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MAXIMAL REGULARITY FOR THE NEUMANN-STOKES
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ABSTRACT. We provide a maximal regularity theorem for the linear
Stokes equation with a non-homogeneous divergence condition in a bounded
domain Q C R® and with the Neumann boundary conditions. We prove
the existence and uniqueness of solutions such that the velocity belongs to
the space H(s1t1)/2:541((0,T) x Q), where s € [1,1.5) U (1.5,2).

RiESUME.  Nous fournissons un théoréme de régularité maximale pour
I’équation linéaire de Stokes avec une condition de divergence non homogene
dans un domaine borné 2 C R3 et avec les conditions aux limites de Neu-
mann. On prouve 'existence et 'unicité de solutions telles que la vitesse
appartient & Pespace H(s11)/2:s+1((0,T) x Q), ot s € [1,1.5) U (1.5, 2).

1. Introduction In this paper, we provide a maximal regularity type the-
orem for the linear Stokes system with the Neumann boundary conditions and
nonhomogeneous divergence. Such maximal regularity theorems in different
functional spaces have been studied early on by Grubb and Solonnikov [7]. Still
they have attracted much interest recently [11,12,14] due to their important role
in the study of free boundary problems [1-6,8-10,13-15].

Our main result, Theorem 2.1, is a variant of maximal regularity for the non-
homogeneous Stokes equation with the non-homogeneous divergence, stated sim-
ilarly to [11], but in different functional spaces. In [11], Mucha and Zajaczkowski
proved the existence for initial data in an anisotropic Sobolev space L, where
r > 3; here we provide existence and uniqueness for the solution in a low regu-
larity L2-based Hilbert spaces (see (2.6)). We believe that our proof with one
simple corrector z is new (the proof in [11] uses two correctors). The feature
of the approach in [11] and Theorem 2.1 is the representation (2.10) for g,. An
important new idea is the presence of the fourth term on the left side of (2.12),
i.e., we provide the control of the pressure trace ||p||HF/271/4,571/2. The control

1

of this quantity is obtained by a space-time trace inequality (see Lemma 3.1).
The main difficulty in applying the theorem from [7] is that the boundary

term (which is the sixth term on the right-hand side of (2.12)) has a higher time

regularity than the Grubb-Solonnikov interior pressure terms (i.e., the second
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and third terms on the left side of (2.12)). To overcome this, we prove an
inequality satisfied for a boundary pressure term, which allows us to absorb the
high time regularity pressure term on the right. Another important ingredient in
the proof of the main theorem is a trace inequality for functions which are Sobolev
in the time variable and square-integrable on the boundary (see Lemma 3.1
and (3.1) below). The trace regularity is used essentially in the proof of the
existence for the nonhomogeneous Stokes equation.

2. The Main Result We consider the linear Stokes system

u—Au+Vp=f in (0,7) x Q
(2.1) divu =g in (0,7) x €,
where ) C R? is a bounded domain with a C* boundary 02; the lower regularity

assumption can also be treated using partition of unity and straightening of the
boundary. The system is supplemented with two boundary conditions

0
(2.2) 8—;\‘[ —pN=h  on (0,T)xT;
(23) u = h,2 on (O,T) X FQ,

where 'y and T’y are the two disjoint components of the boundary with 002 =
I'yt UT and N is the unit normal vector to the boundary I'y. We impose the
initial condition

(2.4) u(0, ) = uog in Q

and the compatibility condition

(2.5) uo|r, = hali=o-
Denote
(2.6) H™((0,T) x Q) = H"((0,T), L*(Q)) N L*((0,T), H*()),

with the norm

(2.7) I s oy xey = 1F N 0.7y, 22000y + 1F 20,1y, 5 (2)) -

We shall use the notation H>*, involving functions on (0,7') xT', for the analogous
space corresponding to the boundary set I'.

