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GENERALIZED TRACIALLY APPROXIMATED
C*-ALGEBRAS

GEORGE A. ELLioTT, FRSC, QINGZHAI FAN AND XIAOCHUN FANG

ABSTRACT. In this paper, we introduce some classes of generalized
tracial approximation C*-algebras. Consider the class of unital C*-algebras
which are tracially Z-absorbing (or have tracial nuclear dimension at most
n, or have the property SP, or are m-almost divisible). Then A is tracially
Z-absorbing (respectively, has tracial nuclear dimension at most n, has the
property SP, is weakly (n,m)-almost divisible) for any simple unital C*-
algebra A in the corresponding class of generalized tracial approximation
C*-algebras. As an application, let A be an infinite-dimensional unital
simple C*-algebra, and let B be a centrally large subalgebra of A. If B
is tracially Z-absorbing, then A is tracially Z-absorbing. This result was
obtained by Archey, Buck, and Phillips in [2].

RESUME. On introduit la notion d’approximation traciale généralisée
d’une C*-algebre par des C*-algébres dans une class donnée. Cette no-
tion généralise la notion de Lin d’approximation triviale simple, et aussi la
notion d’Archey et de Phillips de centralement grande sousalgébre, deux
notions qui se sont démontrées trés importantes.

1. Introduction The Elliott program for the classification of amenable C*-
algebras might be said to have begun with the K-theoretical classification of AF
algebras in [6]. A major next step was the classification of simple AH algebras
without dimension growth (in the real rank zero case see [8], and in the gen-
eral case see [9]). This led eventually to the classification of simple separable
amenable C*-algebras with finite nuclear dimension in the UCT class (see [25],
[33], [11], [19], [20], [41], [10], [17], and [18]).

A crucial intermediate step was Lin’s axiomatization of Elliott-Gong’s de-
composition theorem for simple AH algebras of real rank zero (classified by
Elliott-Gong in [8]) and Gong’s decomposition theorem ([16]) for simple AH al-
gebras (classified by Elliott-Gong-Li in [9]). For this purpose, Lin introduced
the concepts of TAF and TAT ([28] and [29]). (A weaker version of the property
TAF had been introduced by Popa in [36].) Instead of assuming inductive limit
structure, Lin started with a certain abstract (tracial) approximation property.
Elliott and Niu in [12] considered this notion of tracial approximation by other
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classes of unital C*-algebras than the finite-dimensional ones for TAF and the in-
terval algebras for TAIL In [12], Elliott and Niu, and in [7], Elliott, Fan, and Fang
showed that certain properties of C*-algebras in a given class () are inherited by
a simple unital C*-algebra in the class TAQ.

Large and centrally large subalgebras were introduced in [35] and [3] by
Phillips and Archey as abstractions of Putnam’s orbit breaking subalgebra of
the crossed product algebra C*(X,Z, o) of the Cantor set by a minimal homeo-
morphism in [37].

In [3], Archey and Phillips showed that if B is centrally large in A and B
has stable rank one, then so also does A. In [2], Archey, Buck, and Phillips
proved that if A is a simple infinite-dimensional stably finite unital C*-algebra
and B C A is a centrally large subalgebra, then A is tracially Z-absorbing in the
sense of [22] if, and only if, B is tracially Z-absorbing.

Inspired by centrally large subalgebras and tracial approximation C*-algebras,
we introduce a class of generalized tracial approximation C*-algebras. The no-
tion generalizes both Archey and Phillips’s centrally large subalgebras and Lin’s
notion of tracial approximation.

Let Q be a class of unital C*-algebras. We define as follows the class of C*-
algebras which can be weakly tracially approximated by C*-algebras in €2, and
denote this class by WTAQ.

DEFINITION 1.1. A simple unital C*-algebra A will be said to belong to the class
WTAQ if, for any € > 0, any finite subset F' C A, and any non-zero element
a > 0, there exist a projection p € A, an element g € A with 0 < g <1, and a
unital C*-subalgebra B of A with g € B,1g = p, and B € Q, such that

(1) (p—g)r €. B, x(p—g) € B, forallxz € F,

(2) lp—g)z —x(p—g)l <&, forallz € F,

(3) 1—(p—g) 3 a (see Section 2), and

(4) ltp = g)alp — g)ll = llall — €.

It follows from the definitions and by the proof of Theorem 4.1 of [12] that if
A is a simple unital C*-algebra and A € TAQ (Definition 2.5), then A € WTAQ.
Furthermore, if Q@ = {B}, and B C A is a centrally large subalgebra of A
(Definition 2.6), then A € WTAQ.

In Theorem 3.9 of [31], Niu shows that if (X,0,I") is a dynamical system
(X compact metrizable and I" countable amenable) with the (URP), then the
crossed product C*-algebra can be weakly tracially approximated in a non-unital
sense by (not necessarily unital) homogeneous C*-algebras with dimension ratio
almost dominated by the mean dimension of (X,o,I'). Let Q = {CT : C =
EBiV:l Mk, (Co(Zs)), N € Z>o}, where each Z; is a locally compact Hausdorff
space, and CT is the unitization of C. By the proof of Theorem 3.9 of [31], one
can show that Niu’s crossed product C*-algebra belongs to the class WTA).

The Rokhlin property in ergodic theory was adapted to the context of von
Neumann algebras by Connes in [4]. It was adapted by Herman and Ocneanu
for UHF-algebras in [21]. In [27] Kishimoto, in [23] and [24] Izumi, and in [39]
Rgrdam considered the Rokhlin property in a much more general C*-algebra
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context. More recently, Osaka and Phillips studied actions of a finite group and
of the group Z of integers on certain simple C*-algebras with a modified Rokhlin
property in [32] and [34].

In [32], Osaka and Phillips showed the following result (a part of Lemma 2.5 of
[32]): Let A be a stably finite simple unital C*-algebra with real rank zero such
that the order on projections in matrix algebras over A is determined by traces
(strict comparison of projections). Let o € Aut(A) have the tracial Rokhlin
property. Then for every finite set F' C C*(Z, A, ), every € > 0, every N € N;
and every non-zero positive element z € A, there exist a projection p € A, a
unital subalgebra D C pC*(Z, A, a)p with 1p = p, and a projection ¢ € D such
that

(1) gz €. D, zq €. D, for all x € F,

(2)1-¢ =z and

(3) N(1 —¢q) < {gq) (see Section 2).

Inspired by this result, in this paper, we introduce another class of generalized
tracial approximation C*-algebras. Let ) be a class of unital C*-algebras. We
define as follows the class of C*-algebras which can be tracially almost approxi-
mated by C*-algebras in 2, and denote this class by TAAQ.

DEFINITION 1.2. A simple unital C*-algebra A will be said to belong to the class
TAAQ if, for any € > 0, any finite subset F' C A, any non-zero element a > 0,
there exist a projection p € A, a C*-subalgebra B of A with 1g =p and B € Q,
and a projection q € B such that

(1) gz €. B, xzq €. B, for allz € F,

(2) 1 —q 3 a (see Section 2), and

(3) llqag| > flal| - <.

In this paper, we shall prove the following five results:

Let Q be a class of unital C*-algebras with the property SP. Then A has the
property SP for any simple unital C*-algebra A € WTAQ. (Theorem 3.1.)

