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ON EQUIVALENCE RELATIOMS IN MAPPING THEORY 

Georg Aumann 

Presented by J. Aozel, F.R.S.C. 

£. The study of a mapping f:X*Y with respect to a property 

p can be embedded in a general scheme: Let F be the set 

of all mappings f:X*Y with fixed X and Y then we can 

identify p with an equivalence relation (= eq. relation) 

in F described by two disjoint classes, the one 

consisting of all f with property p , the other with 

property non-p . So the general question Is how to study 

an eq. relation ^ In F . This can. be done for Instance 

by Investigating the behaviour of •<• with respect to 

systems t' := {'>'. : 1 e J} of special eq. relations •«>• 

in F . So a preliminary of this way of investigation is 

the study of systems E' of eq. relations in F . The 

following notes are a contribution to such a study. First 

we prove a general theorem about certain mappings of 

subsets of the equivalence lattice E of an arbitrary set 

S onto subsets of E ; an application of this theorem 

where S Is the aforementioned set F will yield a 

characterization of the set X as a "closure space" in 

the sense of E.CECH by means of a system of eq. relations 

In f with rather natural properties. 
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I would like to call such an approach to a (here the 

closure space) structure a "motivation from above" while 

the name "motivation from below" may stand for the short 

but trivial way of giving examples. 

1. Let S be a set and E be the set of all eq. 

relations in S (notation: f n g . read; "f n-equivalent 

to g " with n e E and f,g c S). Definitions: 

I. If f,g e S then 

[ f . g ] := (n : n e E A î n g) 

(we may c a l l the subset [ f . g ] in E a "glyph" in E); 

i f E. i s a subset of L we write for short [ f . g ^ ••-IftglnZ^ . 

II . A subset E. of E i s called periglyphic i f 

(p> / N Q C E . . f E S Vg C S Cf'»]i = Q • 
in other words: The mapping g r->tf .g^ of S into P(Ei) 

(= the power set of E.) is surjective for each f E S . 

Example: If S is the set F mentioned above and Y 

contains at least two elements then the system Z^:' {=x :x c X) 

with 

f =xg : <R> f (x) s E(x) 
is periglyphic. 
For, given Q c^ and f E F , then g defined according to 

g(x) = f(x) for x E Q and g(x) * f(x) for x i Q 

satisfies (P) . 

III. If E,, E, are subsets of E then we say: E1 is 

homoRlyphic to E2 if 

ai) Af>!,)f.,E. E s tf.E]1c[f.e']1^[f.g]2c[f,6']2 . 
A consequence of (K) is 

Lf.gli = [f.g']! -S> [f.«32 = Cf'.e'^ . or 
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there exists a mapping 

(k) k : Cf.glj (-> [f,g32 ( = k([f.g]1)); 

the domain of k is ^ •. = iif,el1 : (f,g) e S " S}cP(E1) 

and the range is PCE,). Because of the reflexivity of the 

n's we have [f,f]. = E-, 1=1,2, and so k(E1) = E2 • 

Furthermore k is isotone (QcQ1 =>k(Q) c k(Q')) . 

2_. Theorem. Assume that E,, E, are subsets of the 

equivalence lattice E of a set S , and that E^ is 

periglyphic and homoglyphic to E, . Then k , as defined 

by (k), is a O-distributive mapping from P(E.) into 

P(E2) with k(E1) = E2 . 

Proof. D, = P(E1) is a consequence of (P). Because of 

the isotony of k we have for any X,Y e PCE, ) 

(1) k(X)n k(Y)3k(Xr, Y) . 

Using (P) we find representations X = [f,g3, and [g,h3^ 

with some f,g,h e S . For Z := [f,)!^ we get 

(2) ZcC(XtY), or 

CZsXhf : = CXn CY) L>(YnCX) . 

For let e.g. n E X r> CY with n e Eĵ  then f n g Al(g n h) 

and this implies, because n is an eq. relation, that 

-| (f n h) , or n i 'i. . 

Furthermore the transitivity of the n's implies 

[f,s]2n[g,h]2 c tf,h]2 , 

or using (k) and (2) and the isotony of k 

k(X)nk(Y)c k(Z)ck(C(XtY)) for all X,Y e P(E1> . 

So k(X)n k(Y)ck(X)nk(Y(j CX)Ck(C(xt(Yu CX))) =k(XnY) 

what together.with (1) yields 
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k(X)nk(Y) = k(XnY) , 

the r\ -distributivity of k . 

3. The foregoing theorem has an Inverse. 

Theorem. Let be EjC E and k* : P(E1) * P(A) with some 

set A be n-distributive. Then for each w E kMEj) 

(3) f -v- .g : «=j> w e kMCf.g],) for f,g e S 

defines an eq. relation ^ in S and E, is homoglyphic 
,. —,. . .̂ , ^ _̂- ',,— J. 

jo E2 := {->.w : w E k^Ej^)} . 

Proof. First we remark that k' is isotone and so 

k^E.) is the largest set produced by k' . 

Symmetry of -v : evident,-Reflexivity of •>> ; f^f for 

each f E S because of w E k'(Eĵ ) = k'([f,f]1) . - Transitivity 

of %v : k,([f,g]1)nk'([g,h]1) = k'([f,g]1A[8,h31)Ck,(Cf,h]1) 

(because of [f . g l j n [g .h l j^c [f ^2^^) , so by (3) 

f %, S A S %, h «*f "^ h . - F i n a l l y [ f , g ] 2 = [ f , g ] r \ E 2 = 

( ^ : w e k , ( [ f , g ] 1 ) } . So U tg^ C W ,&'^ =?> 

k , ( t f , g ] 1 ) c k , ( [ f , , g ' ] 1 ) - = * C f , g ] 2 C [ f ' . g ' l j , 

therefore E, is homoglyphic to E2 . 

U. Application, (in case that S is the set F of all 

mappings f : X -» Y (with the cardinality of Y larger 

than D ) . 

Definition. A set X is said to be a closure space (in 

the sense of E.CECK [1]) if there is a mapping k: P(X) * P(X) 

which is finitely ri-distributive (i.e. ̂ -distributive 

with k(X) = X (because of O B = X)) and satisfies klA)CA 

for all A E P(X) . A characterization of closure space 

is given by the following 
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Theorem. Let X,Y be sets and the cardinality of Y 

be larger than 1 , F be the set of all mappings f : X * 

and E, : = {= : x E X} (see example in 1.). Then X 

is provided with the structure of a closure space if and 

only if there is a family ^2:'^x : x e X^ of equivalence 

relations ^j. in X such that Z^ is homoglvphic to E2 

and 

(I) Af,g E [f,g]2C[f,g];l . 

Proof. Apply the theorems of 2. and 3. and write HA) 

instead of k a ^ : x E A}) for A E P(X) . [2] 

Interpretation. Using for shortness the notations 

[f •>< g]: = {'»': x E XAf ^ g ) and [f=g] analogously then 

(H) and (I) respectively are equivalent to the rather 

natural requirements 

A . „ , , „ , , ptf»g]C[f=g'3 ̂ [f-v-glCCf'^g'] and 

A f î g E F « ^ B3C[f=g] . 

