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BORNOLOGICAL PROPERTIES OF SPACES OF NON-ARCHIMEDEAN
VALUED FUNCTIONS

W. Govaerts X

Presented by M. A. Akcoglu, F.R.S.C.

Let K be a nontrivially non-Archimedean valued field of
rank one and let X be an ultraregular space. Then :
XCuXCupXCSBoX where vX, voX and BoX denote, respectively, the
K-repletion of X, its 2z-repletion and its Banaschewsky compac-
tification.

Let P be a family of relatively compact subsets of vgX such
that YyURX. We assume that P contains all subsets of its
members and all their closures in vgX. For each FEP there is a
semi-norm I.IF on C(X,K), the family of continuous functions
from X into K, defined by

Ile=sup|f|(x)
x€F

Hence P induces a locally convex topology PP on C(X,K).

A locally convex space(over K) is called bornological
iff the absolutely convex neighborhoods are the only
absolutely convex sets that absorb all bounded sets. The
definition of ultrabornological spaces is obtained by
replacing "bounded sets'" by "absolutely convex compact
sets". A locally convex space is called semi-bornological
iff a linear functional that is boundedon bounded sets, is
continuous.

Topological preliminaries can be found in [ 1], the
functional analytic parts should be compared with those
of the classical (real-or-complex-) case [3].

X “Aangesteld navorser" of the Belgian "Nationaal Fonds voor

Wetenschappelijk Onderzoek"
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DEFINITION 1 : An ultraregular compact space A is K-homogeneous
if and only if there is a linear functional %,

from C(A,K) into K, continuous with respect to the uniform norm

topology on C(A,K), such that for each proper compact subset

B of A there is an feC(A,K) with 1fly =0 and 7o (f)#0.

DEFINITION 2 : P is saturated iff a set ACugX belongs to P
whenever (%) holds :
(x) If (Ai);=1 is a sequence of clopen subsets of wugX and

if for each FeP, AinF=¢ for all but finitely many i, then
AiﬁA=¢ for all but finitely many i.

Similarly P is weakly saturated iff a compact

K-homogeneous set AC voX belongs to P whenever (x) holds.

PROPOSITION 1. If P is weakly saturated , then nguox . If
P=K(X) (family of compact subsets of X) or

if P=A(X) (family of finite subsets of X) then the following

are equivalent (i) P is saturated
(ii) P is weakly saturated

(iii) X=vuoX

THEOREM 1. C(X,K,PP) is bornological iff P is saturated.

THEOREM 2 : If K is complete and vyX=uoX or if K is
spherically complete, then C(X,K,PP) is semi-
bornological iffP is weakly saturated.

COROLLARY 1 : If either K is complete and yX=uoX or if K is
spherically complete, then the following are
equivalent

(1) C(X,K,K(X)) is_bornological

(2) C(X,K,A(X)) is bornological
(3) C(X,K,K(X)) is semi-bornological
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(4) C(X,K,A(X)) is semi-bornological
(5) X is z-replete.

REMARK 1 : From [1, Theorem 15] we know that\ﬁg=u°x whenever
K is complete and has nonmeasurable cardinality.

THEOREM 3 : C(X,K,PP) is ultrabornological iff K is a locally
compact field and P=K(v¢X).

The following result shows that semi-bornological spaces
C(X,K,PP) are those on which each sequentially continuous
linear functional is continuous.

THEOREM 4 : If t is a linear functional from C(X,K,PP) into
K, then t is sequentially continuous iff it is
bounded on bounded sets.

For the classical case a result analogous to the above
one with P=K(X) can be found in [2].
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A MATHEMATICAL STRUCTURE FOR A THEORY OF GROWTH
Roger V. JEAN *

Presented by D.A.S. Fraser, F.R.S.C.
INTRODUCTION: The study of the growth of plants has allowed us to conceive a

mathematical structure which we briefly summarize here. For the question of its
interpretation in plant biology, of the supporting data, of the underlying or
unifying theory of growth which emerges, we refer the reader to the articles

given in the references. These articles point cut the pertinence of the farmalism,
definitions, propositions and theorems elaborated thereat and propose a mechanism
of evolution ( phylogenism, bio-entropy) instesd of a developmental mechanism for
the growth of plants. The theory is based on the concept of an algorithm: growth
matrices generate hierarchies and rhythms which together -wlth the principle of
minimization of entropy (our version of the principle of optimal design) determine
vortices of growth that is the paths of minimal entropy among which is the hierarchy
of Fibonacci representing Fibonacci phyllotaxis. Besides a necessary and sufficient
condition producing this type of phyllotaxis, the theory can explain, contrarily
to the other theoriesits prevalence over other types of phyllotaxis.

DEFINITIORS: A growth matrix 1s a square matrix C = (c“) of order n, whose entries
are 0 or 1, where O ch %2 for all j and whose directed greph is strongly
comnected. Let C = (c:lJ) be a growth matrix of cxder n, 8 a sat of n symbols

81y 8y ssey 8, P a function defined on S by P ( a,) n-e1 a2 ...a"" for

J=1, 2, ...,nuherea?"isainckaalandmhifc” = 0 (empty word)s let
W, be a word (concatenation of symbols) made with the symbols of S: the hierarchy
generated by C is an ordered set ( W, R ) where W = ( Wor ¥yr Vo eee) i8 the
sequence of the generations w, such that v, = P ("‘1»,-1)' t =1, 2, 3, ees, ¥here
P(aiaj) = P(ai)P(aJ) ( a; is a simple or a double node according if P(ai) = ay

or P(a;) = ajak) and R = (ry,r,,ry, eo) such that ry is the famdly of all couples
(ar, as) where a, is a symbol in P(a ) for every a inw _; (the element (ar, a )
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may be repeated in the family). We denote by Sys t =1, 2, 3, eesy the relative
frequency of duplications ( a duplication is the set of two couples made from a
t
double node) in v Ty A path in a hierarchy from w, to Wl is a finite sequence
im i +
11+1' 1i+2' see o 1:I.+k where 11_._.1 is in ri-rj and the first component of li+:j+1
is the second component of 11+J for J =1, 2, +eey k=L. The oriented segment of
a straight line from the first node of the path to the last is a branch from Wy
to Lo A tree in a hierarchy is an infinite sequence T,, T2, '1'3, essywhere Tk

is a set of br;:nches from vy to "J fori=0,1, 2, eeey k=L and j = 1, 2, ..., k,

each node of i:l W being the extremity of exactly one branch, and such that chTk»rl‘
The number of distinct T denoted by xk. is a degree of complexity. The growth
function f(t) associated with the growth matrix C and L) is defined by the number

of symbols in w, (t =1, 2, 3, eese). The preponderant period.of the rhythm of a
hierarchy is the smallest n such that a growth matrix of order n generates the
hierarchy. We say that a hierarchy possesses the property of Fibonacci if every
double node of L k=l, 2, 3, sesy is linked, by Tial? to a double node and a simple
node of LY and if every simple node of W is linked to a double node of Wesl A
normal (anomalous) hierarchy possesses by definition the property of Fibonacci

and W, contains t nodes (2t+1), t21 (t=2), among which 1 (t) is (are) a double
node(s). The normal hierarchy with t=l is the hierarchy of Fibonacci. The principle
of entropy states that the entropy Et of a hierarchy at time t is the number

klnstpt where k is a negative constant and Py 1 the probability of existence of a
growth, is the number 1/xt; 8, is the stability of the growth and s,p, is its
probability of survival. The biological principle of minimization of entropy states
that evolution creates organisms having smaller entropy and an organism minimizes

its entropy at each instant of its growth. The path of minimal entropy of order n

is the hierarchy generated by the Frobenius growth matrix of order n (n= 2, 3, 4, se.)
Ce (ci .1) where ¢1,=C;,=e0e=C) =0 and ¢y ,=c, =l and where wy=a __,. For n=2 we

have the hierarchy of Fibonacci.
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THEOREMS: a) Let c" = (cg)) be the tth power, t = 1, 2, 3, .... of the growth matrix
C of order n and S a set of n symbols 819 8y eeey Bpe 1t ad' J =12 eeepn
appears m.1 times in "0 then for n = 2, 3, ...the degree of complexity at time ¢ is
givenby x = ﬁ 151 Erm y 1
b) If c is primitive, let f (t) (3 =1, 2, eeey n) be the growth

function determined by m; = 5'“, 1 a1, 2, eeep n the number of a; in w, and
let pl:) be the coefficient of r" in the expression for fj(t) in terms of the
eigenvalues of Ce If x = (x‘.) is the positive eigenvectar corresponding to r,