Let © be a class of unital C*-algebras which are tracially Z-absorbing (Def-
inition 2.3). Then A is tracially Z-absorbing for any simple unital C*-algebra
A € WTAQ. (Theorem 3.4.)

Let € be a class of unital C*-algebras with tracial nuclear dimension at most n
(Definition 2.4). Then A has tracial nuclear dimension at most n for any simple
unital C*-algebra A € WTAQ. (Theorem 3.7.)

Let © be a class of unital C*-algebras which are m-almost divisible (Definition
2.7). Let A € WTAQ be a simple unital stably finite C*-algebra such that for
any n € N the C*-algebra M,,(A) belongs to the class WTAQ. Then A is weakly
(2, m)-almost divisible (Definition 2.8). (Theorem 3.10.)

Let Q be a class of unital C*-algebras which are m-almost divisible. Let
A € TAASQ) be a simple unital stably finite C*-algebra such that for any n € N
and any unital hereditary C*-subalgebra D of M, (A), D belongs to the class
TAAQ. Then A is weakly (2, m)-almost divisible. (Theorem 3.11.)

As applications, the following known results follow from these results.
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Let A be a simple unital C*-algebra, and let B be a centrally large subalgebra
of A. If B is tracially Z-absorbing, then A is tracially Z-absorbing. This result
was obtained by Archey, Buck, and Phillips in [2].

Let Q be a class of unital C*-algebras which are tracially Z-absorbing. Then
A is tracially Z-absorbing for any simple unital C*-algebra A € TAQ. This
result was obtained by Elliott, Fan, and Fang in [7].

Let A be a simple unital C*-algebra, and let B be a centrally large subalgebra
of A. If B has tracial nuclear dimension at most n, then A has tracial nuclear
dimension at most n. This result was obtained by Zhao, Fang, and Fan in [43]

Let € be a class of unital C*-algebras which have tracial nuclear dimension at
most n. Then A has tracial nuclear dimension at most n for any simple unital
C*-algebra A € TAQ. This result was obtained by Fan and Yang in [13].

2. Preliminaries and Definitions Recall that a C*-algebra A has the
property SP if every non-zero hereditary C*-subalgebra of A contains a non-
zero projection.

Let A be a C*-algebra, and let M,,(A4) denote the C*-algebra of n x n matrices
with entries elements of A. Let My, (A) denote the algebraic inductive limit
of the sequence (M,,(A), ¢,), where ¢, : M,,(A) — M, +1(A) is the canonical
embedding as the upper left-hand corner block. Let My (A)+ (respectively,
M,,(A),) denote the positive elements of M, (A4) (respectively, M,,(A)). Given
a,b € Moo (A)4, one says that a is Cuntz subequivalent to b (written a 3 b) if
there is a sequence (v,)22 ; of elements of M (A) such that

nhﬁn;(} lvpbv) — al| = 0.

One says that a and b are Cuntz equivalent (written a ~ b) if ¢ X b and b 3 a.
We shall write (a) for the Cuntz equivalence class of a.

The object Cu(A) := (A® K)/ ~ will be called the Cuntz semigroup of A.
(See [5].) Observe that any a,b € My, (A)4+ are Cuntz equivalent to orthogonal
elements a’,b € My (A4)+ (i.e., a'b = 0), and so Cu(A) becomes an ordered
semigroup when equipped with the addition operation

{a) +(b) = (a+0)
whenever ab = 0, and the order relation
(a) < (b) < a b
Given a in M (A4) 4+ and € > 0, we denote by (a—¢) 4 the element of C*(a) cor-

responding (via the functional calculus) to the function f(¢) = max(0,t —¢), ¢ €
o(a). By the functional calculus, it follows in a straightforward manner that

((a—e1)4 —€2)4 = (a— (e1 + €2))+.
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Let 0 < € < 1 be two positive numbers. Define

1 ift>e,
fe@) =< @t—g)fe ife/2<t<e,
0 if 0<t<e/2.

The following facts are well known.

THEOREM 2.1.  ([1], [22], [35], [40].) Let A be a C*-algebra.

(1) Let a, b € Ay and € > 0 be such that ||a — b|| < e. Then there is a
contraction d in A with (a — €)4 = dbd*.

(2) Let a, p be positive elements in Moo (A) with p a projection. If p X a, then
there is b in Moo (A) 1 such that bp =0 and b+p ~ a.

(3) Let a be a positive element of A not Cuntz equivalent to a projection. Let
d >0, and let f € Cy(0,1] be a non-negative function with f =0 on (6,1), f >0
on (0,9), and || f|]| = 1. Then f(a) # 0 and (a — §)+ + f(a) 2 a.

(4) Let a,b € A satisfy 0 < a <b. Lete > 0. Then (a—¢e); 3 (b—¢)t
(Lemma 1.7 of [35]).

Winter and Zacharias introduced the notion of nuclear dimension for C*-
algebras in [42].

DEFINITION 2.2. ([42].) Let A be a C*-algebra, m € N. A completely positive
contraction ¢ : F' — A is m-decomposable (where F is a finite dimensional C*-
algebra), if there is a decomposition F = FOgFO g...q F™ such that the
restriction 9 of ¢ to F) has order zero (which means preserves orthogonality,
i.e., w(e)p(f) =0 for all e, f € M,, with ef =0), for each i € {0,--- ,m}, and
we say ¢ is m-decomposable with respect to the decomposition F = F© ¢ F(1) g
- @®F™) A has nuclear dimension m, written dimyu.(A) = m, if m is the least
integer such that the following condition holds: For any finite subset G C A and
e > 0, there is a finite-dimensional completely positive approzimation (F, ¢, )
for G to within € (i.e., F is finite-dimensional, ¢ : A — F and ¢ : F — A
are completely positive, and ||o(b) — bl < & for any b € G) such that @ is a
contraction, and  is m-decomposable with completely positive contraction order
zero components ¢ . If no such m exists, we write dimpye (A) = 0.

Hirshberg and Orovitz introduced the notion of tracial Z-absorption in [22].

DEFINITION 2.3. ([22].) We say a unital C*-algebra A is tracially Z-absorbing
if A#£ C, and for any finite set F' C A, € > 0, non-zero positive element a € A,
and n € N, there is a completely positive order zero contraction v : M, —
A, where order zero means preserving orthogonality, i.e., ¥(e)y(f) = 0 for all
e, f €M, withef =0, such that the following properties hold:

(1) 1 —2(1) 3 a, and

(2) for any normalized element x € M, (i.e., with ||z| = 1) and any y € F
we have [|P(2)y — yi(z)]| <e.



18 GEORGE A. ELLIOTT, QINGZHAI FAN AND XIAOCHUN FANG

Note that this property implies that either A =0 or dim(A) = occ.

Inspired by Hirshberg and Orovitz’s tracial Z-absorption in [22], Fu intro-
duced a notion of tracial nuclear dimension in his doctoral dissertation [14] (see
also [15]), and he showed that finite tracial nuclear dimension implies tracial
Z-absorption for a separable, exact, simple unital C*-algebra with non-empty
tracial state space.