The following theorem, which states the maximal regularity theorem for the
linear Stokes equation with a nonhomogeneous divergence (cf. [7,11,16]), is our
main result.
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THEOREM 2.1. Let s € [1,3/2) U (3/2,2). Then, assuming

(2.8) ug € H*(Q))

and

(2.9)  (f,9,h1,hs) € (Hs/271/2,571’H5/2,s,H;{2—1/4,s—1/27Hl._s:£2+1/4,s+1/2)’

with the structural condition

(2.10) gt = §+divb,
where
(2.11) G,be H3/?71/2s-1,

there exists a unique solution (u,p) to the system (2.1)—(2.5) satisfying

(2.12)
[l grssar1s2s0n 4+ [Pl ror2—172.s + VDl gsr2—1/2.6-1 + ||pHHi—s‘/27l/4,sfl/2
1

Slluollms + 1 fllmgerz=12.0-1 + gl merzs + |Gl grarz=1/2.0-1 4 [|bl| gre/z=1/2,5-1
+ ||h1||H5/2—1/4,s—1/2 + ||h2||Hs/2+1/4,s+1/2,
Ty Iy

where the implicit constant depends on ) and T .

The proof of the theorem is given in the next section.

3. Proof of Theorem 2.1 First we recall two auxiliary lemmas from [9]
which are needed in the proof of the main result. The first lemma provides an
estimate for the trace in a space-time norm.

LEMMA 3.1 ([9]). Lets>1/2 and 6 > 0. If
w e L2((0,T), H* (@) n B2/ 2=0((0,T), L2(9)),
then uw € H?((0,T), L*(T")), and for all ey € (0,1] we have the inequality

(3-1)  ullgeo,r),c2ry) S €ollull gzos/ea—v 0,1y, 2(0)) + CeolullL2((0,7), 125 (2))

where the implicit constant depends on T and Ce, > 0 is a constant depending
on €.

The second lemma provides a space-time interpolation inequality needed in
several instances in the proof of the main theorem.
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LeEMMA 3.2 ([9]). Let o, 3> 0. Ifu € H*((0,T),L3(2)) N L2((0,T), H?(2)),
then w € H?((0,T), H*()) and for all ey € (0, 1], we have the inequality

(3.2) 1wl zo (0,7, 57 ) S €ollullme(o,1),22()) + Ceollull L2(0,7), 55 )5
for all 6 € (0,c) and X € (0, 8) such that

0 A
. —+ =<
(3.3) 04+571’

where the implicit constant depends on T and C¢, > 0 is a constant depending
on €g.

In the previous two propositions, the implicit constant does not depend on T
if T > 1, but it may grow when 7' — 0. In (2.12), as well as in the rest of the
paper, we do not indicate the domains (0,7) x Q or € in the norms as they are
understood from the context. However, we always use a complete notation for
norms involving the boundary traces on I'y and T's.

PROOF OF THEOREM 2.1.  As in [11], let z be the solution of

(3.4) Az=g in (0,7) x Q
9z _
ON
z2=0 on (0,7) x Is.

0 on (O,T) X Fl

Note that the time derivative z; satisfies
(3.5) Azy=g+divd in (0,7) x Q
0
a—j\tf:o on (0,T) x Ty
2zt =0 on (0,T) x Iy,
by (2.10). The difference @ = u — Vz satisfies
(3.6) U — AU+ Vp=f—Vz+AVz in (0,7) x Q
(3.7) diva =0 in (0,7) x Q,
subject to the mixed boundary conditions

ou oVz
ﬁ_pN_hl_W on (0,T)><F1

4=—-Vz+hs on (0,7) x Ty

(3.8)
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and the initial condition
(3.9) (0, ) = uo — Vz(0) in Q.

Denote the right-hand sides of (3.6), (3.8)1, (3.8)2, and (3.9) by f, hi, ha, and o,
respectively. Note that based on the estimates in the proof of [7, Theorem 7.5],
Theorem 2.1 holds for the special case g = § = b = 0 since s > 1, but without
the fourth term on the left side of (2.12). Applying it to the system (3.6)—(3.9),
we obtain

(310) ||a||Hs/2+l/2,s+1 + ||p||Hs/271/2,5 + ||Vp||Hs/271/2,571

S ol s + ||f||Hs/271/2,571 + Hil1||Hs/271/4,571/2 + ||B2||Hs/2+1/4,s+1/27
ry T2
whence

(3.11) ||11||H5/2+1/2,5+1 + ||pHH5/271/2,5 + vaHHs/271/2,sfl
S llwollas + 1120 msrr + |l gsr2-1/205-1 + ([ Vzel grosz-1/2.1