1"/:-t' = (Pyy%s PyoXs eeey P].nx)/igl x; and,if C is a companion matrix,
Py = QL+r+ 24 ee t T 1) 8 (r)/g'(r}r'hﬂ where gt is the derivative of

the characteristic polynomial g(t) & t"- 7 1Eabn g L ang gd(t) a k-d _kf,“"‘

c) If 1n £(t)/2(t-1) exists, it is the Perron root of the growth matrix
C, that is its positive eigenvalue equal to its spectral radius r in the interval {1,2].

d) Given a growth matrix with spectral radivs r = lim £(t)/£(t-1), let
Py and q, be respectively the rnumbers of double and simple nodes in vy of a generated
hierarchy such that q, # O from some t. Then]impt/qtu(r-l)/(br)anditthe
system possesses at least one double node, lim 8, = r~l.

e) If C is a Frobenius growth matrix cyclic of index h, with spectral
radius r, the following properties are equivalent: (1) lim f£(t)/f(t-1) exists;
(2) the coefficients of )‘}'_, 122, 3, eeey hy uherel)‘il =ry M # T in the
expression giving £(t) in terms of the eigenvalues )‘i of C, are equal to O;
(3) r=1; (4) the characteristic polyncmial of C is A®-l; (5) hen; (6) C generates
hierar-hies with simple nodes only.

£) Under the ( o;xtogenetic) principle of minimizaticn of entropy, a
necess;ary and sufficient condition for the generation of the hierarchy of Fibonacci
is that the rhythm of the growth be established early enough, that is before node

seventh appears.
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CONCLUSION: - This structure gives a grasp on one of the most fundamental principle
of relational biology, the principle of optimal design, where the functional cost
chosen is the bio-entropy of the pair organism-environment.

- Some of our reéults concern an ergodic property for stable growth,

a subject much studied by Bernardelli-Leslie-Lewis in the biology of populations.

- Some of our theorems propose a relation between an analytical
representation of growth processes ( in terms of spectral analysis of certain
operators ) and a discrete, heretofore entirely formal representation ( in terms
of automata theary and linguistics )..We think that this kind of relationship
may have important implications; we have developed it in the concrete area of
phyllotaxis.

- Some of our theorems are a contribution to the theory of growth
functions of L-systems of Lindenmayer-Herman-Rozenberg and represent the first
introduction of Perron-Frobenius spectral theory in plant biology.

- The last result presents an homology with Adler's main result in
his contact pressure theory based on an entirely different conceptual framework.

- Other results, un more general matrices, concerning the limiting
behavior of £(t+1)/£(t) and c%/r® and, on the possibility of approximating £(t)
by ket (k a constant), allowed us to analyze populations with lineage cantrol (subm.)

REFERENGES: Roger V. JEAN, (1) Growth and entropy: phylogenism in phyllotaxis,

J. Theoret, Biol. 71 (1978), no.k4, 639-660; (2) Developmental algorithms in
phyllotaxis and their implications: a contribution to the field of growth functions
of L-systems by an application of Perron-Frobenius spectral theory, J. Theoret. Biol.
76 (1979), no.l, 1-30; (3) Some consequences of the hierarchical approach to
phyllotaxis, J. Theoret. Biol. (in the press).

* This work was supported by CRSNGC grant A6240
Université du Québec 3 Rimouski, Rimouskl, Québec G5L 3Al
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In a previous paper [1], we have derived a necessary and sufficient condition

that the equation

o) y® + p@)E() = 0
with
(2) y€(y) >0 for y#0, f non-decreasing and continuous, p < 0,

have all its solutions continue on [0,o). Such solutions may have their first

n derivatives eventually of persistent sign. The pattern of signs may take several

forms, however, it is always the case that for some P, the first p derivatives

have the same sign. Such functions played a large role in [1] where we used precise

information about the growth of the derivatives. Here we continue the study to see

when solutions exist with this precise behavior.

Precisely, introduce the classes
M(p,n) = {y | y € ®(a,»), y(i) (x) >0, 0<iz<op, (-l)ky(‘*k)(:t) >0,

k=1,...,0-p}

if n-p 1is even and
ueLp) = ly | yec™a ), yPw <0, 0<1<p, (1P G 50,

k=1,...,n~p}
if n-p is odd.

Under the hypotheses (2) we will show that (1) possesses a solution in

M(n,p)' 1if and only if
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3) fw(-p(x))f(ﬁxp)xn_p.ldx <o for some B > O.

Here n-p 1s non-zero and even, and M(n,p)' requires y(p) (=) 4 0.

To see that there are natural sort of solutions we offer the lemma.

(n)

Lemma 1. Let y e Cn(a,co) and y > 0. There there isa b>a and a p such

that y ¢ M(n,p) or y(i)(x)zo i=0,...,n on (by®).

There is a representation for the functions in M(n,p). Define

x_':_ by x:=x" if xg_o,x:_=0 if x< 0, n = 0,1,2,...

Lemma 2. If y ¢ M(n,p) then (n-p even)

P 1 1 1 -p-1_(
(4) y(x) = q(x) + x!_,x_ + TPT)!FP———D_! I: I: (x-s)_l:— (t—s)_‘:_ Py n)(I:)clt‘. ds .
and in particular
1 =p=-1
® y P =y + gy [ e0F TP wae

where q(x) is a polynomial of degree at most (p-1).
Now consider the operator T defined by

(x—s)i—l(t—s):-p- lds
] de
(- !@-p-1!

P
©) 1y) (x) = 3;‘—, + [T £ (-p(e)) [ (
a a

whenever the integral is finite. Note that if Ty =y, then y satisfies the
differential equation (1); compare (4) with q = 0.

If we now assume (3) then the set
S,(8,p) = {y | v 1s continuous and © < y(t) < gtP on [a,®)}

is in the domain of T. We look for a fixed point of T in S(8,p) by showing

that TSB(B.p) is compact. We give the exact result in the Theorem.

————

———
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Theorem 1. Let the conditions (2) hold for equation (1) and n-p be even and

positive. Then the existence of a B > 0 such that
[eEP) " P px))ax < =,

is necessary and sufficient for the existence in [a,®) of a solution of (1)

which is in M(n,p)' for sufficiently large a.

These results can be extended to equations of the form

(7) Ly = p(t)f(y)
where
s n-1
(8) Ly = y(n) + ) ai(t)y(i)
i=0

with the sign conditions
ai(t) <0 0<ic<p

Sp: -
p¥ "'lai(:) 20 pHl<1<nd

and

(9) e e @lae <o 0<1 <ol
X

Theorem 2. Suppose f satisfies the hypothesis of Theorem 1 and p(t) > 0.
If n-p is even and L satisfies Sp, then (7) has a solution in M'(n,p).
Conversely, if there is a solution in M'(n,p) and Sp conditions hold, then

condition (3) and (9) for O < 1 < p are necessarily true.