DEFINITION 2.4. ([14].) A unital C*-algebra A is said to have tracial nuclear
dimension at most m, written Trdim,,.(A) < m, if for any € > 0, any finite
subset F' C A, and any non-zero positive element a of A, there exist a C*-
subalgebra D of A with dimp,.(D) < m (Definition 2.2), a contractive completely
positive linear map ¢ : A — A and a contractive completely positive linear map
¥ : A— D such that

(1) ¢(1) 3 a, and

(2) o = (@) — W) <, for any x € F.

Let Q be a class of unital C*-algebras. Then the class of simple separable
C*-algebras which can be tracially approximated by C*-algebras in {2, denoted
by TAS), is defined as follows.

DEFINITION 2.5. ([12].) A simple unital C*-algebra A is said to belong to the
class TAQ) if, for any e > 0, any finite subset F' C A, and any non-zero element
a > 0, there are a projection p € A, and a C*-subalgebra B of A with 1g = p
and B € Q, such that

(1) lxp —pz|| <€, for allx € F,

(2) pxp € B, for allz € F, and

3)1-pZa.

Remark: If Q is a class of unital C*-algebras, by the proof of Theorem 4.1
of [12], if A is a simple unital C*-algebra and A € TAQ (Definition 2.5), then
A € WTAQ (Definition 1.1). If © is a class of unital C*-algebras then the class
TAQ is contained in the class TAAQ of Definition 1.2. (In particular one has
Corollaries 3.2, 3.5, and 3.8, below.)

Centrally large and stably centrally large subalgebras were introduced in [3]
by Archey and Phillips.

DEFINITION 2.6. ([8].) Let A be an infinite-dimensional simple unital C*-

algebra. A unital C*-subalgebra B C A is said to be centrally large in A if for

everym € N, ay,a9,...,am € A, e >0, x € Ay with ||z|| =1, and y € B4\ {0},

there are c1,ca,...,¢m € A and g € B such that the following conditions hold.
( ) 0<g<l1.

(2) For j =1,2,...,m we have ||c; — a;| <e.

(3) FOT’j—l 2,...,m we have (1 — g)c; € B.

(4)g=pyandg ‘<A x.

(5) 11 —g)z(1l - )H>1—€-

(6) For j =1,2,...,m we have ||ga; — a;jg| <.
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Recall from Section 1 that if a simple unital C*-algebra A has a centrally
large C*-subalgebra B, then A belongs to the class WTAQ with Q@ = {B}. (In
particular one has Corollaries 3.3, 3.6, and 3.9, below.)

The property of m-almost divisibility was introduced by Robert and Tikuisis
in [38].

DEFINITION 2.7. ([88].) Let m € N. We say that A is m-almost divisible if
for each a € M (A)4, k € N, and £ > 0, there exists b € Moo (A)4 such that
B{b) < (@) and ((a —e)4) < (k+ 1)(m + 1)(b).

DEFINITION 2.8. Let n, m € N. We shall say that A is weakly (n,m)-almost
divisible if for each a € Moo (A)4, k € N, and € > 0, there exists b € Moo (A)+
such that k(b) < n{a) and {(a —€)4) < (k+ 1)(m + 1){b).

Note that if A has the property of either Definition 2.7 or Definition 2.8 then
so also does any matrix algebra over A.

The following two theorems are Lemma 1.7 and Lemma 1.8 of [2].

Theorem 2.10 will be used in the proof of Theorem 3.4.

THEOREM 2.9. ([2].) For every ¢ > 0 there is 6 > 0 such that the following
statement holds. Let A be a C*-algebra, B C A a C*-subalgebra, n a non-zero
integer, ¢o : M, — A a completely positive contractive order zero map, and
x € B such that

(1Ho<z<1,
(2) with (e k), J,k =1,2,--- ,n the standard system of matriz units for My,
we have ||@o(ej )z — xpolejr)l| < e for j,k=1,2,--- ,n, and

(3) wolejk)r € B.
Then there is a completely positive contractive order zero map ¢ : M,, — B
such that for all z € M,,, with ||z|| < 1, we have ||po(2)x — @(2)|| < €.

THEOREM 2.10. (/2].) For every € > 0 and non-zero positive integer n, there
is 0 > 0 such that the following statement holds. Whenever A, B, pg: M,, = A,
and x € B satisfy the conditions of Theorem 2.9, and in addition A is unital
and B contains the unit of A, there exists a completely positive contractive order
zero map ¢ : M,, — A such that

(1) lpo(2)x — @(2)]] <€, for all z € M,, with ||z]| <1, and

(2) 1- (1) 3 (1= 2) @ (1— po(1)).

3. The Main Results

THEOREM 3.1. Let Q be a class of unital C*-algebras which have the property
SP. Then A has the property SP for any simple unital C*-algebra A € WTAQ.

PrOOF. Let B be a non-zero hereditary C*-subalgebra of A. We must show
that B contains a non-zero projection. Choose a positive element a of B of norm
one.

Given ¢ > 0, with f. as above, there exists do > 0 satisfying Lemma 2.5.11
(2) of [30].
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With F = {a}, and any & > 0, since A € WTAQ, there exist a projection
p € A, an element g € A with 0 < g < 1, and a C*-subalgebra D of A with
g € D and 1p = p, such that D has the property SP and

(1) (p—9)a€e D, a(p—g) €« D,

(2) lp — g)a —alp — g)|| <€, and

3) p—glalp—g)|| >1-¢".

By (1) and (2), for sufficiently small &’ (see Lemma 2.5.11 (2) of [30]), there
exists an element of norm at most one b € D such that ||a'/?(p—g)%a'/? —b|| <
d2 and ||(p — g)a(p — g) — bl| < 2.

Since || (p — g)a(p — g) — bl| < 62 and (by (3)) [|(p — g)a(p — g)[| = 1 —¢€’, one
has (b—¢)4 # 0 (otherwise, 1 — &’ < d2 +¢). Since D has the property SP, then
there exists a non-zero projection ¢ € (b—¢)1D(b—¢€).

Since f:(b)(b—¢)y = (b—¢€)+, we have f.(b)g = q.

Since ||a'/2(p — g)?a'/? — b|| < 82, by the choice of ds,

1£=(a?(p — 9)%a'?) — fo(b)|| < e

Hence,

1f-(a2(p — g)%a*/?)qf-(a/*(p — g)%a’/?) — q||
= ||f-(a'2(p — g9)%a'/?)qf(a' 2 (p — g)%a'/?) — f-(b)qf-(D)]]
< 3e.

It follows by the functional calculus that, when ¢ is small enough, there exists
a non-zero projection e belonging to the hereditary C*-subalgebra of A generated
by a, and since a € B and B is hereditary, e € B. This shows that A has the
property SP. (|

COROLLARY 3.2.  Let Q2 be a class of unital C*-algebras which have the property
SP. Then A has the property SP for any simple unital C*-algebra A € TAQ.

PROOF. As pointed out in Section 1, TAQ C WTAQ. The statement then
follows from Theorem 3.1. O

COROLLARY 3.3. Let A be a non-zero simple unital C*-algebra, and let B be a
centrally large subalgebra of A. If B has the property SP, then A has the property
SP.

PROOF.  See remark following Definition 2.6. O

THEOREM 3.4. Let 2 be a class of unital C*-algebras which are tracially Z-
absorbing (Definition 2.3). Then A is tracially Z-absorbing, if A # C, for any
simple unital C*-algebra A € WTAQ.

