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A property of totally ordered abelian groups 

George A. Elliott 

Presented by fl.S. Mendelsohn, F.R.S.C. 

1. The most elementary ordered group is of course the 

cyclic one 2 , with positive cone E = [0,),2,---). A close 

second is ç, with positive cone ç = {p/q|p,q c 22 ) . 

Almost equally familiar are the other totally ordered groups 

of rank one; these are isomorphic to the dense subgroups of Ç 

with the relative order such as the subgroup S ^ of dyadic 

rat ionaIs. 

2. It is easily seen that every totally ordered group of 

rank one can be expressed as the inductive limit of a sequence 

of cyclic ordered groups 

S - 7Z •* • • • . 

Here each map "Z •*• 7Z is understood to be positive; in this 

case this just means multiplication by some element of !Z . 

The dyadic rationals, for example, may be expressed as the 

inductive limit of the sequence of cyclic ordered groups 

E -• ZZ -•• 

2 
where 7L ' TL denotes multiplication by 2. 
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3. The ordered group direct sum of two or more cyclic 

ordered groups is of course not totally ordered, but it is still 

interesting; we shall call such an ordered group simplicially 

ordered. 

An interesting fact about simplicially ordered groups is 

that the inductive limit of a sequence of such ordered groups 

ffi 
r, m, r2 m2 2Z 

(where m. is an ri,+1 J< r ] < matrix over 71 ) may still happen 

to be totally ordered. In fact it may be isomorphic to an 

arbitrary countable totally ordered abelian group. 

This is the property of totally ordered abelian groups 

referred to in the title. It may be stated in a stronger form 

and for possibly uncountable groups as follows. 

4. Theorem. Let G be a totally ordered abelian group, 

and let F be a finite subset of G . Then there exists an 

independent subset E of G such that the semigroup generated 

by E contains F. 

Proof. Here I shall give the proof in the case that G 

has rank two. The proof in the general case is rather more 

complicated, and will be given in [2]. 

First, since any subgroup of G is totally ordered, we may 

assume that the underlying group of G is finitely generated, 

and hence isomorphic as a group to TL 

Choose a basis B. for G. Replacing elements of Bj by 
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their negatives if necessary, we may choose B so that 

B. c G . By induction, it is enough, given g c G , to find 

a basis BQ of G, with BQ <: 0 , such that the semigroup 

65 

contains Bj and also generated by 

Write g = ma. - nb, where B. = {a,b} and m,n c 7Z+. 

Consider the two cases a < b and a > b. 

If a < b then g = (m-n)a - n(b-a). Since g > 0, 

m-n < 0 is impossible, so |in-n| = m-n < m (we may assume 

n * 0 ) . Set {a,b-a} = B . 

If b < a then g = m(a-b) - (n-m)b. If n-m < 0, we are 

finished (we may set {a-b,b} = B Q ) - If n-m > 0 then 

|n-m| = n-m < n (we may assume m * 0 ) . Set {a-b,b} = B 

Thus, in either case, we have replaced B. by a basis B 

generating a larger semigroup, such that either g belongs to 

this, or the sum of the absolute values of the coefficients of 

g with respect to B 2 is strictly smaller than with respect to 

Qj. By induction, after a finite number of repetitions of this 

procedure, to obtain bases B,,B2,B3,..-,B c G+, we may set 

Bn = B0-

5. For a countable ordered group G the property stated 

in 4 says that G can be expressed as the inductive limit of 

a sequence of simplicially ordered groups TL -. E ^ -• . . . 

in which the maps are injective. This is stronger than the 

property stated in 3, in which the maps were not specified to 

be injective. 

6. It is natural to ask if 4 can be extended to 

lattice-ordered groups (whose prime quotients are totally 

ordered). This is possible for lattice-ordered groups with at 
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most finitely many independent ideals, but is not possible for 

the Cartesian product of infinitely many cyclic ordered groups. 

7. m [1], the inductive limit of a sequence of 

simplicially ordered groups was called a dimension group. It 

was shown that the abelian group K„ of the inductive limit of 

a sequence of somisimple matrix algebras over a fixed field is 

a dimension group, in a natural order, and that this ordered 

group is a complete invariant for Morita equivalence of such 

rings. (Also, additional structure was given to obtain a complete 

isomorphism invariant.) 

8. The results described in 7, combined with 4, show that 

the classification of countable totally ordered abelian groups 

is equivalent to the classification of certain noncommutative 

rings. An initial study of totally ordered groups from this 

point of view will be described in [2], and some isomorphism 

and nonisoraorphism theorems for rings obtained in this way. 

Re feronces. 

J. G.A. Elliott, On the classification of inductive limits of 
sequences of semisimple finite-dimensional algebras, J. 
Algebra 38 11976), 29-44. 