243

Related results can be found in Kim [2]) and Lovelady [3]. Lovelady considers

the special case Ly = y(n) and £(y) = |y|® sgn(y). The linear case is of

special interest since condition (3) is independent of p, and therefore implies

disconjugacy of the equation on [a,®).
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Differential Equations on ™

C. S. Hartaman and D. R. Naugler

Presented by G.F.D. Duff, P.R.S.C. ,
Given an orientation preserving homeomorphism of the circle f:Sl + S1

(al1 such f are fsotopic to the identity), one has the famous Poincaré-Denjoy
rotation mumber (1], o = 1im_,_ F"(x)/n , where F:R + R is the homeomor-
phism of the covering space R ¥ R/Z = S1 induced by f. The number p exists
and is constant; p exists and is rational iff f has a periodic point; o
irrational implies that the minimal set for the discrete flow {f"}nn_m is al
of S1 (if f is Cz) or is a Cantor type set. The embeddability of discrete
flows in continuous flows, ¢:XxR + X such that f(x) = ¢(x,1) , is a diffi-
cult question in general; on Sl, Foland and Utz [2] proved that f is em-
beddable iff p s rational or o s irrational with s! minimal.

Let f:T" + 1" be isotopic to the identity, n 2 2, and formally define,
& la Poincaré-Denjoy, p(F)(x) = Hmm“ Fm(x)/m, where F:R" +R" is the
homeomorphism of the covering space R™ ¥ R"/z" = T" induced by f. If p(F)(x)
exists, it generally will not be constant (e.g., F(x,y) = (x + sin 2ny , y) ,
p(F)(x) = (sin 2ny , 0) ). It is easy to show that F(x) = x + p(x) , where
p(x) 1s a function which is periodic of period 1 in each component of x,
whence it follows that

o(F)(x) = 1m,,, b 20d p(rk(a)
It is then a direct consequence of the Birkhoff ergodic theorem that p(F)(x)
exists almost everywhere relative to any measure with respect to which f is
invariant. One may also define
8(F)(x) = 1im sup F™(x)/n = lim sup 1 tkgo p(FK(x)),
n

where the 1im sup is taken componentwise; this a‘lways exists.
The following properties of p(F)(x) (and p(F)(x) when it exists) are
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easily shown.
1. p(F)(x) is constant on orbits.
2. o(F)(x) exists and belongs to Q" (Q = ratiomals) for all points x
representing periodic points of f.
3. If H:R" 4+ Q" represents a change of coordinates on ™ (so that
H(x) = Ax + p,(x) with A e6L(n,2) ), then F(H™LeFeH)(x) = A™T3(F)(H(x)).
4. If f is a rotation of T" through an angle a ¢ T" , then o(F)(x) =
5. p(F)(x) 1s constant on subsets of R" representing stable sets of f
on " (a stable set is a set of the form W(p) = {q ¢ T": d(f"(q),f"(p)) » 0

as n + o}, where d is a metric on T").

Inmediate consequences of the above properties are

a) p(F)(x) exists and assumes at most a finite number of values all in
Q" for Morse-Smale diffeomorphisms f.

b) If o(F)(x) = const ¢ Q" , then the periods of all the periodic points
(if any) are multiples of the least common multiple of the denominators of the

components of p(F)(x) all expressed in lowest terms.

In analogy to the results of Denjoy, one would 1ike topological con-
clusions about the discrete flow {f"} on T" based on the rationality or
irrationality of some or all of the components of p(F)(x) for various x. We

present here a few results of this nature.
Definition. p(F)(x) is said to equal « absolutely iff
tim, L opod 1p(F¥(x) - af = 0.

p(F)(x) is said to be rational in power iff, for some positive integer N,

p(F")(x) equals an integer lattice point absolutely.

If o(F)(x) exists absolutely, it exists and has the same value.

Existence in power need not imply existence.

Lemma. If {an} is a bounded sequence of real numbers, then
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Tm . r11 tkno la,| + 0 {ff there is a subset J of the integers, J of

density 0 (i.e., '-‘ cardinality { J n {0,1,...,n-1}} + 0 as n + = )} such
that Hm"‘J a, = 0. .

The perfodic map p:R" + R" naturally induces a map #:T" + R™

such that pem = p and p(F)(x) = Hm 1 k=0 p(fk(m)) 2. p(f)(m), men(x).

Proposttion. If p(F)(x) = a absolutely, then there exists q ¢ w(m)
such that p(q) = a , where w(p) is the positive limit set of p.
Proof. According to the previous lemma, there is a sequence {“1}

such that Hm p(f j(m)) = a, Choose a subsequence (nji) such that
f j1(111) +q ¢ o(m).

Theorem. There exists p e T such that p(f)(p) = k e Z"
absolutely 1ff f has a fixed point. There exists p e T" such that o(f)(p)
is rational in power i1ff f has a periodic point.

For the remaining theorems, it will be assumed that f is embeddable

in a flow ¢:T“xR . arising from a continuous differential equation.

Proposition. Let f(p) = ¢(p,1) on 12 where ¢(p,t) is non-singular and
p(F)(x) exists for all p ¢ 12 (F(x) = &(x,1) where & is the 1ift of ¢ to RE
and n(x) = p). Then there exists a real number k and a coordinate System
(uy5u,) on R¢ parametrizing 12 such that p(P)(u) = (a(u), ka(u)) for all
ueRe (F is F in u-coordinates).

This proposition gives necessary conditions for a homeomorphism to be

embeddable in a non-singular flow.

Motivation. Since ¢ is non-singular, it has a transverse section slec 1
which 1ifts to a family of curves one of which 9 < Rz we may take to go
through (0,0) and (a,b). If p(F)(x) # (ca,cb), then it can be shown that
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every orbit through % intersects % (which goes through (0,1) and (a,b+1))
inducing a homeomorphism g of Sl. Making a change of variables mapping %
to the uy-axis, it can be shown that pz(F)(u)/pl(F)(u) = k = the Poincaré-

Denjoy rotation number of g in the new coordinates.

Corollary. Under the above hypotheses, if p(F)(x) # (0,0) and p(F)(x)
is in Q2 for all x e Rz. then f has a periodic point.

This is an immediate consequence of the fact that k is rational so that

¢ has a closed orbit on which the rotation number of the time 1 map is in Q.

Corollary. If f(p) = ¢(p,1) on 72 and a1l closed orbits are orbitally
stable with phase, then p(F)(x) € 02 for some x in R2 implies there exists
periedic points for f.

This 1s a consequence of the following easily proven lemma on ™

applied to a limit cycle of ¢(p,t).

Lemma. If £(p) = ¢(p,1) on T" and ¢(q,t) is orbitally stable with
phase, then {¢(q,t)} is contained in an open set V such that p(f)(m) = po(f)(q)

for all m in V.
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ON A CONJECTURE OF I. FENYO
Walter Benz, University of Hamburg, Germany
Presented by J. Aczel, F.R.S.C.
1. Let G be the set of functions f : R+ R, (R the field of reals),
such that

w £WE(y) = £y EED

holds for all x, y € R. The functional equation (1) is of rank 2 (s. J.
Aczél [1]) and it occurs in the theory of waves in the special case where f

is the Heaviside function H. We call F c R regular in the case where x, y

are in F if and only if xy, E%Z are in F. Using these
regular sets, I. Feny®d has constructed functions f ¢ G as follows. Given

F and given a real constant A, put
(2) £(x) = A - xp(x) ,

where Xp denotes the characteristic function of F.

Remark: Since £ = XQ' Q the field of rationals, 1is not a solution
of (1) (notice otherwise the contradication 0 = £(2-/3)£(2+f3) =
£(1)£(2) = 1), a suitable set F for (2) cannot be defined by

X, y € F implies xy, E;Z eF .

I. Penyd [2] has posed the problem whether all solutions of (1) are of
type (2). We are going to prove in the sequel that Fenyd's conjecture is
essentially true. While there are solutions of (1), which are not of type
(2), these solutions differ only at x = 0 from a solution of type (2).

2. An immediate consequence of (1) is the following:
LEMMA 1: For all f ¢ G
3) Fe 1= {xeR| £ (x)#0}
is regular.
LEMMA 2: For all f ¢ G and x ¢ Ff,
) £(x) = £xD) .
PROOF:  Consider (1), £(x)E(x) = £(x’)£(x), and apply £(x) # O.

