:

(1) po = %1,
(i) Am — kpo + (6 — Anr)p2 =0,
(iil) K4 (Opm — Am)ps = 0.

Corresponding to these cases, the geodesic curvature k, and the complex torsion
T, of the extrinsic shape of o are as follows:

(1) ko’ = |5M|7 To = ?17
(ii) ko = |K|, 7o = —sgn(k) 1,
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(iil) ko = /K2 — 2Amkps + A3y, To = (2602 — K — Aripo) /Ko

Here, we denote by sgn(k) the signature of k, and ignore complex torsions in
cases that the extrinsic shape is a geodesic.

By use of this lemma, we can show expressions of all bounded circles on
CH™(c) by trajectories on geodesic spheres. We view the result in [6] from
another angle.

THEOREM 2. Let y be a bounded circle of positive geodesic curvature k., and of
complex torsion 7, on CH™(c).

(1) When 7, = =£1, there are infinitely many its expressions by non-geodesic
trajectories on geodesic spheres up to a congruency relation.

(2) When 0 < |1y| < 1, there exists its unique expression by a non-geodesic
trajectory on some geodesic sphere up to a congruency relation.

(3) When 1, =0, it has no expressions by non-geodesic trajectories on geodesic
spheres.

PROOF. (1) We study the second case in Lemma@ Since Ay > 0, we see p, #
0. The function k(p) = Apr/p + (0pr — Anr)p on the interval (0,1) is monotone
decreasing and takes values in the interval (dpr,00). If we vary the radius of
geodesic spheres, the principal curvature d; vary in the interval (\/H ,00). As
circles of complex torsion 41 are bounded if and only if their geodesic curvatures
are greater than \/H , we get the first assertion.

(2), (3) We study the third case in Lemma [6] Since k = —(6p — Anr)po =
—lelpo/(4Anr), we obtain

> o (Ie] = 2Jelo? — 433,)
41 ko’ _ A2 |C|p0' c po‘ = Po o M .
(4-1) \/ A R T VI Ao At

Since we consider non-geodesic trajectories, we have 0 < |p,| < 1. By the first
equality, we have A\yy < k, < Apr + |¢|/(4An) = dpr. By using two equlities in
([@.1)), we have 7,2 = g (ko) with the continuous function

(22 — N3,)(3203,22 + 4cA%, — 2)?
c|(8A%, — ¢)3a?

gu () =

defined in the interval ()\M,6M). This function is monotone increasing and
limga,, gu(x) = 0, limgqs,, gar(z) = 1. We set a subset

Iy ={[k,7] € BC(CH") | 7* = g (k), Avy <k < 6éum}

of the moduli space BE(CH™) of all bunded circles on CH™(c) which is expressed
as

{(k,7) € (Vc/2,00) x [0,1] | k > Veor T < v(k)}.
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Since gps(z) is continuous with respect to Aps, and since Ays takes all values in
the interval (|c|/4,00) when we vary radii of geodesic spheres, we find that the
union |JI'ys covers BC(CH™) (see Fig. 1). Thus, we obtain the assertions on
existence by Lemma

For each k with k > +/|c|/2, we set a function kg (y) on the interval (1/]c|/2, )
by
(k* — y)(32k%y + dey — 2)?

|c[(8y — ¢)*k?

We note gur(k) = he(N7). Therefore, the function hj shows the behavior of

complex torsions of extrinsic shapes of trajectories having geodesic curvature k
with respect to radii of geodesic spheres. Since we have

hi(y) =

dhy  (dy+ c)(32k%y + 4cy — c?)

dy By -0

under the condition k& > 4/|c|/2, we find that the function hy(y) is monotone
decreasing. This means that I'yy NIy = @ if Ay # Ay (see Fig. 1). Thus, we
get the assertion on uniqueness with the aid of Lemma U

unbounded
circles

Fig. 1: I'yy on 'BG((CH”)

Remark 2. Our proof of Theorem [2] shows that we have infinitely many expres-
sions of bounded circles with complex torsion +1 by non-geodesic trajectories on
geodesic spheres. If we fix the radius r of the underlying geodesic sphere, each
circle 7y of geodesic curvature k., > \/H coth( m 7“) and of complex torsion +1
is uniquely expressed by a non-geodesic trajectory on some geodesic sphere of
radius 7.

COROLLARY 1. Two expressions of a bounded circle v on CH™ with |7,| < 1
are congruent to each other.

REFERENCES

1. T. Adachi, Kadhler magnetic flows on a manifold of constant holomorphic sectional
curvature, Tokyo J. Math. 18 (1995), 473-483.

2. T. Adachi, Trajectories on geodesic spheres in a non-flat complex space form, J.
Geom. 90 (2008), 1-29.



10 YUSEI AOKI AND TOSHIAKI ADACHI

3. T. Adachi and S. Maeda, Global behaviors of circles in a complex hyperbolic space,
Tsukuba J. Math. 21 (1997), 29-42.
4. T. Adachi, S. Maeda and M. Yamagishi, Length spectrum of geodesic spheres in a
non-flat complex space form, J. Math. Soc. Japan 54 (2002), 373-408.
5. Y. Aoki and T. Adachi, Expressions of circles on a complex projective space by
geodesics and trajectories on geodesic spheres, preprint 2023.
6. T. Bao and T. Adachi, Extrinsic circular trajectories on totally eta-umbilic real
hypersurfaces in a complex hyperbolic space, Kodai Math. J. 39 (2016), 615-631.
7. S. Maeda, Nonnegatively curved geodesic spheres in a complex hyperbolic space, C.
R. Math. Acad. Sci. Soc. R. Can. 35 (2013), 114-120.
8. S. Maeda and Y. Ohnita, Helical geodesic immersions into complex space forms,
Geom. Dedicata 30 (1989), 93-114.
9. R. Niebergall and P.J. Ryan, Real hypersurfaces in complex space forms, in Tight and
taut submanifolds, MSRI Publ. 32 (1997), 233-305.
10. K. Nomizu and K. Yano, On circles and spheres in Riemannian geometry, Math. Ann.
210 (1974), 163-170.
11. K. Sakamoto, Planar geodesic immersions, Tohoku Math. J. 29 (1977), 25-56.
12. T. Sunada, Magnetic flows on a Riemann surface, Proc. KAIST Math. Workshop 8
(1993), 93-108.

Division of Mathematics and Mathematical Science, Nagoya Institute of Technology, Nagoya
466-8555, Japan
e-mail: |yuseill291@outlook.jp

Department of Mathematics, Nagoya Institute of Technology, Nagoya 466-8555, Japan
e-mail: adachi@nitech.ac.jp


yusei11291@outlook.jp
adachi@nitech.ac.jp

	Introduction
	Circles on a Complex Hyperbolic Space
	Expressions by Geodesics on Geodesic Spheres
	Expressions by Trajectories on Geodesic Spheres