Remark [2] . Characterization of topological spaces: 

X is a topological space if and only if 
(T ) A f ) g j f . i g l E f CfsglCtf^g'] «=» [f•̂ .g]c[f,'<'g,] 

where the open kernel of [f=g] is equal to [f ̂  g], f,g 

In case (T) the statement f ̂  g ( «=* x e tf-^gDC [f=g]) 

has a well known meaning: x is contained in an open set 

on which f and g are identical, or f and g are 

contained in the same "mapping germ" with respect to the 

point x . 

5. The exposition in 1. , 2̂ . , and 3̂. may be considered as 

a step into what I would like to call "geometry in 
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equivalence lattices". 
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GEODESIC SPHERES AND LOCALLY SYMMETRIC SPACES 

Bang-yen Chen and Lieven Vanhecke 

Presented by P. Soherk, F.R.S.C. 

1. Let M be a Ricmannian manifold and m a point in M. (All 

Riemannian manifolds are assumed to be connected and of class C .) If T 

Is a so small positive number that the exponential map exp is defined on 

a ball B (r) of radius r and center m In the tangent space T ( O of 

m at M, then the image G (r) of the hypersphere S (r) under exp is 
m m ID 

called a geodesic sphere centered at m and with radius r. 

It is interesting to know to what extent Che properties of suffi-

ciently small geodesic spheres determine the Riemannian geometry of the 

ambient space. Some results are given in [3], [5], [7]/ [&], [11], in par-

ticular by considering the volume of the geodesic spheres or balls, the 

total curvatures of the geodesic spheres and the mean value of functions. 

The main technique Co derive these results is the determination of several 

power series expansions. 

In this note we condnue chis study. Our main purpose is to find the 

relations becween che geodesic spheres and locally symmecric spaces. (See 

also [13],[I1*].) We announce Che following resulcs; Che deCails will 

appear elsewhere ['»], 

2. THEOREM I. A Riemannian manifold H is of constant sectional curva-
ture if and only if every sufficiently small geodesic sphere has either 
parallel Ricci tensor (dim M > 3) or parallel second fundamental form. 

THEOREM 2. A Riemannian manifold of dimension > i is of constant 
sectional curvature if and only if every sufficiently small geodesic sphere 
is conformally flat. 

THEOREM 3. If every sufficiently small geodesic sphere of a Riemann-
ian manifold M (dim M > 3) has constant scalar curvature, then M is 
Einsteinian and super-Einsteinian. In particular if M is 4-dimeneional, 
H is locally syrmetric. 

For the definition of super-Einstein spaces see [2], [11]. This theorem is 
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s imi la r Co Che resu lc abouC harmonic spaces where one cons ider s the crace 
of Che second fundamental form inacead of Che crace of Che Ricci Censor. 
(See a l so [ 2 ] , [12] . ) 

3 . LeC (N,g) be a compact Riemannian manifold wich metric g. Let & 
denoCe Che Laplaclan operator of N ac t ing on p-forms; p < dim N. Then we 
have Che spectrum for each p : 

SpccpN >• [0 < A, < A, < . . . + " } 
I>P 2,P 

where each eigenvalue of A i s repeaccd as many times as l e s m u l t i p l i c i t y 
ind lcaces . We have 

THEOREM 4. Let H be a Riemannian (respectively, Kdhler or quatcr-
nionic) manifold. If for all m 6 M and all sufficiently snail r , 
Spec'>(G ( r ) ) , for some fixed p, is the same as that in a real (respective-
ly, complex or quaternionic) projective space, then M t s locally isomet-
ric to that projective space. 

A. On a Riemannian manifold N wich Riemannian connection V, a sym-
metric censor f i e ld T of type (0 ,2 ) Is ca l l ed a Codazzi tensor If for a l l 
veccor f i e l d s X, Y, Z tangent Co N , we have (V T) (Y,Z) = (V T)(X,Z). 
T i s ca l l ed cyclic-parallel it we have (VXT)(Y,Z) +(VYT)(Z,X) 
+ (VZT)(X,Y) - 0. This condi t ion I s equivalent to (V T)(X,X) - 0 for a l l 
X tangenc to N. (See [6] for Che case ChaC T I s Che Rlccl Censor of N.) 

As a genera l iza t ion of Theorem I we have 

THEOREM 5. A Riemannian manifold H is of constant sectional curva-
ture if and only if the Ricci tensor (dim M > 3) or the second fundamental 
form of every sufficiently small geodesic sphere is a Codazzi tensor. 

1c can be proved chac Che Rlccl Censor and Che second fundamental 
form of every su f f i c i en t ly small geodesic sphere In Riemannian manifolds of 
constant sec t iona l cu rva tu re . In Kahlcr manifolds of cons tan t holomorphlc 
sec t iona l cu rva tu re , and In qua te rn ion i c manifolds of conscanc quatcrnionic 
sec t iona l curvacure I s c y c l i c - p a r a l l e l . On Che o ther hand we have 

THEOREM 6. If the Ricci tensor of every sufficiently small geodesic 
sphere in a Riemannian manifold M (dim M > 3) is cyclic-parallel, then 
M ta locally syumetria. 
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THEOREM 7. If the second fundamental form of every sufficiently 
small geodesic sphere in a Riemannian manifold M is oyolia-parallel, then 
M i a either a flat Riemannian manifold or locally isometric to a rank one 
syrmetric space. 

THEOREM 8. A Kdhler (respectively, quaternionic) manifold is of 
constant holomorphic (respectively, quaternionic) sectional curvature if 
and only if the second fundamental form of every suffioiently snail geode-
sic sphere is oyolio-parallel, 

5. Geodesic spheres a re spec i a l eases of tubes about submanlfolds. The 
method of power s e r i e s expansions for tubes i s app l ied i n M ] , [9J , [10] t o 
study s imi l a r problems and w i l l a l s o be used i n o the r forthcoming paper s . 

REFERENCES 

[ J ] E. AB8ENA, A. GRAY & L. VAWCCKE, S t e i n e r ' s formula for the v o l -
ume of a p a r a l l e l hypersurface in a Riemannian manifold, p rep r in t 
I . H . E . S . , Burea-aur -Yvet te , 292 (1979). 

[2] ARTHUR L. BESSE, Manifolds all of whose geodesies are closed, Ergeb-
nisse der Mathematik, v o l . 93 , Spr lnger-Ver lag, 1978. 

[3] B.-Y. CHEN & L. VAMtCKE, Total curva tures of geodesic spheres , 
Arohiv der Mathematik 32 (1979), 404-411. 

["•] B.-Y. CHEN & L. VANHECKE, D i f f e r e n t i a l geometry of geodesic spheres , 
Co appear. 