PrOOF. We must show that for any finite set F' = {a1, a2, -+, ax} C A (we
may assume that [ja;|| < 1 for all 1 < ¢ < k), any € > 0, any non-zero positive
element b € A, and any n € N, there is an order zero contraction ¢ : M,, — A
such that the following conditions hold:
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(1) 1 —(1) 3 b, and

(2) for any normalized element z € M,, and any y € F, we have |[¢(z)y —
()l <e.

Since A is either zero or infinite-dimensional (see the remark following Defini-
tion 2.3), and is simple, if A # 0 then by Lemma 2.3 of [35], there exist elements
b, b’ € A of norm one such that &0 = 0, and ¥’ + b” = b. Also there exist
elements b;’, by’ € A of norm one such that b;b) = 0, b} ~ by, and b} + by’ I V.

Given e > 0, with f(t) = t'/2 € C([0,1]), there exists ¢/ > 0 satisfying Lemma
2.5.11 (1) of [30]. Given such &’ > 0, for G = FU{b", (b")/?}, since A € WTAQ,
there exist a projection p € A, an element g € A with 0 < g < 1, and a tracially
Z-absorbing C*-subalgebra B of A with ¢ € B and 1p = p such that

(1) (p—g)x €~ B, z(p—g) € B, for x € G,

2) l(p—g)x —z(p—g)|| <€, for z € G,
3 1—(p—g) Ib' ~bo', and
@) p—g"p—9g)l>1-¢"

By (2)’ with sufficiently small ¢/, by Lemma 2.5.11 (1) of [30], we have
|(p— g)'/?2 — 2(p — g)'/?|| <, for x € G, and
(L= (p—g)'%z —x(1 - (p—g)"/?| <e, forz eG.
By (1), with sufficiently small &', together with (5)’, there exist elements
ay, ah, ---, aj, € B and a positive element b’ € B such that

I(p— 9)"2ai(p— 9)'/* —ajl| <e, for1<i<k,and

(0 — g)20" (p — g)1/? = b"|| < e.

From the first inequality, together with (5)" and (6)’, for any 1 < i < k, one
has

< lai — (p — g)a; — (p—9)aill + [[(p — g)ai — (p — 9)2ai(p — g)*/?||
1= (p—9))ai — (1 —(p—9))"?a;i(1 - (p— g))2|

+|(p — 9)*2ai(p — 9)V/* — df|

<etete=3¢ (3.4.1).

lai —a; — (1= (p— g))"2a;(1— (p— 9))"/?|
1_—
(1-

From the second inequality, by (1) of Theorem 2.1, one has
(1) (0" =)y Z(p—9)"/2"(p—g)"/>.
By (4), if ¢’ < ¢, then
I = 9)' 20" (0 = 9) 2l = l|(p — 9" (p = 9)|| 2 1 —&.
Hence by the second inequality again,

1—e<|(p—9)"2"(p—g)"2 < V"I + |(p — 9)*/2" (p — g)*/* = ¥"|

<" +e.
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Therefore,

10" =)l Z IB"]| —& = 1 — 3.

So, if € < 1/3, then ||()"" — ), > 0.

Since B S Q? fOI' H = {a'lla al27 Ty a;g? p—g, (p_g)1/27 (p_g)a;} g Ba
e >0, (0 —e); >0, and n, there is an order zero contraction ¢y : M,, — B
with the following properties:

(1)" p—1ho(1) T (b —€)4, and

(2)" for any element z € M,, of norm one, and any x € H,, we have ||1)g(z)x —
2o (2)]| < e.

By Theorem 2.10, applied with both the A and B of 2.10 equal to the present
B, there exists a completely positive contractive order zero map ¢ : M,, — B
such that

(D" l9(2) — do(2)(p — 9)|l <&, and
2)" p—y(1) 3 - P—29) & (P —vo(l)).
We then have

1-Y(1)=1-p+p—9(1) 3 (
Sh'e(—(p—9)® (p— ol (
Shie(l—-(p—g)e@® —e)y (by (1)
b @b’ @(p—9) Y (p—g)'/? (by (3)and (7))
<Y b < b,

This is (1) above.

For any element z € M,, of norm one, any a; € F, we have (by (1), (2)”, the
choice of a}, (2)’ for small enough &', the choice of a}, and (1)")

[ (2)a; — ajp(2)]|

< w(2)a; — o(2)(p — g)ag|l + 1o (2)(p — g)a; — (p — g)airbo(2)]]

+[I(p — g)ajvo(z) — (p — 9)(p — 9)'2ai(p — 9)* >0 (2)

+I(p — 9)(p — 9)*ai(p — 9)'*vo(2) — (0 — 9)2ai(p — 9)*/*(p — 9)bo (2) ||
+(p - g)l/Qaz( — )2 (p — g)o(z) — af(p — 9)vo(2)|

+lal(p — g)vo(z) — ajp(z)|| <e+e4+e+e+e+e=06¢ (3.4.2).

We also have (by (1), (6)’, (2)"”, (2)" with &’ <e¢, (5), the choice of a}, (2)",
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the choice of a}, (5)', (1), and (6)")

[¥(z) 1= (p— 9))?ai(1— (p—g)"/2 = (1= (p—9))"2a;(1 = (p — 9))/*¥(2)|

< ()1 = (p— 9))"2a;i((1 = (p— 9))/?

—o(z)(p—9)(1 — (p — g))"/ zaz(l —(p—9)"?

+o(2)(p—9) 1 = (p— 9)?ai(1 — (p— g))/* = ho(2)(p — 9)(1 — (p — 9))asll
+Yo(2)(1 = (p—9))(p—glai — (1= (p— g))z/)o(Z)(p g)al|

+H(1 = (p — 9)vbo(2)(p — g)a; — (1 — (p — 9))Yo(2)ai(p — 9)||

+(1 = (p— 9)¥o(2)ai(p— g) — (L = (p — 9))¥o(2)(p — 9)*%ai(p — 9)'/?|
(1= (p— 9)o(2)(p — 9)"?ailp — 9)*/* = (L = (p — 9))ho(2)d}]|
+I(1 = (p = 9)vo(2)a; — (1 = (p— g))a;o(2) ||

(L= (p = g))ajo(z) — (1= (p — 9))(p — 9)"2ai(p — 9)"*¢o(2)]
+@=(p—9))(p—9)2%ai(p — 9)**¢o(2) — (1 — (p — 9))ai(p — 9)vo(2)||
+HI(1 = (p—9))ai(p — 9)vo(2) — (1 = (p — g))aip(2)|

(1= (p—9))aivp(z) — (1= (p— )" ?a:i(1 — (p — 9))/?0(2)|

<et+et+etetetetetetetete=1le (3.4.3).

Therefore, for any a; € F, we have (by (3.4.1), (3.4.1), (3.4.2), and (3.4.3))

1V(2)a; — anp(2)||

< [w(z)ai — () (a, + (1= (p— g))"?a;(1 — (p —
v (= )(ai+ (1= (p—9)"2a;(1— (p—g))*/?
—(af+ (1= (p—9)"2a:(1 = (p—9)"?)0()|
+||(az+(1_ (p—9)'2a;i(1— (p—9)"/?)p(z) —
< 3e + 3¢ + [[Y(2)a; — ajyp(2)||
() (1= (p— g))"?a; (1 — (p— 9))/?
—((1=(p—9)"?a:((1 = (p— g))"/?(2)]]

< 6e + 6 + 11le = 23¢.