LEMMA 3: Suppose f ¢ G and a ¢ Ff such that 0 # a ¥ 1. Then Ff is

249
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not bounded from above.

PROOF: Case 1. Assume |a| > 1. Hence a2 » 1 and, according to (4),

04 £(a) = £(a’) = £(a%) = £(aB) = ...

Case 2. O +# |a] <180 0<a®<1. Put b, = a*, b= a¥ Weiice bi -b>0

and
f(b1+"€§—b)f(bl-y/bi-b) = £(b)E(b)) # 0
because of a2, as € Ff. By induction, the sequence

, 2
!:v“_'_1 - bn + bn-b s N21,2,3,.0. ,

2 2
is well defined since b‘_l > b, bn+l > b >0 dimply bn+1 > b. Again
by induction and (1),

2 -
b +1)f(bn— b -b) = b ) ,

i.e. f(bn+1) # 0. Assume the sequence LI b2 < b3 < ... to be bounded

from above and assume B to be the limit point. Then B = B + Bz—b, i.e.
BZ = b, contradicting B > bn 2 bl' i.e. 32 > bi > b. Since Bn € Ff for
all n=1,2,3,..., the set Ff cannot be bounded from above.

Case 3. a = -1. Now we have 1 = (-1)(-1) ¢ FE and hence lté:il € Ff since
Ff is regular. Thus o is in Ff and this case can be reduced to a

2
case 0 ¢ |a] < 1.

LEMMA 4: Given F € G. Consider a, b ¢ Ff such that 52 2 b. Then

£(a) = £(2a-b).

PROOF: Put x = a + az-b, y=2a-x,8 x,yeF_ since xy =b,

f

I;Z = a are in the regular set Ff. By (1) and (4) we get
2 2 2,2
f(x;x) - EOf(y) | £(xT)E(yT) - f(x ; )

f(xy) f(,(2},2)
and thus f£(a) = f(2a2-b).
LEMMA 5: Let f € G and x, y ¢ Ff, 0 <x £y. Then f£f(x) = f(xy).
PROOF: Putting a =y, b = xz in LEMMA 4, we get
(5) f(y) = E(Zyz—xz).
Now (1) implies, by means of (4) and (5),

£2y?-x0) 00 = £y -xDyxd) £ (5D), i.e.,
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(6) £(x2) = g(2xdy-x").
4 4 2 4
Putting a = xy, b = x in LEMMA 4 we get, since xy, x ¢ Ff and (xy)” 2 x,
™ £(xy) = £QGxy) 2.

Now (4), (6), (7) mply £(x) = £(x’) = £(xy).
We are now able to prove the following.

THEOREM: For all f e€ G there exists a real constant A such that
(8) f(x) = A - xp(x) for all x ¥ O in R,

where F; is denoted by F. In (8) A # 0 for F #0.

PROOF: Nothing has to be proved in the case F = @. There are precisely two
regular sets containing exactly one element, namely F = {0} and F = {1}.
Again, nothing has to be proved in those cases. - In the remaining case, F
contains at least two elements. Since F = {0,1} 1is not a regular set
(for else % € F), there exists an a ¢ 0,1 in F. Hence by LEMMA 3, F is
not bounded from above. Take any positive x,y in F and a z ¢ F such
that
z > max (3, -

Hence 0 <x <yz and 0 <y < xz and thus, by LEMMA 5,

f(x) = f(x-yz), £(y) = f(y-xz) .

Hence f£(x) = f(y). Call A the common value of £(x), 0 < x ¢ F. Take
now a negative x in F. Then O < xz ¢ F and thus f(xz) = A. From (4)
we finally get f(x) = f (xz) = A, thus proving our theorem.

3. Since the following function is a solution of (1)

2 x>0
f(x) = {1 for x=0 N
0 x <0

our theorem cannot generally be improved so that (8) holds also for x = 0.
But the following can be proved:

THEOREM: Let F € G. Then (8) is also true for x = 0 if one of the
following conditions (1), (i1) is fulfilled:

(1) O ¢ F := Fe

(11) 0 ¢ F and there exists an a <0 in F.
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If none of the conditions (i), (ii) holds, then G contains also
f(x) x¥#0

for

g(x) := , b, arbitrary x=0.

PROOF:  The result is trivial in case (1). Assume now (ii). By (1)
9 f(,’lal)f(-,fl—al) = f(-|a|)£(0) = £(a)£(0) ¥ O,
soJi:-, -J|a_| € F and thus f£(0) = A by (9), since f(a) = f(/ﬁ) =

f(- nl) = A according to (8).—I1f (i), (ii1) are not fulfilled, then 0 ¢ F
and f(x) = 0 for all x < 0. Then indeed (1) has also the solution

A x € F\{0}
g(x) =10 for x¢F

b, arbitrary =0.
Final remark: Regular sets can easily be constructed. Examples are
R, 9, {0}, {1}, {reR|r20}, {reR|r>0}. If S 1is a subfield of R, denote
by qS the quadratic closure of S and by aS the algebraic closure of
S 1in the complex field C. Then R n qS and R n aS are regular. If Fl,
F, are regular then so is Fl n Fz. The smallest regular set F(T)
containing T ¢ R is the intersection of all regular sets F > T.
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par
Alain BOUVIER et Marco FONTANA
Presented by P. Ribenboim, F.R.S.C.

SUMMARY. A characterization of a class of spectral spaces [ 3] of dimension
< 1 is established and some applications to a problem about spectral sets
[ 6 ] posed by LEWIS et OHM[ 7 ] are given.

Les anneaux considérés sont commutatifs wunitaires. Les notations ou
notions non précisées sont celles de[1],[4], {s .]'.

Etant donné un anneau A, son spectre (premier), mmi de la topologie
de Zariski est noté Spec(A). Le spectre d'un anneau peut &galement &tre con-
sidéré come un ensemble ordonné par inclusion. Se pose, alors, le probléme
de caractériser les ensembles spectraux, ensembles ordonnés isomorphes -en

tant qu'ensembles ordonnés- au spectre d'un quelque anneau {4 ]. (I1 est bien
connu que le probléme topologique correspondant, corceimant les espaces
spectraux ,a €té résolu par HOCHSTER [ 3] ). .

DEja en dimension 1, la caractérisation des ensembles spectraux est un
probleme ouvert. On ne connait que des conditions suffisantes pour qu' un
ensemble ordonné de dimension 1 soit spectral (par exemple, voir {7 ]).

Dans ce travail, nous &tablissons une caractérisation d'une class: .
d'espaces spectraux de dimension <1, que nous appelons espaces principaux.
Nous en déduisons une condition suffisante pour qu'une classe plus large
d'espaces topologiques, ordonnés par 1'ordre associé 3 leur topologie, soient
des ensembles spectraux et en donnons quelques applications 2 un problame
posé par LEWIS et CHM[ 7] . .

Tous les résultats sont ici énoncés sans démonstration. Leé preuves
ainsi que d'autres propriétés ct exemples concernant les problémes abordés

dans cette Note seront objet d'une autre publication.
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Soit X un ensemble ordonné.On note X(O) [ resp. X(l) 1 1l'ensemble des
€léments de X de hauteur O [resp. de hauteur 1] et S(x) = {ye X!l y> x }
[resp. G(x) = {ye X| y €x} ] 1'ensemble des spécialisations [resp. géné-
risations ]| de'x € X. Si A, B et C sont des anneaux, on note A" 1'anneau produit
" de An fois et AXB 1'anneau produit £ibré de A —» C et B —» C (au dessus

de C). Soit C = D%; pour n = 0, par convention on pose AXc B=AXB.