[5] A. GRAY, The volume of a small geodesic b a l l in a Riemannian manifold, 
Michigan Math. J. 20 (1973), 329-344. 

[6] A. GRAY, E l n s t e i n - l i k e manifolds which a re not E i n s t e i n , Geometriae 
Dedicate 7 (1978) , 259-280. 

[7] A. GRAY & L. VA(*ECKE, Riemannian geometry as determined by Che v o l -
umes of small geodesic b a l l s . Acta Math. 142 (1979) , 157-198. 

[8] A. GRAY & L. VANHECKE, Oppervlakcen van geodetische c i r k e l s op opper-
vlakken, to appear In Med. Konink. Acad. Wetensoh. Lett. Schone Kunet. 
België Kl. Wetensoh.. 

[9] A. GRAY & L. VANHECKE, The volumes of Cubes abouC curves in a Riemann-
ian manifold, t o appear . 

[10] A. GRAY & L. VAWECKE, The volumes of tubes In a Riemannian manifold. 



66 Bang-yen Chen and L i e v e n Vanhecke 

to appear. 
[11] A. GRAY & T.J, WILLMORE, Mean-value theorems for Riemannian manifolds, 

Co appear. 
[12] H. RUSE, A.G. WMKER & T.J. WILLM3RE, Harmonic spaces, Cremonese, 

Roma, 1961. 
[13] L. VAt*€CKE & T.J. WILLMORE, Umbilical hypersurfaces of Riemannian, 

Kahler and nearly Kâhler manifolds, J. Univ. Kuwait Soi. 4 (1977), 
1-8. 

[I'll L. VAWECKE & T.J. WILLMORE, Jacobi f i e l d s and geodesic spheres, Proc. 
Roy. Soc. Edinburgh 82 (1979), 233-240. 

Michigan Stace University Katholieke Univers i te i t Leuven 
Ease Lansing Celescljnenlaan 200B 
Michigan 48824, U.S.A. B-3030 LEUVEN (Belgium) 

R e c e i v e d F e b r u a r y 2 , 1980 



67 

C. R. Math. Rep. Acad. Sci. Canada - Vol. II (1980) No. 2 

Spectral Sequences for the K-theory 

of Glued Rings 

B.H. Dayton* and C.A. Weibel 

Presented by P. Ribenboim, F.R.S.C. 

The purpose of this research is to analyze the 

algebraic K-theory of rings obtained by 'glueing'. By 

'K-theory' we mean the classical groups K-.K-, the 

negative K-theory of Bass, and the Karoubi-Villamayor groups 

KVtt . A ring is 'glued' if it arises as a pullback in a 

cartesian square, or more generally if it Is the inverse 

limit of a functor A from a small category G to the 

category of commutative rings. 

1. LIMITS OF RINGS 

For convenience, we will make the following 

standing assumption: 

(1.1) R is a commutative ring, {l(a):aEG} is a finite 

set of ideals Indexed in reverse order by the poset G 

and A is the functor A(a) = R/I(a). 

We let Oj,...,^ denote the maximal elements 

of G and let lira A(a) denote the inverse limit of the 

functor A. Thus 

H This work was completed while the first author was a visitor 
at Queen's University, Kingston, Ontario. 

«"̂ Second author supported by NSF Grant MCS-79-03537 



B.H. Dayton and C.A. Weibel 

lim A(tt) = { ( a i ) e n R / I ( a i ) : a i s a ; j mod I(-Y) whenever « ^ « « . ^ Y ) 

A s u f f i c i e n t condi t ion for R - lim A ( G ) to be 

s u r j e c t i v e i s that for each -t, 2 < t < n, and for each 

t - t u p l e ( a , p , , , 3 , ) o f maximal elements of C 

(1.2) I(o) + n K&J = n C K - y ) : ^ » ^ ^ Bome k )• 
k=2 

For fixed I the conditions (1.2) are called 

(CRT), due to the connection of these to the Chinese 

Remainder Theorem [ZS, p. 28o]. 

If, in addition to (1.1), for each a 6 a 

R - lim A({Y<O}) is onto, the (CRT)^ conditions are 

equivalent to the surj'ectivity of R - lim A(R). 

If (CRT)2 holds, then the topological space 

(scheme) Spec(lim A ( G ) ) is the colimit of the topological 

spaces (schemes) Spec A(a). Our terminology stems from 

the geometric interpretation of this: Spec(lim A(G)) is 

obtained by "glueing" the schemes Spec A(a). 

2. K.-REGULARITY AND SEMINORMALITY 

A ring B is K^regular if K^B) = Ki(B[t1,t2,. .. ] ). 

It is known that ^-regularity implies K0-regularity 

and seminormality (Pic-regularity) [DW]. Even when the 

rings R/I(a) are K.-regular domains, lim A(a) may not 

even be K^-regular. (In some important cases lim A(fi) is 

K.-regular - this can be shown by methods similar to those 
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in [DW]). For seminormality, however, we have the following 

version of the results of [0]. 

Theorem 2.1: Assume in addition to (l.l) that each l(o) 

is a radical ideal of R. Then lim A(G) is seminormal In 

B = ItR/lCt^). In fact if (CRT)2 holds, lim A(c) is the 

seminormalization of the image of R in B. If 

each R/I( a. ) is seminormal and B is contained in the 

total ring of quotients of lim A{G), then lim A(G) is 

seminormal. 

3, THE SPECTRAL SESUENCE 

We now grade G by a fixed functor dim ; G - H 

sending distinct 8 < a to distinct integers, and let 

G" denote the subpoaet of all o with dira(a) < n. The 

prototype of "dim" is dlm(a) = Krull dimension of A(a). 

G is called cellular if (1) for every o there 

is a v < a with dlm(v) = 0 and (ii) for every n the 

maps Hp(Gn+1;G) - Hp((in;G) are isomorphisms when p < n 

and Injections when p = n. Here Hp(e;G) is the cohomology 

of the category B with coefficients in the abelian group 

G (see [Q]). 

G is cellular iff for every a 6 G with 

dim(a) = p 5* 0, the comma category GP~ la of all p < o 

has Hq(GP"1»a;G) = 0 for q =j= p . Any abstract simplicial 

complex G, considered as a graded poset (in the obvious way) 

is cellular. The posets 7 used in [DW] are also cellular. 
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Theorem 3»1: Assume, In addition to the standing hypotheses 

(1.1), that k is a regular ring, R Is a 

k-algebra, G is cellular, and that for every a € G 

with dim a •= p 

1) A(a) = l(['i»>>* tx
D] aa k-algebras 

il) R - lim ACQ^la) IS surjective 

ill) lim (G"*-1»») IS Kj-regular 

Then there is a spectral sequence 

E ™ = Hp(G;K_q(k)) => K V ^ ^ d i m A( G ) ) 

Moreover H0(G;K (k)) = E0'"q = E0'"q is a summand of 
g 2 <» 

KV q ( l im A ( G ) ) . 