This is (2) above, with 23¢ in place of €. O
The following corollary was obtained by Elliott, Fan, and Fang in [7].

COROLLARY 3.5.  ([7].) Let ) be a class of unital C*-algebras which are tracially
Z-absorbing. Then A is tracially Z-absorbing, or else A = C, for any simple
unital C*-algebra A € TAQ.

PROOF. As pointed out in Section 1, TAQ C WTAQ. The statement then
follows from Theorem 3.4. O

The following corollary was obtained by Archey, Buck, and Phillips in [2].

COROLLARY 3.6. ([2].) Let A be a simple unital C*-algebra, and let B be a
centrally large subalgebra of A. If B is tracially Z-absorbing, then A is tracially
Z-absorbing.

PRrROOF.  See remark following Definition 2.6. O
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THEOREM 3.7. Let Q be a class of unital nuclear C*-algebras with tracial nu-
clear dimension at most n (Definition 2.4). Then A has tracial nuclear dimen-
sion at most n for any simple unital C*-algebra A € WTA.

PROOF. Let A be a simple unital C*-algebra in WTAQ. We must show that
for any e > 0, any finite subset F' = {aj,as, --+ ,a,} of A, and any non-zero
positive element b of A, there exist a C*-subalgebra D of A with dimyy,.(D) < m,
a contractive completely positive linear map ¢ : A — A, and a contractive
completely positive linear map v : A — D such that

(1) (1) 3 b, and

(2) |z — @(z) — ¢(z)| <e, for any z € F.

We shall show this with 8¢ in place of e. By Lemma 2.3 of [35], there exist
positive elements by, by € A of norm one such that biby = 0, by ~ by, and
by + by 2.

Given & > 0, with f(t) = t'/2 € C([0,1]), there exists ¢/ > 0 satisfying Lemma
2.5.11 (1) of [30]. Given such &’ > 0, for G = F U {b2}, since A € WTAQ there
exist a projection p € A, an element g € A with 0 < g < 1, and a C*-subalgebra
B of A with g € B, 15 = p, and Trdim,,,.(B) < m such that

(1)/ (pf g)SU S B7 :L'(pf g) Cer Ba for z € Ga
2) [l(p—g)z —z(p—g)l <&, forz € G,

(3) 1= (p—g) 3 b1~ by, and

(4" l(p—g)ba(p —g)| > 1 —¢".

By (2) and Lemma 2.5.11 (1) of [30], if €’ is sufficiently small, we have

(5) [|(p— 9)"/2x —x(p — g)/?|| <&, for any z € G,

(6) I(1 = (p—9)/%z — (1 - (p—g))"/?|| <e, for any x € G.

By (1), with sufficiently small &', together with (5)’, there exist elements

ay, ah, -+, al, € B and a positive element b, € B such that

I(p—9)2ai(p— g)*/* —dlf| <e, for1<i<n, and

(0 — 9)2ba(p — )/ = b| < e.

/

From the first inequality, together with (5)" and (6)’, for any 1 < i < n, one

has

lai —aj — (1= (p—g))"%a:(1— (p— g))"/?||

< lai = (p— g)a;i — (L = (p— 9))adl| + l(p — 9)a; — (p — 9)2as(p — 9)*/?|
(1= (p—9g))ai — (1= (p— 9))*?a;(1 — (p — g))"/?||

+l(p — 9)"?ai(p — 9)*/* — af|
<etete=3¢ (3.7.1).

Since ||(p — g)'/2b2(p — g)'/? — by|| < &, by (1) of Theorem 2.1, we have
(7) (by = 32)4 3 ((p— )" ?ba(p — g)*/? — 2¢) 4.
By (4), with &/ <e < 1/5,

(= 9)"2ba(p — 9) /2| = [[(p — @)ba(p — 9)|| = 1 —e.
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Therefore, by the choice of b}, one has
(b = 3e)+ 1l = [I(p — 9)"/?b2(p — 9)'/?]| — 4 > 1 = 5e.

In particular, (b, — 3¢)4 # 0.

Define a contractive completely positive linear map ¢” : A — A by ¢’ (a) =
(1—(p—g))*/?a(1—(p—g))'/2. Since B is a nuclear C*-algebra, by Theorem 2.3.13
of [30] there exists a contractive completely positive linear map ¢ : A — B such
that || (p—g) — (p — 9)|| < e and ||[¢"(a}) — di]| < e forall 1 <i<mn.

Since Trdim,,.(B) < m, there exist a contractive completely positive linear
map ¢’ : B — B and a contractive completely positive linear map ¢’ : B — D
with dimy,.(D) < m such that

()" ¢'(p) 2 (by — 3¢)4, and

(2)" lp—9) = ¢'(p— 9) = ¥'(p— 9)|| <&, and [la} — ¢'(a}) — ¥/ (a})]| <&, for
all 1 <i<n.

Define ¢ : A — Aby ¢(a) = ¢ (a) +¢' (V" ((p—9)"alp—9)'/?)), ¢ = 175:0,
and ¢ : A — D by ¢(a) = ¢'(¢"((p — 9)"/*a(p — g)*/?))). Then

eIl = = lle)]l

= e (D) + &' W ((p - 9)'*1(p — 9)'/2)|

1+125H —(p—9) ='W -9))l

1+25H1 P—g)+¢'p—g)+¢¥'P—9)+¢' W' (P—9)—¥'(P—9) —¢' (-9l
<7=llp—9) —¢ (p g)—Y'(p—9g)ll

H' @' (p—9) =" — gl + 1= %' (- 9))
AS 1+25( +2e) =1 (by(2)” and definition of ).

/\H

A

Therefore, ¢ is a contractive completely positive linear map. Also 9 is a con-
tractive completely positive linear map.

‘We have
p(1) = = (" () +¢' (" (p - 9)))
~¢@"(1)+¢' (" (p—9))
Sl-(-g9)a¢p) Iy, —3)r (by (3)'and (1))
*bl@(( - )1/2b2(p 92 —2e) (by (7))

jbl@bzwlh-i-bgjb,

and (by (8.7.1), (2)”, the choice of ¥, the definition of a}, and the last two
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again)

llai — ¢(ai) —(ai)|l
= llai — 552" (a:) — 5529’ (" ((p — 9)'?as(p — 9)*/?))
—' (" ((p — 9)"*ai(p — 9)'/?))|
< [lai — 1+25(1 (p—9)2a;(1— (p—g))"/? — af|
+lla; — 5’ @ ((p — 9)2ai(p — 9)'/%)) — ' (V" ((p — 9)"?ai(p — 9)'/?))|
<lai = (1= (p—9)"2ai(1 - (p— 9))"/* - ill
+H(1 = (p- g))l/Qaz(l—(p oY= (1= (p— ) 2ai(1— (p— 9))/?
+lai — ¢’ (ai) — (@)l
+ll¢’ (ai) @' (¥" (@)l
+||<PE "(a )) o' (¥ ((p— 9)"*ai(p — 9)1/2))”
(

(
+lle" (" ((p — )1/2%(1)—9)1/2)) — 1529 (W ((p — 9)Pai(p — 9)'/?))|
+[v'(ai) — o' (" (a7))l
' (W (@) =" (" ((p — 9)Pai(p — 9)'/?))]|
<Be+ P tetetet g tete=8+ 15

Thus we have (1), and (2) with 8 + 1i625 in place of e. O

The following corollary was obtained by Fan and Yang in [13].