2. G.A. Elliott, On totally ordered groups and K„, in Proc. 
Conf. on Ring Theory, Lecture Notes in Mathematics, 
Springer- Verlag, Berlin, to appear. 

Acknowledgements. This work was done while the author was a 
Guest Scholar at the Research Institute for Mathematical Sciences, 
Kyoto University, partially supported by a grant from the 
Carlsberg Foundation. 

The author is indebted to H. Araki and N. Yui for helpful 
discussions. 

University of Copenhagen and University of Ottawa 

Received September 11, 197E 



67 

C. R. Math. Rep. Acad. S c i . Canada - V o l . 1 (1979) No. 2 

EfiQJËCIlON FA-mr iOKS OF PUIIOTIOW ù^uIGiiuL'Po 

Ii. i,.. o c n e i n 

Presented by J. Aazél, F.R.S.C. 

A function on a 3St A is any partial transformation f 

of A, i.o. any mappins f of a subset A.C A onto a subset 

A 2C A. Here A- and A ^ are culled the first and second pro-

jections of f and denoted oy pr, f « „. , pr2 f = A,. 

k function setràf-roup is any nonempty set b' of fuuctioaa 

on a fixed set A closed under trte usual composition (=3Uper-

.^o^ition) of functions. On any function semigroup F wa intro-

duce the followint; equivalence relations à. and il,: for 

every f,g€F (f.gje^j^^O- prj f = p ^ g, 1 = 1 , ̂ . 

Kow let 3 be an abstract semigroup. A partition of S 

is called a first (second) projection partition .vhenever there 

exists an isoiuorphlsm i of 3 onto a function semi^roup and 

for every s.téS both J and t belong to a same class of 

the partition precisely when pr., i(a) = pr1 i(t), i.e. wnen 

(i(3),i(t))£ K1 (yrd x(3) = pr2 i(t), i.e. waen (Ks) ,i( t) )eE2). 

In this note *e find onaraoterizations of projection par-

titions of abstract seraijroupa. dy the fundamental taeorem on 

relation algebras [l] such characterizations do exist and can 

be expressed in the first order predicate lan^uaye. Uur main 

results were announced Adtnout proofs in [2]. Their proofs are 

based on results establisned in [3] (see also t4l). 



68 Schein 

A p a r t i t i o n a of a semigroup o i s c a l l e d l e f t regular 

i f s a t =>• us s.'J t for a l l s , t , u 6 j . :iere s =. t means tha t s 

and t belong to a sairiC- p a r t i t i o n c l a s s of J . .-light regular 

p a r t i t i o n s are defined ctually. 

THi.Ouiii.. 1. A pa r t i t ion n of a se,i.i,:roup o i s a I ' i r j t 

p ro jec t ion p a r t i t i o n i f and only i f i t i s l o f t regu la r and 

s 0 n 3 1 t 1 a s ^ n s ^ t p a: . . . a 3n«—i3QtQ=>.30r-i31 (1) 

for a l l S j . t j ë . i and a l l n ^ l . 

Til£OHJil.. 2. jrt p a r t i t i o n l—J of u senii^roup S i s a uooond 

pro jec t ion p a r t i t i o n i f and o.-il.y i f i t i s rL,:;nt r egu l a r , 

s 0 U l t 1 3 1 a; 31l_»t2S2 oc . . . a !3nLJt0'J0^-s0LJ'j^ (2) 

for a l l a . , t .€ 3 and a l l n ^ 1 , and 

ax - sy & st_lt =^tx = ty (3) 

for a l l a , t , x 6 3 and a l l y C 3 . 

KEkArlK. Since the antecedent of ( 1 ) i s i nva r i an t under 

c y c l i c permutations of ( 0 , 1 , . . . , n ) , (1) i s equivalent to 

S Q I T S ^ . & s . n a T t , (̂  . . . « a r- i30 t • • ^ 3 0 n 3 . r - | . . .T—is 

An analogous equivalent fortr. e x i s t s for (i), 

PrtOOP OP ÏOLiOBBi* 2. HiSOESSlTY. Jup^ose tna t o i s a func-

t ion semigroup and the p a r t i t i o n I—I corresj.onos to r.-. I f 

s u i t , i . e . p r , s = p r , t , tnen for evei-j u é o p r , su = 

= u(prps) = u ( p r ? t ) = p r , t u , hence sut-itu and f-J i s r i t n t 

r e g u l a r . I f the ar.teceuent of (.2) no las , tnen pr-, SQ = p r , t - a 

C r r ^ s1 = pr^ t jS^Cpr ^ 3 2 = . . . = pr 2 t^s^C pr 2 SQ and 
p r 2 30 = pr2 3V ^" s0t~t3\ a " d ' 2 ^ ho lds . I f sU-lt, tnen 
ta s = t (here s iô the- oin^ry r e l a t i o n converse to a ) . 
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Jo SX = 3y i.jplieo tx - t3~ sx = ti~ sy = ty and (3) holds. 

oUPPIJIE.IOY. î et i i pe a ri.̂ ht reculai' partition of an ao-

3tract semigroup 3 and let (2) and (j) nold. Jt,-fi;,e tne fol-

lowin., binary relt.ti.onl on J: SI t iff eitner s = t or 

there exist a^^.t^e^ such that s = SQi-it.a.., j.LJt23. 