DEFINITION. On appelle espace principal tout espace topologique noethé-

rien sobre (c.-3-d. tout fermé irreductible posséde un point générique et un

seul, cf. [5, p. 264]) X tel que, si 71, iZ""’ X, sont ses composants irré-
ductibles, la topologie induite par X sur chaque ii-xi est la topologie cofinie.

PROPOSITION. Pour un espace topologique irréductible X les affirma-
tions suivantes sont équivalentes entre elles:

(i) X est un espace principal;

(ii) 11 existe un c;arps k et une k-algdbre integre noethérienne
A, de dimension <1, dont les corps résiduels sont isomorphes 3 k et le
spectre est homéomorphe 2 X; ‘

(iii) Il existe un corps k et une sous-algébre A de k(T), tels que
A soit un anneau principal dont les corps résiduels sont isomorphes 2 k et
dont le spectre est homéomorphe 3 X;

(iv) Pour tout corps premier N , il existe une extension k de
I et une sous-algebre A de k(T) tels que A soit un anneau principal dont
les corps résiduels sont isomorphes 3 k et dont le spectre est homéomorphe
ax.

Dans le cas général, on a le résultat suivant:
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THEOREME A . Soit X un espace topologique. Les assertions suivantes
sont équivalentes:

(i) X est un espace principal;

(i) X est_ une somme amalgamée finie d'espapes principaux irréductibles
au dessus de sous-espaces fermés, finis et discrets;

(iii) X est un espace spectral homfomorphe au spectre d'un anneau A
réduit d¢ la forme:

(eeo((Agx. A)X IX, eeddx. A
1 32 2 33 AS BA Bt t

= Aj est une kj-algdbre 3 idéaux principaux, 1< i <it;

- ki est.un corps, 1 <i<t, avec

kKc kzcksc. ...c:kt 3 .

= B; est un produit de k;, oy fois par lui-méme, avec afl\l et 2<ict;

- 1'homomorphisme structural Ai-—.> Bi est surjectif, 2< i< t;

- siAj=Ajet A} = (...(Alxni\z)xss..)xaj Aj, 2<j <t-1, 1'homomor-
phisme structural Ajf — Bjﬂ. 1<j <t-1, est le composé d'un homomorphisme
surjectif Aj _,B_%ﬂ , o Bi*l est un produit de 'ojﬂ corps &gaux 3 cer-
tains des kl’kz""'kj’ avec l'hmrphisw d'inclusion B§+Hnj*l .

Dans ces conditions les corps résiduels de A sont des sous-corps de k:
isomorphes aux corps kg,k,,...,k, et les espaces Spec(tii), 1<i< t, sont
honéomorphes aux composantes irréductibles de X.

Si, de plus, les homomorphismes structuraux Aj—»B.

01 ,1<j< t-1,

sont surjectifs, alors A est un anneau noethérien.

REMARQUE. L'anneau réduii A décrit dans le théordme A n'est pas néces-
‘sairement noethérien, bien que son spectre soit un espace noethérien. En ef-

fet , 1'ammeau k', kIT], od k'c k est une extension non finie de corps,
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n'est pas noethérien (cf. par exemple [2] ).

THECREME B . Tout espace topologique dont les composantes connexes sont

des éspacés -principaux est un ensemble spectral de dimension < 1.

Soit X un ensemble ordonné. On dit que X est la réunion disjointe des
sous-ensembles ordonnés (xi)i cp Six o4 équivaut 2 1'existence d'un et d'un
seul iel tel que x,y € Xj, et x <xi y

COROLLAIRE. Soit X un ensemble ordonné de dimension < 1 réunion disjoin-
te d'ensembles ordonnés (xi)i el tel que:

a) Card(S(x) N S(y)) [resp. Card(G(x) N G(y))Isoit fini pour tout x#y;

b) Card(X{?) [resp. Card(x{)] soit fini pour tout ieT;
alors, X est un ensemble spectral.
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THE TYPE STRUCTURE OF REPRESENTATLONS
WHICH VANISH AT INFINITY
by

Keith F. Taylor

Presented by E. Granirer, F.R.S.C.

In this note we state some results which gencralize
the work in [10] where the type structure of the regular
represcntation of a locally compact group was studied. Here we
consider a representation which vanishes at infinity. Before

the results can be stated some notation is established.

[ H a locally coampact group,

° H a (weakly continuous unitary) represent-
ation of G ;

H g the Hilbert space of w ,

M(m) : the von Neumanan algebra on H gencrated

by wu(6) ,
"E.n H for £, in n, and x in G , defined
. by wp, (x) = (w(x)EM) ,

co(c): the space of continuous complex valued

functions on G which vanish at infinity.

.
The represcatation 7w 4s said to vanish at infinity 1if

©g 0 f co(c) , for all E,n € H .

This property (as well as the weaker conditionsa
of vanishing at infinity moduls the kernel or projective
kernel of 1) has received some attention recently. See,
for example, [1] , [2) , (3) and [4] . In particular, in

[1] , 4t has been shown that any separable locally compact
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group whose regular representation is not completely reducible
possesscs representations which are disjoint from the regular
representation but still vanish at infindity. (in the language
of (3], BO(G) ¢ A(G) .) The results announced here may be
considered as a step towards determining what the type structure
of M(n) could be for such a T .

We call G a [Moorel-group if every irreducible
representation of G is finite dimensional., We call G a
compact extension of a (Moore]-group if there is a compact
normal subgroup K of G such that G/K 1is a [Moore]=-group.
This class of groups was introduced by Moore in [6]) and
completely characterized with a set of topological group
conditions by Moore [6] and Robertson (7] . 1In [10]) {it
was neccessary to consider the class of compact extensions of
{Moorc]-groups and the following characterization of this class
can be gleancd from section 5 of [10] . Let Gec denote the
subgroup of G consisting of all elements whose conjugacy

classes are precompact.

Proposition G 1is a compact extension of'a [Moore]-group if
and only if the index of GFC in G 1s finite and the commutator
subgroup of GFC is precompact.

The basic 1dea of the results we are presenting
18 that, if © vanishes at infinity and genecrates a Type I,
finite von Neumann elgebra them the two conditions of this
proposition must be satisfied by G . This was shown for
the regular representation in (10) . The precise statements
can now be given. The reader 18 referred to Sakai (8] for
the classification theory of von Neumann algebras. Throughout,

¢ 1s a locally compact group, W is a representation of G

and M(n) is the von Neumann algebra generated by T .
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Theorem 1 If n vanishes at infinity and M(w) has a
nonzero Type I, finite part, then G is a compact extension

of a [Moore]l-group.

Remark While establishing that G satisfies the properties
of the proposition above, it 1is shown that M(n) having a
nonzero Type Xn part implies that the index of GFC in G
is less than or cqual to n2 . This generalizes a theorem of

Smith in [9] .

For a compact normal subgroup K of G let
W be the regular Borel measure on G which is supported on
K and, such that, Wy restricted to K 18 normalized Haar

neasure: on K. If ® i3 extended to a representation of the

finite regular Borel measures on G , then 'n(u‘) {s a central

projection in M(m) E;r each compact normal subgroup K of

Theorem 2 1f u vanishes at infinity and H(n) has a

nonzero type I, finite part, then there is a compact normal
subgroup K of G such that u(ut) i{s the maximal type I,

finite central projection imn M(7W) .

Remark The compact normal subgroup K of Theorem 2

is chosen minimal such that G/K 1is a [{Moore]-group.

Theorem 3 Suppose ® 1is faithful and vaonishes at infinfity.
Then M(n) 18 a type I, finite von Neumann algebra if and

only if G 18 a [Moore]-group.

Remark For the case when © {is the regular representation

Theorem 3 was established by Kaniuth ([5), Theorem 3).
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Theorems 2 and 3 follow casily from Theorem 1.

The proof of Theorem 1 is simflar to the proof for the regular

representation in [10]; however, there are some nontrivial

modifications necessary. Complete details of this proof will

appear elsevhere.

1.