COROLLARY 3.8. Let Q be a class of unital C*-algebras such that Trdimy,.(B)
< m for any B € Q. Then Trdimy,.(A) < m for any simple unital C*-algebra
A € TAQ.

PROOF. As pointed out in Section 1, TAQ C WTAQ. The statement then
follows from Theorem 3.7. O

The following corollary was obtained by Zhao, Fang, and Fan in [43].

COROLLARY 3.9. Let A be a simple unital C*-algebra, and let B be a nuclear
centrally large subalgebra of A. If Trdimuuc(B) < m, then Trdimy,.(4) < m.

PRrROOF.  See remark following Definition 2.6. (]

THEOREM 3.10. Let 2 be a class of unital C*-algebras which are m-almost divis-
ible (Definition 2.7). Let A € WTAQ be a simple unital stably finite C*-algebra
such that for any n € N the C*-algebra M,,(A) belongs to the class WTAQ. Then
A is weakly (2,m)-almost divisible (Definition 2.8).

PrOOF. We must show that there is b € My, (A)4 such that k(b) < (a) + (a)
and ((a —e)1) < (k+1)(m + 1)(b) for any given a € Ay, € >0, and k € N. We
may assume that ||a|| = 1. (We have replaced M,,(A4) containing a given initially
by A.)

For any 6; > 0, since A € WTA(), there exist a projection p € A, an element
g € A with 0 < g <1, and a C*-subalgebra B of A with g € B, 15 = p, and
B € Q such that
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(p—g)a €5, B, and
I(p = g)a—alp—g)| <.
(2), with sufficiently small §;, by Lemma 2.5.11 (1) of [30], we have
I(p — 9)"/%a — a(p — 9)"/?|| < £/3, and
11— (p—9))"/2a —a(l - (p—9)) /|| < /3.

1) and (2), with sufficiently small 41, there exists a positive element o’ € B

I

V2a(p — )2 — o' < </3.

and (5),

£
P—9)
4),
la—a —(1—(p—g)"2a(l = (p—g))"?|
<lla—(p—gla—1—(p—g)all+ l(p— 9)a— (p — 9)*%alp — 9)*/?|
(L= (p—9))a—1—(p—g)"%a(l - (p—g)?|

+I(p — 9)2a(p — 9)/2 = d/||

<e/3+e/3+¢e/3=c. (3.10.1)

/

Since B is m-almost divisible, and (¢’ — 3¢)4+ € B, there exists by € B such

that k(b1) < ((a/ —3¢)4+) and ((a’ — 4e)4) S (k+1)(m+ 1){b1).

Since B is m-almost divisible, and (a’ — 2¢)4 € B, there exists ¥’ € B such
that k(b') < ((a’ — 2¢)4) and {(a’ —3e)4) < (k+ 1)(m + 1){b).

Write a” = (1 — (p — g))"?a(1 — (p — g))*/>.

We divide the proof into two cases.

Case (1) We assume that (¢’ — 3¢)4 is Cuntz equivalent to a projection.

(1.1) We assume that (o’ — 4¢) is Cuntz equivalent to a projection.

(1.1.1) If {(a’ — 4e)4), the class of a projection, is not equal to (k + 1)(m
1){b1), by Theorem 2.1 (2), there exists non-zero ¢ € A, such that ((a'—4¢e))
(e)y < (k+1)(m+1)(b1).

For any d2 > 0, since A € WTA(, there exist a projection p’ € A, an element
g1 € Awith 0 < ¢g; <1, and a C*-subalgebra D of A with g; € D, 1p = p/, and
D € ) such that

(1) (0" = g1)a" €5, D,

@) 116 — g1)a" — a”(f — g} < b, and

B)1-0-g)3c

By (1)’ and (2)’, with sufficiently small d5, as above, via the analogues of (4),
(5), and (6) for a”,p’, and ¢1, there exists a positive element o’ € D such that

I — g1) 2" (' — ¢

—1=@ —gq)%"(1 -

n

+
+

)2 and

" < /3,

la” — ' —g))? <e  (3.10.2)

Since D is m-almost divisible, and (a
that k(b2) < ((a”” 35) ) and ((a””

—de)y) <

—3¢)4 € D, there exists by € Dy such
(k+1)(m + 1)(b2).

Since a’ < @’ + a”, one has ((¢' —¢€)4) < {(¢/ + a” —€)1) (by Theorem 2.1

/_

(5)). By (3.10.1), |[a—a’ —a"|| < € and
((a +a" —¢e)4) < {a). Therefore, ((a’ —

hence by Theorem 2.1 (1), one also has
2e)4) < ((a' —&)4) <(a).
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Similarly, with = = (1 — (p’ — g1))"/?a”(1 — (p' — g1))"/?, " < a" + x implies
((@"" —3e)y) < {(a" +x —3¢)y) and (3.10.2), i.e., ||[a”’ —a"’" — z|| < &, implies
(@ + 7~ 3¢)1) < {a”) < (a)

Therefore, we have

k(br © ba) = k(b1) + k(b2)
<{(a" =3e)4) +((a" = 3e)4)
< (0" = 2e)4) +((a" = 3e)4)
<A{a) + {a).
By (3.10.1) and (3.10.2),
la—a' —a" = (1= () = g1))/2a" (1 = (' = 92))"/?|| < 22,

and therefore, by Theorem 2.1 (1) and Theorem 2.1 (4) (twice),

(( ) (1= = g) 2" (1= (0 = )?)
(( + 1= =)

((@" = 4e)4) + (e} (by (3)")

(b1) + (K +1)(m+1)(ba) = (k+ 1)(m + 1)(by & ba).

a 4E+

)
" de)

These are the desired inequalities, with b; @ by in place of b and 10e in place
of €.

(1.1.2) If {(a’ —4e) 4+ ) is equal to (k+1)(m+1)(b1), so that (k+1)(m+1){b) <
((@" — 3e)4), then, as m + 1 > 2, we have k(by ® b1) < ((a’ — 3¢e)4). Also,
((@" —4e)1) + (b)) < (k+1)(m + 1)(b1 ® by).

As in the part (1.1.1), as A € WTAQ (with b; in place of ¢ in the part
(1.1.1)), there exist a projection p”" € A, an element go € A with 0 < gy < 1,
and a C*-subalgebra D, of A with g3 € Dy, 1p, = p”, and Dy € §, and there
exists a positive element a® € D; such that

la” —a' — (1= (p" = g2))2a" (1 = (0" = g2)"?| <&, (3.10.3)

(@ =3¢)4) < (a), and (1— ("~ g2)) < (br).
Since D; is m-almost divisible, and (a(*) —3¢), € Dy, there exists b3 € (D7),
such that k(bs) < ((a® —3¢)y) and ((a™® —4e),) < (k+1)(m + 1)(b3).
Then, as in the part (1.1.1),

k(b1 & by & bs) = k(b1 @ b1) + k(bs)
< {(a' = 3e) 1) + (@ = 32)4)

< ((a’ = 2¢) 1) + (@ = 3e)4)

< (a) + {a).
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By (3.10.1) and (3.10.3),
la—a' —a® — (1 - (p" — g2))"2a" (1 — (0" — g2))"/?|| < 2e,

and therefore, as in the part (1.1.1)

)by @ b1y + (k4 1)(m+ 1)(b3)
)(b1 @ by @ bs).