ITie s p e c t r a l s e q u e n c e I s f u n c t o r l a l w i t h r e s p e c t 

t o b a s e c h a n g e . Thus l i m A ( G ) w i l l b e K ^ - r e g u l a r I n t h e 

s i t u a t i o n o f ( 3 . 1 ) . Note t h a t K- = KV-, s o we c a n e x t r a c t 

t h e c l a s s i c a l K. from t h e s p e c t r a l s e q u e n c e (we o b t a i n t h e 

n e g a t i v e K - t h e o r y o f B a s s a s w e l l ) . 

4 . AN EXAMPLE 

Let k be a field of characteristic ^2 and set 

A =. {f(x,y)6k[x,y] : f(t,0)=f(l-t,t-t2)} = k[x-x2,g,h,hx,hxy] 
2 2 

where g = ( l - 2 x ) y + x ( x - x ) and h = y ( y - x + x ) . Thxu r i n g 

i s t h e i n v e r s e l i m i t o f a 2 - d i m e n B l o n a l G ( . -• * ~ ' ) w h o s e 
2 

g e o m e t r i c r e a l i z a t i o n i s RP . M o r e o v e r , i f k = R t h e 
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2 5 real points of Spec(A) give an embedding of RP in R . 

Although (1.1) is not satisfied, (3.1) still holds. Ihe 

spectral sequence degenerates to give KV (A) = K (k)<ÇKV (A) 

and an extension 

(4.1) 0 - K +2(k) 8 Z/2Z - KV (A) - Tor(Kq+1(k),Z/2Z) -. 0. 

In particular, there is an extension 

(4.2) 0 - K2(k)/2K2(k) - K0(A) - Z/2Z - 0 . 

Comparison with the Atiyah-Hlrzebruch spectral 
2 

sequence for K0(FP ) yields the following result: 

The sequence (4.2) splits if and only if the symbol 

{-1,-1} of K2(k) is in 2K2(k). In particular (4.2) 

does not split when k = R, in which case K0(A) = Z $ Z/4Z 
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THE DENSITIES OF CERTAIN REGULAR STAR-POLYTOPES 

B. R. Monson 

Presented by H.S.H. Coxeter, F.R.S.C. 

Abstract 

An elementary technique for dissecting simplexes Is used 
to explain why the densities of many regular star-polytopes 
are binomial coefficients. 

(1) In a right triangle A.A-A witn 4A. = 2iiA and 4A- = IT/2, 

the bisector A.B of AA. meets A.A. at an angle IT/3: 

A, 

B 

Indeed, reflect AA.A.B in A.B to obtain AA.CB, and reflect 

the latter In CB to obtain AAjCB, so that .«IAJBAJ = ii/3. This 
2 

proof holds in the Euclidean plane E , in the hyperbolic plane 
2 2 

H , and on the sphere S . We use (1) to derive information about 

certain regular polytopes in n-space Xn, one of S , E , or H . 

As described in [1, pp. 40-44], such polytopes can be 

constructed using the group G generated by reflections in the walls 

H,, H,, ..., H , of a simplex A c x". For any such simplex, let 

n/p.. be the dihedral angle between H. and H., where P, ̂ c (1> "1 

for 1 ̂  j , and each p. . =• 1 . H. and H. may be parallel, 

in which case p. . = •» and n/p. . = 0. Many properties of A (and G) 
are hidden in its Coxeter graph [2, pp. 84-86]. 



B. R. Monson 

Suppose, for example, that AA. = n/p in (1); then ûAJAJAJ 

is represented by the graph 

(2) 
2p 

with a node for each side of the triangle. Two nodes are joined 

by an edge (labelled q) just when the corresponding angle 

Ti/q ?* TI/2. Thus by (1), AAJAJAJ contains three congruent copies 

of , in which the label q = 3 is omitted 
2p 

and understood. 

Similarly, a graph with n + 1 nodes describes the simplex 

A c xn. Suppose that this graph has as a subgraph (2), whose 

nodes from left to right correspond to H,, H2, and H^. Let 

T - Hj nH, nH,; in the 3-3pace T* completely orthogonal to T let 

0 be a "sphere" with centre TnT*; a could be a plane in E , or a 

horosphere or equidistant surface in H , but it has the intrinsic 

geometry of S2, E2, or H2. Now Hĵ , H2, and H3 cut 0 In a triangle 

with graph (2), so by (1), the bisector H of the dihedral angle 

between H. and H3 meets H, at an angle TI/3. 

We assume hereafter that for all j > 3, H. makes equal angles 

with H j and H... Thus H is perpendicular to H., j > 3, and A has 

tne following graph, 



B. R. Monson 
75 

(3) 

in which H, and H, make equal angles with those H. whose nodes 

lie in the subgraph M, and are perpendicular to those H.(j / 1) 

whose nodes lie in L. By (1) and the above remarks, we obtain 

tne following 

(4) THEOREM. In the simplex A of (3), the bisector H of tne 

angle between H, and H. cuts A into two simplexes with graphs 

and 

2p 2p 

In one special case, we may apply the theorem once for 

2p = 2'p and r times again, since 3=2.(3/2): 

(5) COROLLARY. Suppose for the simplex A in (3) that L Is an 

unmarked chain of r nodes: 
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M 

Then A contains r+2 (congruent) copies of the simplex » with 

graph : 

• • 1 — —•• 

For 0 £ r £ n, let K(n+1, r;p) denote the graph 

In which a chain L of r nodes is linked by a brancn marked "2p" 

to M, itself the complete graph on n+l-r nodes with each branch 

marked "p" (when p?2). Let A(n+1, r;p) denote the corresponding 

simplex; in particular, the simplex A{n+1, n,.p), with graph 

K(n+1, n,.p) 

lies in Sn, En, or Hn according as cos - is <, =, or > n_1; 

[cf. 2, p. 135, eqn. 7.77]. 

We now apply (5) first n-r times along the chain L In 

A(n+1, r;p) , then n-r-1 times within the subgraph M = K(n+l-r, 0,.p) 

A(n+1, rjp) therefore contains (n+1)l/(r+l)1 congruent copies of 

A(n+1, n;p), and (n-r) 1 copies of the simplex «(n+l, r, p) , 
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. . . 2p p 2p * ' • 

whose graph has its (r+l)B t edge marked "p". This proves in 

some generality a remark made in [1, p. 2101 : 

(6) The simplex t(n+l, r, p) has 1 "*£J times the volume of 

A(n+1, n;p). 

(7) Examples. (a) Since g t t h a s 3 t i m e s t h e a r e a 

5 5/2 

of * * 5 *, the regular star-polyhedron (5,1-) has density 3 

(i.e. a general ray from its centre intersects 3 of its pentagonal 

faces) [ cf. 2, pp. 100-113]. 

(b) The atar-polytope (3,5,-j} has density 4j (5,^,5) 

has density 6 " [i] '• a n d i n H* • {3,5,|,5) has density 10 = I A . 