10.
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THE NUMBER OF REPRESENTATIONS OF AN ODD INTEGER AS A SUM OF THREE PRIMES
by
Emil Grosswald
Presented by P. Ribenboim, F.R.S.C.
1. INTRODUCTION. Vinogradov has proved in 1937 (see [4]) that every suffi-
ciently large odd integer is the sum of three primes. A well-known pre-
sentation of this result may be found in Estermann's book [1]. If we de-

note the number of such representations by rs(n), then it is shown in [1]

that
m r5(n) = p(M)S(n) + 0(n%/108*n);
here p(n) = X (log my log o, log ms)-l with n; > 2 and, for n odd,

) +my+ma=n
. p-1
S(n) = 2 | [ (-c_(n) (p-l)'s), with c_(n) = ): eZu:lnh/p. the Ramanujan
p>3 P P h=1

sum. The trivial estimate n2/3 logzn < p(n) < nz, together with S(n) >

2 TT (-(p-1)"% > 0, is all that is needed to show that, for n odd and
p>3

sufficiently large, rs(n) > 0, so that every large, odd integer has at least
One representation as a sum of three primes.

It seems, however, that no asymptotic formula for rs(n) appears in
the literature, unless one is willing to consider (1) as such. It is the

purpose of this note to sketch a proof of the asymptotic formula

2 2
@) T = 3 TT (-0 TT 0-0%3p+3) ™) —Bp— v 02,
P pin log™n log n

valid for n + =,
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In (2) no restriction on the parity of n is indicated, because, for n
even, the principal term vanishes. While it is possible to expand p(n)
into an asymptotic series, this would hardly be useful; indeed, all terms
that are 0(n2/10g4n) will be absorbed into the error term of (1). The
latter comes from the minor intervals of the "circle method" (see [1] and
[4]) and there are no prospects to improve this error term.

The topic of this note had been suggested as a project to a class in
number theory at Temple University (Spring 1979) and the contributions of
its members, A. Ayoub, R. Cavaliere, and M. van Rossum, are herewith acknow-

ledged.

2. PRELIMINARIES. Let n stand for an odd integer, sufficiently large to

justify the inequalities in which it appears, but always larger than 9.

It is clear that the contribution to p(n) of terms with two equal values

of the mi's (i =1,2,3) is at most 0(n), hence negligible. Consequently,

©) p(n) = 6 2 < ) Tog m 1011; m, Tog my + 0(m).
xmy €my By T8

n1+m2+n3 = n

Also, n/3 < m < n-4 and (n-nl)/2 <my < min(ml,n-ml-Z). so that the sum in
(3) equals (with a slight change in notation)
(n-2)/2

n
()] ; (log m)'l I {10g m; log(n-n-m,) y1
m=n/3 mlu(n-n)lz

n-4 -1 n-m-2 -1
+ 1 (log m) 1 {log m, log(n-m-m)}" = 21 + 22,
m=(n-1)/2 m,= (n-m)/2

say.
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These sums are estimated by the Euler-Maclaurin sum formula

b b 1 b 1
(5) I fm) =/, £(2)dz + 5 {£(a) + £(®)} + 1] £'(2)(2-[2]- Pdz
m=a

([z] = greatest integer not in excess of z).

3. PROOF OF THE MAIN RESULT. Let u = n-m and set £(z) = {log z log(u-z)}"l.

We observe that in ):1.

(6) u/2 <z <m<n-u and (n+2)/2 <u=n - m < 2n/3,
while in J,
@) u/2 <z < u-2 and 4 <u = n-m < (n+l)/2.

On hand of (6) and (7) one verifies that the second and third summands of
(5), when substituted in 21 and ):2; lead to terms at most O(nzllogan) . Hence,
it is legitimate to replace the inner sums in both, 21 and 22 by the first
integral of (5).

By fairly elementary manipulations it is found that the inner sum of Zl

(up to terms that may be ignored) is equal to

1 ( n-m _ n-2m }
log(n-m) "2 log ((n-m)/2) Tog(n-2m) *

and that in J, to

n-n
S R—
2(10g((n-m)/2))

We substitute these expressions in (4) and obtain

(@-2)/2 )

2 { n-m _ __n-2n )
men/3 Tog m log(n-m) '2 log((n-m)/2) Tog(n-2m)
1 nsh n-n

+

m=(n-1)/2 logm logz((n-m)/Z) )
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We now repeat the procedure. Each of the sums is evaluated by (5). As be-
fore, it turns out that the second and third terms lead to error terms ab-
sorbed by O(nz/log4n), so that it is sufficient to replace each sum by the
respective integral. While not entirely trivial, these can be evaluated and
lead to

2

P T n + 0 n4)'
logn

2

7 1 1 n
{¢ -3 * ) +0
a4 "% T 1€ logsn \log n‘ 12 logsn

It now follows from (3) that p(n) = nzl 2 Iogsn) + O(nzllog4n).

4. THE SINGULAR SERIES AND END OF PROOF. As well-known (see, e.g., Theorem

271 in [3]), cp() = p-1 if pin, cpm) = -1 if pin. If we substitute this in

the formula for S(n), we obtain
-3 2 -1
sm) =TT (+(-17) Ill (a-(p*-2p+3)™ N,
P pin

where both sides vanish for even n. If we now substitute for p(n) and S(n)

their values in (1), we obtain (2).
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CONVERGENCE SPACES AND EXTENSIONS OF MAPS
Robert A. Herrmann1
Presented by P.C. Greiner, F.R.S.C.

This is the third paper in a series of investigations
answering various unsolved problems relative to convergence
spaces (1)(2)(3)(4). The major goal of this present research
is to investigate the extendibility of maps defined on "pre-
convergence spaces.'" For complete details and interesting results
not contained in this note, we refer the reader to (5).

Let F(X) [resp. U(X)]) denote the set of all filters [resp.

ultrafilters on X. Then a pair (X,q), where X is a nonempty set,

and q:F(X)-»jD(X) is a preconvergence space if

CS(1): for each x € X, x ¢ q(i),

CcS(2): wheneverﬂ',y e F(X), 9’:& , then
a(@) c ay).

For x ¢ X, X = {y|[y € XJAIx € y]} (the principal ultrafilter
generated by x). In (6), Kent calls such a "q" which satisfies
CS(1), CS(2) a convergence function and if for each x ¢ q(gﬁj,
X c F(X), it follows that x ¢ q( ¥ X), then (X,q) is a con-
vergence space (7). For gﬁc F(X), AC X, let gxh A signify that
FNn A% @ for each F ¢ gﬁ and 9F | A signify that there exists
some F € gﬁ such that FA A = §. For any preconvergence space

(Y,p),AC Y, let U(Y,A) = {x|[x € UY)IA3Y[ly € AlA[x + y]]}

1. This research was partially supported by a grant from the
U. S. Naval Academy Research Council.

AMS (MOS) subject classification (1980). Primary S54A05.
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[resp. F(Y,A) = {x|[x ¢ F(Y)]...}]. A map g:(X,q) + (Y,p) is
weakly-continuous [resp. continuous] if for each AU e U(X) [resp.
%% c F(X)] such that U + x [resp. %K+ x], then g(M) [resp.
g(JD) » g(x). For A,BCX, let Up(X,A) = (Zy| (MU e UX)]A
[OUn BIAIY[ly € AJA [ + y]1]}, where ﬂ‘B is the filter onB
generated by {UNB |U ey, Lete be a collection of filter
bases on X and g:(X,q) + (Y,p). Then g(@) = {g(F)| FKe C }.
Now for each ge@ » let C(QD = {x|[x € XIA[ S ~ x]} and
I(e) =N {c(g| g:@ }. Assume that (X,q') is dense in (Z,q).
DEFINITION A map g:(X,q) -+ (Y,p) is weakly-admissible
if for each r € R = Z— X, I(g(Uyx(Z,{r})) $ 8.

Weak-admissibility is a minimum condition for extendibility
as the next result indicates.