These are the desired inequalities, with by @ by @ b3 in place of b and 10 in
place of ¢.

(1.2) We assume that (a’ — 4¢)4 is not Cuntz equivalent to a projection. By
Theorem 2.1 (3), there is a non-zero positive element d such that ((a’ —5e)4) +
(d) < {(a' — 46)1).

As in the part (1.1.1), as A € WTAQ (with d in place of ¢ in the part
(1.1.1)), there exist a projection p””’ € A, an element g3 € A with 0 < g3 < 1,
and a C*-subalgebra Dy of A with g € Dy, 1p, = p"”’, and Dy € Q, and there
exists a positive element a(®) € Dy such that

Ha'” _ a(5) _ (1 _ (p/// _ gs))l/Qa//(l _ (p/// _ 93))1/2” <e, (3.10.4)

((@® =3e)y) <{a), and (1—(p" - g)) < (d).

Since D, is m-almost divisible, and (a®) —3¢), € Dy, there exists by € (Do)
such that k(bs) < ((a® —3¢),), and ((a® —4e),) < (k4 1)(m + 1)(by).
Then, as in the part (1.1.1),

< ((a' =3e)4) + ((a® = 3e)4)
< {(a' = 2e)4) + ((a® — 3e))
< (a) + {a),

By (3.10.1) and (3.10.4),

la =" —a® — (1= (" = g3)"%a" (1 = (0" — 93))"?|| < 2e,
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and therefore, as in the part (1.1.1),

(a(5) - 45)+> + <(1 o (p/l/ o gg))1/2a//(1 - (p/// o 93))1/2>
(@ —4e)4) + (1= (" — g3))

These are the desired inequalities, with b; @ by in place of b and 11e in place
of e.

Case (2) We assume that (a’ — 3¢) is not Cuntz equivalent to a projection.

By (3) of Theorem 2.1, there is a non-zero positive element e such that ((a’ —
1)) + (e) < (@' — 32)4).

As in the part (1.1.1), as A € WTAQ (with e in place of ¢ in the part
(1.1.1)), there exist a projection p”” € A, an element g4 € A with 0 < g4 <1,
and a C*-subalgebra D3 of A with g € D3, 1p, = p"”, and D3 € , and there
exists a positive element a(®) € D3 such that

la” = a'® — (1= (" = g2))'?a" (1 = (0" = ga)'?| <&, (3.10.5)
(a9 =3e)y) < {a), and (1—(p" —ga)) < (o).
ince D3 1s m-almost divisible, and (a'\® —3¢)4 € D3, there exists b5 € (D3)+
Since Dy i 1 divisible, and (a(®) —3 Dy, th ists b5 € (D

such that k(bs) < ((a® —3¢),), and ((a(® —4e),) < (k+1)(m + 1)(bs).
Then, as in the part (1.1.1),

k(0" @ b5)) = k(b') + k(bs)
< ((a' —2¢)4) + ((a' = 3e) )
< (a) + (a),
By (3.10.1) and (3.10.5),
la—a’—a® — (1= " = ga)"/?a" (1 — (" = ga))"/?|| < 2,

and therefore, as before,

(@® —de) )+ (1= (" — ga)) 2" (1 = (0" — gu))"/?)
(@® —de)s) + (1 — (0" — ga))
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These are the desired inequalities, with b’ @ bs in place of b and 10¢ in place
of e. O

The proof of Theorem 3.11 which follows is similar to that of Theorem 3.10.

THEOREM 3.11. Let Q be a class of unital C*-algebras which are m-almost
divisible (Definition 2.7). Let A € TAAQ be a simple unital stably finite C*-
algebra such that for any n € N and any unital hereditary C*-subalgebra D of
M,,(A4), D belongs to the class TAAQ. Then A is weakly (2,m)-almost divisible
(Definition 2.8).

PROOF. We must show that there is b € My, (A4)4 such that k(b) < (a) + (a)
and ((a —¢)4) < (k+1)(m + 1){b), for any given a € A, e > 0, and k € N. We
may assume that ||a|| = 1. (We have replaced M,,(A) containing a given initially
by A.)

For any d2 > 0, since A € TAAQ, there exist a projection p € A, a C*-
subalgebra B of A with 15 =p and B € 2, and a projection g € B such that

(1) qa €s,/3 B, aq €5,/3 B.

By (1), a—(1—q)a(1—q) = (ga+aq—qaq) €s, B, i.e., there exists a € B such
that [ja — (1 — ¢)a(l — q) —al| < d2. With sufficiently small d2, by the functional
calculus, we may assume that there exists a positive element o’ € B such that

la—(1—q)a(l—q)—d| <e. (3.11.1)

Since B is m-almost divisible, and (o’ — 3¢)+ € B, there exists b; € By such
that k(b1) < ((a/ — 3¢)4) and ((a/ —4e)4) < (k4 1)(m + 1){b1).

Since B is m-almost divisible, and (a’ — 2¢)4 € B, there exists ' € B, such
that k(b') < ((a' —2¢)4) and ((a' —3e)4+) < (k+ 1)(m + 1){b').

We divide the proof into two cases.

Case (1) We assume that (a’ — 3¢)4 is Cuntz equivalent to a projection.

(1.1) We assume that (¢’ — 4¢)4 is Cuntz equivalent to a projection.

(1.1.1) If {(a’ — 4e)), the class of a projection, is not equal to (k+ 1)(m +
1){b1), by Theorem 2.1 (2), there exists a non-zero ¢ € A, such that ((a’ —
de)1) + (¢) < (k+1)(m+ 1)(b1).

For any d > 0, since (1 — q)A(1 — q) € TAAQ (recall that the present A was
initially M,,(A)), there exist a projection p’ € (1 — q)A(1 — q), a C*-subalgebra
Dof (1—¢q)A(1—gq) with 1p =p’ and D € , and a projection ¢’ € D such that

(1) ¢'(1 —q)a(l —q) €5,/3 D, (1 —q)a(l —q)q' €5,/3 D, and

@& 1-q-d e

By (1), as above, there exists a positive element ¢/ € B such that

I(1=q)a(l—q)—a” = (1-q—¢)1-qla(l—q)1-g—q)l| <e. (3.11.2)
By (3.11.1) and (3.11.2), one has

la—a —ad" —(1—q¢—¢)1—-qa(l—q)(1—qg—¢)|| <2 (3.11.3)
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Since D is m-almost divisible, and (a’” — 3¢)y € D, there exists by € D such

that k(be) < ((@” —3e)4) and ((¢" —4e)4) < (k+ 1)(m + 1)(bs).

Since @/ <a' +ad” +(1—q—¢)1—q)a(l —q)(1 —q—¢'), by Theorem 2.1
5), (' ~22)1) < (@ +a" + (1 —q— )1 — (L — g)(1 —q— ') — 2¢) ), and
by (3.11.3), and Theorem 2.1 (1), {(a’ —2¢e)4) < {((¢' +a”" + (1 —q—¢)(1 —
g)a(l —q)(1 —qg—¢') —2¢)+) < (a). By a similar argument (cf. proof of case
(1.1.1) of Theorem 3.10), {(a"" — 3¢e)+) < (a).