(c) The absence of fractional labels in the case 

•"T* ^ T ^ = 6 X • • • — • gives, instead of a star-
D 6 O 

polytope, a regular compound honeycomb in hyperbolic space 

H3,l.e. 3(3,3,6} [6(6,3,6}] 3(6,3,3) , in which the vertices of 

slx{6,3,6},s, taken 3 at a time, are the vertices of a single 

{3,3,6}. This "3°  indicates that of the six " * ""JT* 's, three 

contain the vertex of *~T* 0 , • used in constructing (6,3,6} 

( cf. 2, pp. 47-50]. 
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A NOTE ON LAHBEK'S REPRESENTATION SHEAF 

Jonathan S. Golan 

Presented by H. A. Akooglu, F.R.S.C. 

In [3]. Lambak showed that certain modules, dalled synmetrlc modules, can 

be represented as modules of sections of a sheaf. In this note we point out 

that, for a large class of rings, this sheaf is a subsheaf of an inverse Image 

of a torsion-theoretic separated prosheaf of the typa introduced in tl]. 

Throughout the following, R will denote an associativa ring with unit 

slsmsnt 1. Hodules and homomorphlsms will ba taken from the category R-mod 

of unitary left R-modules. The InJactiva hull of a left R-module M will be 

denoted by E(tl). The corrplate brouwerlan lattice of all (hereditary) torsion 

theories on R-mod will be denoted by R-tors. Notation and terminology will 

follow [1]. In particular, for a left R-module M wa will denote by E d ) 

the smallest torsion theory relative to which M la torsion and by x(Ml the 

largest torsion theory relative to which M is torslonfrse. If T € R-tors 

than we denote the x-toraion submodule of a left R-module by T (M) and tha 

localization of M at T by 0T(I1). A nonzero left R-module N Is T-

cocrltlcal if and only If it Is t-torslonfree while every proper homomorphic 

Image of It is t-toraion. The ring R la said to be left definite If and only 

If every nonzero left R-module has a cocrltical submodule. Such rings were 

studied In [l] under the name of left 0-rings. A torsion theory la said to be 

prime if and only if It is of the form xCN) for some cocrltical left R-module 

M. The set of all prima torsion theories In R-tors is called the left 

spectrum of R and will be denoted by R-sp. 

For any (two-sided) ideal I of R let pgen(C(R/I)) denote the set of 

all elements of R-sp relative to which R/I Is torsion. Then (pgenUtR/D) | 
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I an ideal of R) forma the basis for a topology on R-sp which we will 

call the symnetrlc basic order topology. Denote by specIR) the set of all 

prime Ideals of the ring R. If R is a left definite ring then x(R/P) 6 

R-sp for all P E spec(R) and so we have a function 4:spec(R) * R-sp given 

by P h- x(R/P' which is easily seen to be monic [2, p. 20]. For any ideal I 

of R, let 0(1) • (P £ 8p8c(R) | I < P). The family of all such sets forms 

the basis for tha ZarisKi topology on spec(R). If P € spec(R) and If I is 

an ideal of R then P 6 Ûtl) if and only if xtR/P) E pgon(ç(R/I)). Thus 

we see that if R is a left definite ring then the function • is a continuous 

map from the space spec(R). endowed with the ZarisKi topology, to the space 

R-sp. endowed with the symmetric basic order topology. 

Following [3], we say that a left R-module M is symmetric if and only if 

for all m E M and all a,b E R the relation abm » 0 implies bam » 0. If 

M Is a synmetric loft R-module then (0:m) is an ideal of R for all m € M. 

Moreover, If P € 3pec(R) then T (R/pj'M) • (m € M | P E Û((D:m))). In [3] 

Lambek constructed a sheaf representation for symmetric left R-modules in the 

following manner: if II Is such a module then let EQIM) be the disjoint 

union of all modules of the form fl/T ,„„,(M). for P € specCR). Define the 
XlR/P) 

function • :E (M) * spscIR) by setting *0tx) " P if and only if x € 

M/T ..—.(Ml. Each m E M defines a function ft: spec(R] * E (M) given by 

ft: P [•• m*T ro/p)^) € M/T ,_ ._. (tl). Take as a basis for a topology on En[M) 

all sets of the form ft(Û(I)), for m E M and I an ideal of R. Then 

(E_(M),^ ) is a sheaf space over spsctR) with corresponding sheaf of sections 
rE0(M). 

If M is a left R-modula then we can define a separated presheaf Ô(_.n) 

on R-sp, endowed with the symmetric basic order topology, by setting 0(U,n) • 

0 .,(M). See [l] for details of this construction. Now assume that R is left 
AU 
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definite. For any left R-module M, we can define the Inverse Image *'Ô( .M) 

of .Q[_,ril under the contlnous map 0 as In [4]: let E-tM) be the disjoint 

union of the modules 0 (Ml for s £ R-sp and define the function I(P_!E_(M) ••• 
n £ Z 

R-sp by setting t'-Cx) • » if and only if x € 0 (H). Take as a basis for a 
Z IT 

topology on E CM) those sets of the form {n»T in) | » £ pgen(Ç(R/I))}, for 

m £ M and I an ideal of R. Then v(i !E_(M) -» R-sp Is a continuous function 

and we can form the pullback diagram of topological spaces 

9 EjtW- -> E2(M) 

spec(R)- -> R-sp 

in which we note that 8 is monic since 9 Is. Moreover. (E Cn).^ 1 is 

a sheaf space [4, p. 56]. The sheaf of sections of this sheaf space is what 

we will call ••0(_.M). 

By construction, we see that E CM) - {(e.P) £ E (Ml x spec(R) | iMe) -

•tP)} -and this Is Just the disjoint union of the modules 0 ,„ -,,CM) for 

P £ spectR). Moreover. +. Is given by x [• P if and only if x £ 0 ro/pi 

Thus. If M Is a symmetric left R-moduls. we have a canonical embedding of 

E [M) into EjtM) which, for each PEspecCR). sends MA (R/p) (M) into 

Q .R_,(M) canonlcally. Therefore we have shown the following: 

THEOREM: Let R be a left definite ring. If M is a symmetric left 

R-module then the LambeK representation sheaf of M is a subsheaf of 

••Ôt ."). 

CM). 
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HIGHER ORDER MODULI OF COHTINUITÏ BASED 

ON THE JACOBI TRANSLATION OPERATOR AND 

BEST APPROXIMATION 

P.L. Butzer, R.L. Stens and M. Wehrens 
Presented by G. de B. RobinBon, F.R.S.C. 