THEOREM 1. If for g:(X,q') - (Y,p) there exists a weakly-

continuous extension G:(Z,q) + (Y,p), then g is weakly-admissi

Now in order to guarantee that g:X + Y is extendible additional
hypotheses seem to be required. A remainder space (R,q"), where
R = 72— X and q" is the induced convergence function, is U-principal
if the only q'-convergent ultrafilters on R are the principal
ultrafilters. The space R is separated from X if for each r € R,
e u(z,{r}) implies that % ¢ U(Z,{x}) for each x € X.

THEOREM 2. 1If g:(X,q') + (Y,p) is weakly-admissible, weakly-

continuous, R is U-principal and X is weakly-open in Z, then

there exists a weakly-continuous extension G:(Z,q) + (Y,p).

Other types of extensions, especially with respect to

compactifications of (X,q'), are also investigated in (S).

However, many of the major results are relative to pure generali-
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zations of Tagmanov's characterization for extendibility (8).
Numerous previous Taimanov type ''generalizations" have appeared in
the literature, but they all can be shown to be only corollaries
and not pure generalizations of his basic theorem. The following
results are pure generalizations of Taghanov's classical result.
THEOREM 3. Let Y be a compact Hausdorff preconvergence
space and g:X » Y. If whenever Y-, ¥ ' e U(Y), ¥ nglX], %' n glX],
M+ y, 4 »y' and y $y', it follows that clz(g-l(‘VJ) 1
clz(g-l(‘V")), then g is weakly-continuous.
THEOREM 4. Let Y be compact and weakly-Urysohn and g:X + Y.
If whenever ™/, 4" c U(Y), % nglX], %' n glX], %+ y, 4" + y!
and y  y', it follows that cl,(g  (c1%)) | SHERIGE 2NN

then g is weakly-admissible.

THEOREM 5. Let G:Z + Y'be a weakly-continuous extension of
g:X Y. IfZF, Y e FOO, Hnelx), Y glX], and c1, & ] c1,%,
then c1,(g” () | c1,(g” ().

THEOREM 6. Let G:Z -~ Y be a weakly-continuous extension
of g:X ~ Y and Y is _ regular Hausdorff. IfSE, % ¢ F(X), $&n glX],
Ynelx), QL+ y,Y »y and y $ y', then clz(g'ltclyg)) i
c1,(g  (e1, ).

THEOREM 7. Let Y be a compact Hausdorff topological space.
Then a weakly-continuous map g:(X,q') -+ (Y,T) has a unigque gontin-
uous extension to any extension Z of X iff whenever g 9’ e F(X),
%nelxl, Fn gx), E+y, & +y andy ¢y, the
c1e ey Gy | c1,(z" (clyw)).

For general extensions Z of X, we have the following major

contribution.
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THEOREM 8. Es} g:X + Y be weakly-continuous and weakly-

admissible. If Z is any extension of X, then g can be extended

to a weakly-n-continuous map G:Z + Y. If Y is Hausdorff, then G

is unique.

Finally numerous examples are given which show that these

results are nontrivial. They also show that Theorem 7 is a pure

generalization of the basic Ta;hanov result since it applies to

a strictly larger domain class than the topological spaces.
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A NEW APPROACH TO THE CHIRAL ARCHIMEDEAN SOLIDS

by

Pieter Huybers and H.S.M. Coxeter, F.R.S.C.

Abstract

Eish£ of the triangular recezs of the snub cube lie in the
tace-planes of a regular octahearcn. It is exvlained here.why
each vertex of the octahedron lies on an edge (extcuuea) of
the snub cube. The same situation arises wiwn the snub coaec-
ahedron is inscrivea i an icosahedron.

The snub cube s{i} and the snub dodecahedron s{g}

are the most remarkable members of a small family of uniform
polyhedra 3{3} in which each vertex is surrounded by four
equilateral triangles and one regular g¢-gon [Briickner 1900,
p. 139]. Some triangles are entirely surrounded by other
triangles; they lie in the face-planes of a Platonic solid

{3, q} having the same centre O as the 'snub'. (Coampare
the more familiar fact that the g-gons lie in the face-planes
of a {q, 3}.) Although the whole s{g} is chiral (except
when q =2 or 3), the 'solid angle' at any vertex A (see
Figure 1) is symmetrical by reflection in the plane OAD, which
separates two of the four triangles at A from the other two
and therefore passes through the centre P' of the g-gon
BAF ... . Thus the edge DA (extended) intersects the
'in-radius' OP' (extended) at a vertex P of {3, q} . It
follows that the face ADE of s{g} (entirely surrounded by
other triangles) lies in the plane of a face PQR of (3, g}
in such a way that its sides are formed by lines PD, QE, RA,

making equal angles Yy with the sides of the triangle PQR

269
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[Huybers 1976, pp. 19-30]. (Fig. 37 of Haussner [1906, p. 62]

indicates that Cauchy was aware of this remarkable fact in the ,

Proceeding thus on each face of

special case when g = 3.)

{3, q}, we can construct all the vertices of s{:}, provided

we know the angle Y.

Figure 2

Figure 1

To express this angle in terms of ¢, let us examine

the solid angle at Q formed by the lines QB, QP, QD.

Between the planes BQP and DQP we have the dihedral angle

of {3, q}, namely 180°-2¢ where
cos ¢ = b/¥Y3 , b = 2 cos(180°/q)

[Coxeter 1969, p. 157]. Figure 2 shows the vertex figure of

s{g} : an 'isosceles' pentagon BCDEF
whose vertices are the farther ends of all the

{(with sides

1,1, 1,1, b)
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edges at A. It is inscribed in a circle with centre A': the
intersection of two spheres with centres O and A, radii OA
and AB. "Each of the four congruent sides of this pentagon

subtends at A' an angle 2§ whose cosine is X/2, X being

the (greatest) root of the cubic equation

[Coxeter, Longuet-Higgins and Miller 1954, p. 423: (10.5) with
¢ = 0]. Applying spherical trigonometry to the solid angle at

Q, in which

£DQB = 180° - 45, LBQP = y, £LPQD = 60° -y
and the dihedral angle along QP is 180° -2y, we find

cos(180°-48) = cos y cos(60°~y) + sin y sin(60°-y)cos(180°-2¢)
= %{005(60°-2y)-+cos 60° —}{cos(60°—27)-coseo°}coszw

= cos(60°-27)sin2w + %coszw &

Since cos’y = b2/3 and cos(180°-468) = -cos 486 = 1 -2 cos’ 2§

= 1-x%2/2, this yields
cos(60° - 2y) = (6-b2-3x%%)/(6-2b%) .

For instance, when ¢ = 3, so that we are dealing with
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the icosahedron s{g} inscribed in the tetrahedron {3, 3}, we

have )

X = 1-1 = (¥5-1)/2, cos(60°=2y) = (3/5+1)/8, cos 2y = (3v/5-1)/8.

The following table includes not only the octahedron s{g} and
the icosahedron s{g} but also the limiting case of the
tessellation s{g}, which is covered by the same formula if we

set X = 1-€¢ and ignore higher powers of ¢, so that

b2 = x3+2x% = 3-7¢, cos(60°-2y) = 13/14.
q b2 X A cos (60°-2y) Y
2 0 o 1 30°
3 1 0-6180339887 0+9635255 22° 14' 20"
4 2 0+8392867552 0-9433964 20° 18°' 54"
5 72 0-9431512592 0:9338062 19° 31' s5°©
6 3 1 09285714 19° 6' 24"

Knowing y, we can easily derive Cartesian coordinates
for the vertices of 5{3} from the known coordinates for the
vertices of ({3, q}. 1In fact, taking PQR (Figure 1) as triangle
of reference and observing that PD (extended) divides QR in
the ratio sin y: sin y', where Yy' = 60° - y, we see that the
vertices A, D, E have for barycentric coordinates the cyclic

permutations of
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(sinzy', siny' siny, sin2y).