+ ||AVz|| gs/2-1/2.5-1 + Hh1||Hlf/2_l/4‘S_l/2 + ||h2||H;/2+1/4,s+1/2
1 2

oVz
ON

£g2/2=1/48-1/3 + ||VZ||HF-£2+1/4,5+1/2.
Ty

We now need to show that each of the terms on the right-hand side of (3.11)
is dominated by the right-hand side of (2.12). The first, third, sixth, and sev-
enth terms in (3.11) already appear in (2.12), so we only need to estimate the
remaining ones. For the second term, we have

(3.12) 120) [ =+ S Ng(O) o2 = [ divuol a2 < fJuol s

For the fourth term in (3.11), we write
(3.13)
IVail|gorz-1/20-10 SVl pzms—1 + |Vael gorz-1/2p2
S Ngllzeme—2 + [0l L2brs =2 + |Gl rerz=1/2 -1 + [0l gror2-1/2p2

S Nall grsrz=1s2.0-1 + ||bl| gresz—1/2,6-1,

where we used the elliptic regularity for (3.5) in the second inequality. For the
fifth term in (3.11), we have

(3.14)
AV 2| gror21/2.0-1 SNV gerz-1r20-1 SNgllezms + gl merz—rr2mn S Ngllaers,
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where we used Lemma 3.2 in the last step. For the eighth term in (3.11), we
write

oVz
ON

oVz
ON

H OV z
Lsz—l/Z(Fl) 8N

)

315) |
Hs/2—1/4L2(F1)

H;/271/4,571/2 ~
1

where for simplicity of notation, we write I'y instead of (0,7) x I'y as the time
interval is understood. For the first term on the right side of (3.15), we use the
Sobolev trace inequality and obtain

(3.16) H vz

ON SJ ||D2Z||L2H5 S ||g||L2H57

Lsz—l/z(Fl)

which is dominated by the third term in (2.12). For the second term on the right
side of (3.15), we use the space-time trace inequality in Lemma 3.1 to write

(3.17) SUID?2l erzpe + 10?2\ L2mre S Mlgllgreor.e-

oVz
ON

Hs/2—1/4L2(F1)

Regarding the ninth term in (3.11), we have
(318) ||VZ||H15“QZ+1/4’S+1/2 5 ||VZ||L2H5+1/2(1"2) + ||VZ||H5/2+1/4L2(1"2)~

For the first term on the right side of (3.18), we use the trace inequality to write
(3.19) ||VZ||L2HS+1/2(F2) SIVelpems+r S ll2llzmste S lgllz2me-
For the second term on the right side of (3.18), we appeal to Lemma 3.1 to get
(3.20) V2l goratrsape(ry) S IV2llgeratizpe + V2l pagss

S zllzszvazm + 2] L2 prsve

Szl grerz=1r2 1 + [|2)| L2 o2

S Ngllasrzre + [0l gorz-1r2p2 + llgll2 s
Therefore, all the terms on the far right side of (3.20) are bounded by the right-
hand side of (2.12). This concludes estimates for all the terms in (3.11), and

(2.12) is proven, except for the bound of the fourth term on the left, i.e., the
term Hp||Hs/2_1/4,s_1/2. Since, by (22),
T

+ ||h1 H}les/2—1/4,s—1/27
T

ou
C1jase12 S|l =—
B2 olgnn S | g

Hlf/2_1/4’s_1/2
1
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we only need to prove

o < Jluf
ON £g2/2=1/08-1/ = U gs/24+1/2,s+1
Ty

(3.22) ‘

To bound the space part of the norm on the left side of (3.22), we use the classical
trace inequality and write

(323) ,S ||VUHL2H5 S ||UHHS/2+1/2,S+1.

L2Hs—1/2(F1)

ou

ON
To bound the time component of the norm on the left side of (3.22), we instead
use Lemmas 3.1 and 3.2, which leads to

S IVullgerzre + IVullzge S llullgeszez.en,
Hs/2—1/4L2(F1)

Ou
3.24 —
21 [ ox
completing the proof of (3.22) and thus also of (2.12). O
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