If u1 is the first order modulus of continuity with respect to the Jacobi 
translation, then it was shown in a number of papers that it is equivalent to 
a suitable K-funotional defined via the corresponding derivative. In this pa-
per, firstly a Ions-standing problem is solved, namely the generalization to 
moduli of continuity iijr of higher order, where a is defined in terms of cer-
tain iterated differences. Secondly, applications are given to best approxi-
mation; in particular, the still open Jackson-type theorem with a in the 
Jacobi frame is solved. r 

1. INTRODUCTION 

Let R^0,B)(x) :=P^a,B)(x)/P^a'6)(l), where P<0'B)(x) is the Jacobi polyno-

mial of degree n and order (o,6), a,B>-1 (cf. (Ill, Chap. IV]). Let X denote 

either the space L? 6j(-1,1), l<p<", or C[-1,1] , endowed with the norms 

llf"(a.8).p := fl1! I f M ^ ^ d u ) 1 ' * . v(o>6)(„) := ( 1 - u ) a ( W . 

Ilfllc := 8up{|f(u)|juet-1,1]) . 

The index (a,6) is dropped if there is no misunderstanding . 

With the Jacobi transform, given for f £X by 

f~(k) := /', f(u)Rk(u)w(u)du (k€P := (0.1,2,...}), 

one can define a generalized translation operator T. by 

(Ttf)'(k) := Rk(t)f"(k) (k£Pjte(-1,1)). 

It was shown in I 1;8] that this unique translation is a bounded, linear opera-

tor from X into itself,satisfying ' 

( l . D :!Ttfllx<SMllfllx ( f £Xs te ( -1 ,1 ) ) , 

(1.2) lim [|Ttr-11lY = 0 ( f e x ) 
t - l - X 

1) Throughout, M, m denote p o s i t i v e constants which may be di f ferent at each 
occurrence. The dependence on any parameter a p a r t from a,B i s exp l i t l y i n d i -
cated by the notation M ( a , b , . . . ) . 
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provided a > 6 > - 1 , a + 8 > - 1 , or o = 8=-1 /2 , to which the matter i s restricted.. 
Finolly the (strong) Jacobi derivative o'f of f EX i s defined by 

(1.3) D'f := l i a -f- , A f ^ f - T ^ f , 

the limit being understood in X-norm. Higher derivatives are defined inducti-

vely, D f = D Dr~ f, r = 2,3,... The existence of D'f con be characterized by 

the Jacobi transform of f. Indeed,one has the equivalence of the following 

assertions (cf. ( 11] , or [ 131 for the case a = 6 = 0): 

(l.M f e H X :<' ff e x i D r f exists as an element of X), 

( 1. ? ) there exists g E X such that 

(kik^i^k) = 6-(k) (kEP). 

In this event, {Drf)(x) =B(X) (a.e.). 

2. MODULI OF CONTINUITY AND THE K-FUNCTIOHAL 

The modulus of continuity of f EX is defined by 

(2.1) u^DifiX) := supdl/yll^ n<h< 1) (0<n<l) 

and the K-functional of f £ X for the subspace v£ by 

(2.2) K(6,f;X,l^) := inf{nf-gllx + SBDrg|lx;g£^) («>0). 

For r\,S fixed, u^ni^X) and K(6,.;X,wJ) are seminorms on X; they are equiva-

lent. Indeed, it is known (cf. [2;111 or [131 for a = B = 0) that there are con-

stants m,M>0 such that for all f£X, 0<ii < 1 

(2-3) BM^nifjX) < K(1-i|,f;X.Wx) < Hu^njf^). 

The basic question now is how to define a modulus of continuity which is 

equivalent to (2.2) not only for r = 1 but also for r>2. The following turns 

out to be the right choice: 

(2.ii) ii>r(nif;X) := sup(n4h ...^ fllx;n<h.<1,j-l,2,...,r), 

defined for f£X, r EH (= naturals), 0<n<1. In contrast to the classical 

higher order modulus of continuity defined in terns of the iterated differences 
r 1 r-1 
ATf :=A.A. f with the same increment h in each iteration, the h. in (2.1*) 

are now allowed to be different. As in [ 131 one can prove 
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Proposition 1. Zf f . f ^ ^ E X , gEWj, aEB, 0<n< 1, then 

(2.5) u,(n;f;X) <M(r)afllT . lim M,(n;f5X) 0 0 , 
* n*i- r 

<2'6) Mr(n;f1 *t2iX) * "rtnjf,;!) + a^n-.t^.X). 

(i-n)V<1(n;D88îX) (i<s<r-i) 

85 

(2.T) «r(n;8;X) < M(r) 

(1-n)rPDr8llx (a=r) . 

The result indicated above now reads 

Theorem 1. Kiere exist constants m(r), H(r)>0 such that for all fEX, 

o<n<i 

m(r)0r(njf;X) < K((1-ii)r,f ;X.w£) < M(r)ur(n;f sX). 

This solves a problem posed explicitely in [ 5] and which would have been 

useful in earlier papers, e.g. [2;3i10;11:131. The authors could not follow 

the proof of [ 6] in the matter (cf.[3, p. 265]). 

3. BEST APPROXIMATION BY ALOBBRAIC POUKQMIALS 

Defining tl 

degree < n by 

Defining the best approximation of f E X by algebraic polynomials p of 

En(f;X) : = ^ D f - p n D x . 

it was shown in (2;11| that for s EP, 0 < o < 1 : 

(3.1) En(f jX) - 0(n"28"20) (n+<.) 

« f E«j[ and ̂ (nSD'f;!) = Û((i-n)0) (n*1-). 

Under the restriction o< 1 the cases E (f ;X) »0{n~J) with j being an even 

integer would be excluded. But this situation is covered if one enploys the a 
of (2.U). Indeed, for any positive o one has 

Theorem 2. I«t fEX, r, sEP, o>0, s + o<r. The following assertions are equi-
valent : 

(i) En(f;X) = 0(n-28-20) (n*-), 

(") -JnifiX) - OCd-n)8*0) (n*i-). 
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(iii) few£ and-^(n^fiX) = OUl-n)0) (n-M-). 

To establish this theorem one makes use of the general Butzer - Scherer 

theorem on best approximation (see e.g. [It] ) and of the following Jackson-

and Bernstein-type inequalities. 

Proposition 2. For each r£H there exist constants M(r) such that 

lx ( f E ^ (3.2) ED(f;X)<M(r)n"2rllDrll| (f EH^nEM), 

(3.3) nDrpnllx<M(r)n2r[|pnIIx (nEM). 

For a proof of (3.2) for r = 1 see [2;111 , the general case follows like 

the particular coses a = B = -l/2 or o = 6=0 (see llt;131). For (3.3) see [12]. 

From (3.2) and Thm. 1 one can also derive a Jackson-type theorem. 

Corollary. There exists a constant M(r) >0 such that for all fEX, nEM 

Kn(f;X) <;M(r)Ur(1-n_2;f;X) . 