(This is what happens for one of the two enantiomorphic varieties
of 3{3}; for the opposite variety we simply have to inter-
change Yy and Y'.) 1In the case of the snub cube 8{2}, Lines

[1965, p. 176] denoted these barycentric coordinates (which

, in

this one case, can serve also as Cartesian coordinates) by

(a, b, e¢), without noticing that they are in geometric

progression.
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ZEROS OF OUADRATIC FTORMS

J.H.H. Chalk, F.R.S.C.

Let £(x) = £(x; 0%, o0 x) e Z (x] be a quadratic form in m
variables and suppose that f represents O over the rational integers Z .
cassels (1] was the first* to prove, for general m , that there is a zero
x € ZIn of f which is not too large compared with the ‘'size' of the co-
efficients of f , or more precisely, an x satisfying f(x) = 0 and

m-1

4] o<lxl se. v 2 , (Ixl = max |x)
b 1sism

with some explicit constant n > 0 depending only on m and

F= f£f.. being the coefficients of £ . Subsequently,

l£..] .
15i,4sm 33 ij ]
pavenport (3] showed that, if m 2 2 and f is also non-singular, there are

two linearly independent zeros x,y over Z satisfying f(x)=£f(y)=0 and

v m-1
(2) o< |x|lyl < e, F

with Cr'n > 0 depending only on m . He remarked that the problem of obtain-
ing bounds for 3 or more linearly independent zeros of f remained open.
The best constant known for (1) is due, essentially, to Raghavan [6], who
generalized the problem to algebraic number fields. If K/Q is a finite
extension of the rational field @ of degree [K:@Q) =n 21, define
II)_:I = max max |xi(.r)| } for x € e
1<ism 1l<r<n

where x(r) denotes the ¢@-conjugate of x ¢ K . Let V be a fixed order

* However, see [2] for an historical note and references.
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of K and suppose f£(x) ¢ V[x] where x ¢ V™ . Then, on tho corresponding
assumption that f(x) actually represents 0 ‘over V , Raghavan proved that
there is a zero x ¢ ™ of £(x) such that

m-1
3 0<[xl < |a|™*®se 2,

where |d| is the absolute value of the discriminant of K and

F = max f:;)l 2
1<srsn 1si,jsm

A refinement by Cassels [2], p. 89, in the case n =1 , replaced the 5 on

the right of (3), by 3 and so (1) is in fact true with € = 3(m—1)/2

have recently proved an extension, corresponding to (2), for the product of

two elements x,y in V™ , 1linearly irdependent over V i.e.,

m/n m-1
(4) o< [xlyf s cm'n|dl (3F)

with* £(x) = f(!) = 0 and, in general, a constant cm,n , depending only
upon m and n , appreciably larger than 1 . However, cm,l =1 and
this gives a sharper form to Davenport's inequality (2). The proof of (4)
follows th’e general pattern of Raghavan's argument for (3) and would have
been a routine extension but for the requirement that x and y be linearly
1ndependent. over AVA (or K) and not just over @ . For this, the natural
tool .is a suitable theorem on the "successive minima" of a convex body and,
as it turned out, neither the standard theorem of Minkowski [5] (for genmeral

lattices) nor the theorem of K. Rogers and Swinnerton-Dyer [7] (for algebraic

lattices) were adequate. However, the ideas contained in the latter article

* As the proof is rather long, it will be published elsewhcre.
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can be adapted to this purpose, with the conseguence that °m n is rather
.

weaker than the 'expected' constant 1 when n > 1 .

As a corollary to (4), one can deduce (from the proof itself) that,
for any integer k selected from 1,2, ...,m , there is a solution of (4)

with the factor (3F)m-1 replaced by (12F)m_1, and with

(5) either xk=09_:_r_yk=01

the xk ' yk being the kth components of x , Y respectively. As an
application of (4) and (5), we shall take n=1, K=¢, V=2 and
consider a problem on rational representations of a non-zero number « € @

by f(x) . Suppose then that f(x) ¢ o[x] and we require effectively comput-
able bounds for both the numerator and denominator of each of the components

x of a suitably chosen zero x € Q® of f(x)-x=0, on the assumption that

(6) £(x) =«

has at least one solution of X ¢ Qm. Without loss of generality, by

clearing denominators, we can write (6) in the form
1 2 m . .
M =kt (teZ ,t20,xeZ" , k' € Z, £'(x ¢ Zl[x])

and seek upper bounds for (x,t) = (x1 veee s X t) . By (4), with n=1,
m replaced by m+ 1 , |d| =1 and (5) with kx =m + 1 we have two solu-
tions (3_(1 v t1) ' ()_(2 ' t2) of (7)., linearly independent over @ , which

satisfy
0 < ixy el e g (0 + |ct )"

and at least one of the integers t_, t is not zero. Of course, we can

1° 2
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(m-1)/2

always use (1) with e, = 3 if f(x)' is a form which does not

represent 0 over @ (e.g. £(x) =xi +x§

by the old theorem of Meyer [4], we know that this only happens for special

- 3(x§ + xs) for m = 4) . But,

forms in m S 4 variables; indeed, all forms in m 2 5 variables are zero

forms (over ¢@).
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An Affine Generalization of the FEuler Line

Ernst Snapper

Presented by H.S.M. Coxeter, F.R.S.C.
Let ABC be a triangle in the Euclidean plane, We denote

the center of gravity of ABC by G, its circumcenter (center of
the circumscribed circle) by O and its orthocenter (intersection
of the three altitudes) by H. Euler (1707-1783) showed that G, O
and H 1lie on a line and that GH = 20G. There are many proofs of
this theorem and the line OGH is called "the Euler line%; see for
instance (1], pages 17, 18.

Euler's theorem refers to the metric of the Euclidean plane,
since this metric 1s necessary to define the points O and H,
We show here that this theorem is a special case of a much more
general theorem which refers only to the affine structure of the
plane, This affine theorem may of course mention G but not O'
or H.

Theorem, Let P be any point in the plane vhatsoever, Let
L

A
line through P and the midpoint M of the opposite side BC

be the line through the vertex A which is parallel to the

(Figure 1), Let the lines Ly end L, be constructed similarly,

C
Then, the three lines Ly» LB and Ly have a point Q@ in common
and the points G, P and Q 1lie on a line and GQ = 2PG,

Proof, Consider the dilatation d with center G and ratio
-2, and put d(P) = Q. Since d(M) = A (Figure 1), Q@ 1lies on
the line L,. Similarly, Q 1lies on Ly and L, and the remainder

of the theorem follows equally easily from the properties of d.
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Proof of Euler's theorem, We do not assume to know that the
three altitudes of a triangle pass through a point, and choose for
P the circumcenter O of ABC, Then, the line through P and
M 1is perpendicular to the side BC (Figure 1) and the same holds
for the other two sides of ABC, Hence the above theorem now
states that the three altitudes of ABC pass through a point H
and that the points G, O and H 1lie on a line and that GH = 20G.
We observe that the above affine theorem generalizes immediately

to arbitrary dimensions, Let AO' swoy D be a simplex in n-space

n
and let P be an arbitrary point in n-space, Through the vertex

A, of the simplex draw the line Li which is parallel to the line

i
through P and the center of gravity Mi of the opposite face

A A Then, the n + 1 1lines L, ..., L

o S Ai-l’ A1+1. ceey AL
have a point Q in common and the 1line through P and Q passes

n

through the center of gravity G of the simplex and GQ = nPG. The
proof of this affine theorem is entirely analogous to the proof
given above for the case n = 2, Simply use the dilatation with
center G and ratio -n,

However the metric theorem, that is, Euler's theorem does not
extend to higher dimensions. When n = 2, M1 is both the center
of gravity and the circumcenter of the l-simplex Ao, ceay Ai-l'Ai+1’

g An and this fails in higher dimensions.
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