Therefore, we have

k(b1 © ba) = k(b1) + k(b2)
<{(a" = 3¢)1) + ((a" = 3¢)4)

< ((a" = 2¢)4) + ((a" = 3¢)4)
< {a) + {a).

Since |la —ad' —a” — (1 —q¢—¢")1 — q)a(l — q)(1 — g — ¢')|| < 2¢, therefore,
by Theorem 2.1 (1) and Theorem 2.5 (4) (twice),

((a —10e)4)

< ((@ —4e)) +{(a" —4e) 1) + (1 —q— )1 —@a(l —q)(L —q¢— )
< (@ —4e)y) +((a" —4de)y) + (L —q— )

< (@ = 4e)1) + ((a" = 4e)4) + (o) (by (2))

< (k+1)(m+1)(01) + (k+ 1) (m + 1){ba) = (k + 1)(m + 1)(bs @ ba).

These are the desired inequalities, with b; @ by in place of b and 10e in place
of €.

(1.1.2) If ((a’ —4e) 4+ ) is equal to (k+1)(m+1)(b1), so that (k+1)(m+1){b) <
((@' — 3¢)4), then, as m + 1 > 2, we have k(by ® b1) < ((¢/ — 3e)4). Also,
((a/ —4e)1)+ (b)) < (k+ 1)(m+1)(by & by).

As in the part (1.1.1), since (1 — ¢)A(1 — ¢) € TAAQ (with b; in place of
¢ as in the part (1.1.1)), there exist a projection p” € (1 — q)A(1 — q), a C*-
subalgebra D; of (1 — ¢)A(1 — ¢q) with 1p, = p” and D; € Q, and a projection
¢" € D1, and there exists a positive element a(*) € D; such that

I(1-g)a(l—gq)—a™® —(1-g—¢")1-qla(l—q)(1-q—¢")| <&, (3.11.4)

(@ =3e)y) < {a), and (1—q—q") < (ba).

Since D; is m-almost divisible, and (a(*) —3¢), € Dy, there exists b3 € (D1)
such that k(bs) < ((a® —3¢),), and ((a® —4e),) < (k4 1)(m + 1)(bs).
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Then, as in the part (1.1.1),
k(b1 & by ® bs) = k(b1 @ b1) + k(b3)
< (@’ = 30)1) + (@@ — 3¢),)
< ((a" = 22)4) + (@' = 3¢)4)
<{a) + (a).
By (3.11.1) and (3.11.4), one has
la—a" —a® —(1-q—¢")(1-q)a(l—q)(1-g—¢")| < 2,

and therefore, as in the part (1.1.1),

((a —10g)4)

< ((d —4e) )+ ((a™ = o)) + (1 =g — ¢") (1 — @)a(l — q)(1 — g — ¢"))
<{(a' —4e)3) + (@ —de) ) + (1 — g —¢")

< ((a' —4de)y) + (@' — 4e)1) + (ba)

< (k4 1)(m +1)(by ® b1) + (k + 1)(m + 1)(bs)

=(k+1)(m+1){by by @ b3).

These are the desired inequalities, with b; @ b; @ b3 in place of b and 10 in
place of ¢.

(1.2) We assume that (a’ — 4e)4 is not Cuntz equivalent to a projection. By
Theorem 2.1 (3), there is a non-zero positive element d such that ((a' —5¢)4+) +
(d) < (@ — 42)4).

As in the part (1.1.1), since (1—¢)A(1—¢) € TAAQ (with d in place of ¢ as in
the part (1.1.1)), there exist a projection p”’ € (1—¢q)A(1 —q), a C*-subalgebra
Dy of (1 —q)A(1 — q) with 1p, = p"”" and D2 € §, and a projection ¢’ € Da,
and there exists a positive element a(® € Ds, such that

l1-qal—q)—a® —(1—q—q") 1 —gal—)(1—g—q")| <=, (3.11.5)

((@® =3¢)4) < (@), and (1—-q—¢")<(d).

Since Dy is m-almost divisible, and (a(®) —3¢) € Dy, there exists by € (Dg),
such that k(bs) < ((a® —3¢)y) and ((a® —4e),) < (k+1)(m + 1)(by).
As in the part (1.1.1), one has

by @ ba) = k{by) + k{bs)

< (@' =3e)4) + (@ = 3¢))
< (@' = 2e)4) + ((@® = 3¢)4)
< (@) + (a).
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By (3.11.1) and (3.11.5), one has
la—a"—d"” = (1—q—q¢")1 - q)a(l —q)(1 —q—q")|| <2,

and therefore, as in the part (1.1.1),

((a—11e)4)

<{(a' =5e)4) + (@ —4e) ) + (1 =g — )1 = @)a(l —q)(1 — g — ¢'))
< ((a' =5e)3) + (@ —4e) ) + (1 — g —¢')

< {(a' = 5e)1) + ((a® — 4e) 1) + (d)

< {(a' —4e)1) + {(a® —4e))

< (k+1)(m + 1)(by) + (k + 1) (m + 1) {(ba) = (k + 1)(m + 1){b1 @ by).

These are the desired inequalities, with b; @ b4 in place of b and 11e in place
of .

Case (2) We assume that (a’ — 3¢)4 is not Cuntz equivalent to a projection.

By Theorem 2.1 (3), there is a non-zero positive element e such that ((a’ —
1)2) + () < {(@ — 32).).

As in the part (1.1.1), since (1—¢)A(1—¢q) € TAAQ (with e in place of ¢ as in
the part (1.1.1)), there exist a projection p”” € (1—¢q)A(1—q), a C*-subalgebra
D3 of (1 —q)A(1 — q) with 1p, = p" and D5 € Q, and a projection ¢ € Ds,
and there exists a positive element a®) € Ds, such that

I(1=g)a(l—q)—a® —(1-g—¢)(1-qa(l—g)(1-g—¢)| <&, (3.11.6)

(@ =3e)4) < (a), and (1-g—q"") < (e).
Since Dj is m-almost divisible, and (a(®) —3¢), € D3, there exists b5 € (D3)

such that k(bs) < ((a® —3¢);) and ((a® —4e) ;) < (k+1)(m + 1)(bs).
As in the part (1.1.1),

k(by @ bs) = k(b)) + k(bs)
< {(a' = 2¢)4) + ((a'® = 3e) )
< {a) + {(a).

By (8.11.1) and (3.11.6), one has

lo—a —a® (1 g = ") (1~ ga(l — )(1 ~ g — ") < 2,
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and therefore, as before,

((a—10e)+)

< ((a' —4e)1) + (@' —4e) 1) + (1 =g = ¢") (1 = @)a(1 = g)(1 — g — ¢""))
< {(a' —4e)1) + (@' —4e) ) + (1 —g— ")

< {(a’ —4e)1) + (@' — 4e) 1) + (e)

<{(a’ = 3e)4) + (@' — 4e))

< (k4+1)(m+ 1))+ (k+1)(m+1)(bs) = (k+ 1)(m + 1){(b] ® bs).

These are the desired inequalities, with b} @ b5 in place of b and 10e in place

of €.
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