Note that the moduli of continuity and the derivatives DBf depend on the 

translation operator Tt, thus on the order (a,B) of the underlying space. So 

in case X = L, ..(-1,1) also the norms depend on (o,B), and so does 
En'fiI'(a,B))•Howeve^, i f X = CI-1,1), then the definition of E (f;CC-1.11) is 

independent of (o,B). By Thm. 2 this implies that the statements 

O.M «r(nifjC(-i,i))= 0((i-n)T) (n-n-) 

do not depend on the translation operator provided 0 < T < r. This fact even 

enables one to characterize (3.'*), defined in terms of Jacobi - differences, 

by a (pointwise or local) modulus of continuity with respect to the classical 

difference of order 2r. Indeed, defining 

2r . . 
OgJâptSfsCM.U) :=sup{| I (-1)J(2.r)f(x+jh)|j|h|<6) 

j=0 J 

where the supremum is taken for fixed xE[-1,11 in such a way that 
x + rhE(-1,11 , one has 

Theorem 3. The three assertions of Thm. 2 are equivalent to 

(iv) n2r(«jx;f;C(-1,11) = ( m - ^ j («-O^xE (-1,1) ), 
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the large-0 constant being independent of i and x. 

Let us compare this theorem in the case r " 1 with results of Dzjadik (71 * 

Teljakovskiî [ \k] and Gopengauz [ 9], namely 

<m) |f(x)-p (x)| =0 Ff-l (n*-) 

~n2(«;x;f;C(-1.11) = 0(620) («*0») 

for a auitable sequence of polynomials p and 0 < o < 1. This result shows that 

the factor (1-x ) has to occur either in the order of approximation (of f by 

p ) or of the modulus condition. n 
It should be mentioned that the results of this note could be proved in the 

more general frame of generalized translations in the sense of [10]. 
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AM ANALYTIC-ALGEBRAIC APPROACH TO 

STATISTICAL MODELS AND INFERENCE 

David Brenner and D.A.S. Fraser, F.R.S.C. 

This paper reports on current research in which an 

analytical-physical approach is taken to the definition of the 

statistical model and to the content of the inference base, 

given by the model and data together. The paper also presents 

some integrating results that follow from this. 

The primitive statistical model with virtually no 

background information (except the existence of probabilities 

for events A on the sample space S) may be expressed 

M = {(S,A,P) : Pc P) where the knowledge about the system 

being investigated is summarized by the collection P of 

possible candidates for the true probability measure P4. 

With this we have recourse only to the knowledge that the 

empirical relative frequency of any event A in A converges 

to the true probability P*(A) of that event. The preceding 

formalizes the minimum context referred to as a random system.. 

Likelihood. As an example of the analytical approach, 

consider the following (as in Fraser [3, pp. 70, 98]). Let 
t. 

(S,A,|i) be the sample space S (an open subset of K ) , the 
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Borel class A of events, and a support measure u (Borel 

measure or an equivalent) . With this the conventional statisti-

cal model is M = { f ( . | e ) : 8 c ï ) } , a class of continuous 

density functions on S. The inference problem is to assess 

what the model M and the data y say concerning the unknown 

8. in a. 

For a data point y the model specifies the probability 

f(y | *))J(dy) of its occurrence, a function on tl. As 

probability at a point Is zero and the size of reference 

neighbourhood is arbitrary, the model provides only 

L(y) = (cf(y | •) : ce JR*], a ray in JtP ; this is the likeli-

hood function. The preimage of the mapping L(.) from S to 

IR /R is a partition of S Into sets of points that are 

equivalent relevant to the model. This reduction by elimina-

ting the arbitrary is the same as that obtained in a weaker 

sense by invoking the sufficiency principle. 

Inference Base. The analytic approach focuses initially 

on the requirements for the statistical model. Criteria for 

the model H are organized in Fraser [3, p. 3): the purpose 

is to describe unknowns; the model contains real components 

relative to the investigation (objective); and components of 

the investigation are included in the model (comprehensive). 

This leads to the inference base T = (M,y), and the problem 

is to determine what can be said concerning the unknowns in the 

base T without the inclusion of arbitrary elements. 
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Event Structure. Clear examples do exist where the 

statistical model has a distinct component, an objective 

probability space (S0, A0, P) or (S0, A0, y, p) where P 

denotes a measure and p a density with respect to a support 

measure y. The use of probability and conditional probability 

focuses on the nature of the information available from a data 

point y concerning the realized value on the probability 

space. We have examined the following special case in detailt 

M •= (S, A, p, p; *) where « - {$} is a class of bijectlons 

S * S. The response variable satisfies y = Oz where • is 

the unknown presentation in 4 and z is the realized value 

on the probability space. The Information from a data point 

y concerning a realized z can be formalized as the B-orbit 

of an information display: let 8 be the group of bijectlons 

on the response space S, and D(0,y) " {($, $ y) ; 4 < 4} 

be the set of preimage values for z labelled by the possible 

presentations * ; then I(«,y) = 8D(«,y) ° {D(a4, ay) : s e B) 

gives this information display. 

Proposition. The preimage partition of the information 

function is the orbit space S/G, where G is the invariant 

group (s : sO " *, s £ 6}. 

The information obtained from a value z is given by 

1(4, (Jz) where if is the unknown presentation. This is a 

function S •* im K*,») if and only if S/G = T where T 

consists of sets o$t~ y. For this to hold under repeated 
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sampling with an effective point we have that 4 = G$ or with 

a relabelled $0 we have that the new * = G is a group. This 

is then a structural model as examined in Fraser [1,3]. 

Identified Form. The preceding involved an objective 

probability space as a component of the model. Some examples 

of this have been discussed in Fraser (1,3) and some risks 

inherent in the lack of objectlveness of the probability space 

(2]. We report now on some current research on the identifi-

cation of distribution form. The starting point is the back-

ground information concerning a system under investigation and 

the examination of this by a class of bijective functions 

T = {t} which allow each of the possible distribution forms 

to be examined on a space Ve. Three different definitions 

are given for a platform of functions. In each case the 

requirement that T be a platform is a necessary and sufficient 

condition for a nominal distribution form to be objective. 

The preceding discussion gives the grounds for an 

objective probability space to be a component of a statistical 

model. This should not be confused with another direction on 

statistical inference involving the addition of a pivotal 

quantity as originally promoted in the writings of Fisher. 

The approach of this article is that such an addition is 

arbitrary. The objective distribution form discussed above 

contains functions that are formally inverses of pivotais but 

the resemblance is only formal. The group closure property 

was fundamental and obvious examples show that without this 
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closure contradictions can occur. 

unifications. The research currently in progress is 

based on the preceding results and involves a direct analyti-

cal examination of the inference base and the separation of 

the types of information available - categorical, frequency 

and diffuse. Some preliminaries on the separation of 

categorical information may be found in Fraser (3, p. 49). 

In a second direction the event information concerning 

realized values leads to the automatic conditioning found with 

identified form and structural models. The present indication 

is that the four necessary reduction methods (3, pp. 49, 68] 

will evolve as a simple consistent categorical separation of 

the inference base. 
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ON CYCLIC BLOCK DESIGNS 

Marlene J. Colbourn and Charles J. Colbourn 

Presented by N. S. Mendelsohn, F.R.S.C. 

Abstract : Two recursive constructions for cyclic block 

designs are presented. 

1. Introduction 

Combinatorial design theory (5,9] is largely con-

cerned at present with existence problems for block designs 

and related configurations. A (balanced Incomplete) block 

design B[k,)l;v] is a pair (V.B); V is a v-set and B is a 

collection of k-subsets of V (called blocks) for which each 

2-subset of V appears in precisely X blocks. A cyclic 

block design CB[k,X;v] is a B(k,X;v] whose automorphism 

group contains a v-cycle. CB(k,X) denotes the set (v | 

a CB(k,X;v] exists}. 

The determination of CB(k,X) for various k and X has 

been Investigated since the 1890's (6,7). In 1939, CBO.l) 

was determined by Peltesohn [8], and recently CBO.X) has 

been completely determined [2]. Results on CB(k,X) for 

k > 3 are few and far between [3,10]. 

Our purpose is to present, without proof, two recur-

sive constructions for cyclic block designs. We assume 

familiarity with the usual representation of cyclic block 

designs in terms of starter blocks [1,3,A]; we call a 

starter block full if It generates v blocks, extra (or 

short) if it generates v/k blocks. (A cyclic block design 

contains an extra starter block if and only if v = 0 (mod 

k)). 
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2. First Construction 

Given that v ? 0 (mod k), v € CB(k,X), m c CB{k,X), 

and m Is relatively prime to (k-1)!, then vm £ CB(k,X): 

Construction A: 

Let (S. S ) be the set of starter blocks for 
i n 

a CB[k,X;vl, v ^ 0 (mod k). Let (T^ ..., Tr} be the 

set of starter blocks for a CB[k,X;m], with m relat-

ively prime to (k-1)I. The set of starter blocks for 

a CB[k,X;mv] Is constructed as follows. For each S 

= {0,s. Bk-l'' ta'ce t^e m starter blocks 

{0,s1+lv,s2+21v,...,sk_1+(k-l)lv}, 0£l<m, arithmetic 

modulo nv. Finally, for each T = (O.tj t. 1 } , 

take the single starter block {0,vt1,...,vt._.). 

3. Second Construction 

Given that kv e CB(k,l), km e CB(k,l), and m la 

relatively prime to (k-1)!, then kmv e CB(k,l): 

Construction i: 

Let {Sĵ  Sn) be the set of full starter blocks 

for a CB[k,l;kv]. Let (T I ) be the set of 

starter blocks for a CB(k,l;km], with m relatively 

prime to (k-1)I. We construct the set of starter 

blocks for a CB[k,l;kmv]. For each S, - {0,B ,..., 

s. .}, take the m starter blocks (0,a.+ikv,s,+21kv> 

.. . ,sk_1+(k-l)ikv}, OsKm, arithmetic modulo kmv. 

Finally, for each T = {O.tĵ  'k-l'' t a k e t h e 

single starter block {0,vt1,...,vt._,}. 
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4 . Conclusions 

Previous constructions for cyclic block designs have 

all been direct; the recursive constructions given here are 

important for two reasons. Firstly, they provide many 

infinite families of cyclic block designs which were here-

tofore unknown (and, moreover, are not limited to small block 

sizes k ) . Secondly, they suggest the possibility that the 

existence of CB[k,X;v] may be resolved by recursive 

techniques. 
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3 
On dihedral coverings of S 

Kunio Murasugi 

Presented by F. V. Atkinson, F.R.S.C. 

It is well known (4)[5] that every closed orientable 

3-manifold M3 is a 3-fold irregular covering space of S 

branched along some knot K. (We say simply that M is a 

3-fold irregular covering space of K.) However, the knot K 
3 

will be very complicated even for a "simple" 3-manifold M . 
3 

In fact, K is not knotted enough, the manifold M obtained 

from K is quite simple. For example, if K is a 2-bridge 
3 3 

knot, then M is always a 3-sphere S [3]. 

With a different motivation, in this paper, we study 

3-fold irregular covering space of closed 3-braids and prove 

the following 

3 
Theorem. A 3-fold irregular covering space of S branched 

along a closed 3-braid is a lens space L of type (n,l) for 

some integer n. 

Remark. L0 = S2 » S1, Lj = S3 and L2 is a projective 

3-space. 

Although n is an invariant of the knot type, it seems 

hard to determine n from a braid representation of a knot. 
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Outline of the proof 

Let B be the group of n-string braids. (See [1] or 

[2] for the general discussion on B .) To each braid 8 with 

n strings, it is assigned a permutation of n letters, and 

this assignment is, in fact, a homomorphism v from B to S , 
n n 

the symmetric group of order nl. An element of B that belongs 

to the kernel of v is called a pure n-braid. From an n-braid 

B, we can construct a link in S , called the closed braid S 

of 0, by identifying the initial points and end points of each 

of the braid strings. 

Lemma 1. Let M(6) denote the 3-fold irregular covering space 

of a closed 3-braid B. Then there exists a pure 3-braid Y 

such that (1) the 3-fold Irregular covering space M(Y) of 

the closed braid Y is defined, and (2) M(Y) is homeomorphic 

to M(ê). 

Hence, we need only consider pure 3-braids. 

3 rt Let Y be a pure 3-braid. Then n (S -Y) is generated 

by three Wirtinger generators x , x , x , each of which 

corresponds to a braid string. 

3 " Lemma 2. Suppose that there is a homomorphism * from ir (S -Y) 

onto D , the dihedral group of order 6. Then there exists a 

pure 3-braid Y» such that (1) ij)(x1) , iHx2) , t{x3) are all 

distinct, and (2) M(Y0) is homeomorphic to M ( Y ) . 
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Now, to construct a 3-fold irregular covering space of 

Y. , we divide S3 into two 3-cells C1 and C2 in such a 

way that (1) SCj n Y0 = 3C2 n Y 0 consists of exactly six 

points, (2) C n Y 0 is isotopic to a pure 3-braid Y 0 and 

(3) C n Y 0 is isotopic to a trivial 3-braid £. Then M(Y0) 

is the union of 3-fold irregular covering spaces Ĉ^ and C2 

of C and C branched along Y and E, respectively. 

Since C and C2 are solid tori, M(Y0) is a lens space of 

type (n,m) for some integers n, m. 

To obtain more precise information on M ( Y 0 ) , we must 

consider the image of a meridian of C under a "matching" 

horaeomorphism iji from 3C onto 3C2 . Now, there are three 

mutually disjoint disks D. (1=1,2,3) in C1 , each of which 

bounds a braid string of Yg. By the property (1) of Y0 in 

Lemma 2, one of the three lifts, D,, of D. in Cj becomes a 

meridian disk of C and hence dD^ is a meridian of C1 . 

Since Y0 is a 3-braid, it is not hard to see that 3Di inter-

sects only once a longitude of C . Therefore, iK3Di) 

represents a torus knot of type (n,l) for some n, and thus 

M(Y0) is a lens space of type (n,l). This proves the theorem. 
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