8n_.| UtjjSjji 3n = t . .le ov.ii t a s t ra igh t forward v e r i f i c a t i o n of 

the folloivln0 f a c t s : 

( i ) l— la a Cjuasi-order ( i . e . r e i l ux ive und t r a n s i t i v e ) 
binary r e l a t i o n on 3; 

( i i ) I— i s ri j iht r egu l a r and l e f t negative ( thu l a t t e r 
means tha t s t l t for a l l 3 , t€ù ) ; 

( i i i ) sx = sy & tL_3=>tx = ty for a l l s . t . x é o and 

y è-i1; 

( i v ; (2) holds for a l l n * 1 i f f g i_ t a ti_ a =^.3 t-it for 

a l l s . t t o ( s ince su-it =-ï.3L_t ce tl 3, wc have t ha t (2) means 

the fol lowing: s i _ t & tl_3-4=» si—Jt/. 

I t follo.vs from [31 (gee a l so }a of \f\) tnat the re e x i s t s 

an isomorphism i of S onto a function soui.-.roup sucn tna t 
3 L-* "^^ Pr2 UsICpiP^ U t ) . ...oreover, a l l tne funct ions i ( s ) 

can be f u l l ( i . e . evcrywnere de f ined ) . Thus si_lt •«* su_t ix. t l _a 

«=*-ur2 i ( 3 ) c : p r 2 i ( t ) & pr2 i ( t ) C p r 2 i ( s ) < ^ p r 2 l ( s ) = p r , i ( t j 

- * * - ( i ( 3 ) , i ( t ) )€ J^. Dhua L_J is a second projec t ion p a r t i t i o n . 

OUTMKlS OP A ?KooP OP T^OUKIÈ 1. I t i s qui te analOoOUs to 

the i.rocedins proof. In the proof of suff ic iency .ve define af—t 
for s . t É J i f f c i t n e r 3 = t or 8 = BQ, S o r i S , ^ 

^n- l ^ _ , 3 l l t n• an = t - ^Ae^ c— is o I t f t r e cu l e r and r i ^ n t negat -
ive p a a l - ô r d e r r e l a t i o n on J , 00 ( D ] or jG of [4J there 

http://relt.ti.onl
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exists an iaoraorphism i of S onto a function sf,;,ibroup auch 

that sr-t iff pr- i(3;Cpr1 i(t). Thus s n t ^ ^ p r ^ •= p r ^ 

^^•(s, t/é r;1. 

ilementary (i.e. expressed es formulas of the first ord^r 

predicate lanjuajje) axioms for I—1 and I l 0iven in Theorems 1 

and 2 are aufficiently simple. However, they are infinite in 

number (for both (1) and (2) arc schemes of axioms, tney pro-

duce separate axioms for each value of n). A natural question 

is whether ths infinity of the axioms is due to imperfectness 

of the method used by the author or it is 'in the nature of 

thinta'. AI. answer is .rsvided by the following 

THEOUEI^ 3. The classes of firat projection partitioned 

oemiirours and sci-ond rrojeetion partitioned semi^roupa cannot 

be cnaractarizud by ai..v finite sets of clomentary axiuma. 

,Vo omit the proof of tnis theorem. It in based on examples 

of partitioned semigroups, dn, wi.ich satisfy any finite number 

of axioms from Iheorem 2 and which are not second projection 

partitioned. Then we ap. ly tne GSdel JoWipletenasJ t.t̂ oren for 

ths first order predicate calculus. 

REFEiiEtsCKS 
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On the rcprcsontation of modular Forms by theta aeries 

by M. Eichler 
Presented by J.H.H. Chalk, F.R.S.C. 

A theta series 
n, *. \ *• / c \ 2ninz 9(z,f,p) = i:c(n,f,p)e 

formed with a primitive definite quadratic form F in 2k 

variables and a spherical polynomial p of degree -t is a mod-

ular form of weight k + i with respect to the modular congruence 

group r
n(N) and the character x(a) = (D/a) where N and D 

are the level and the discriminant of F . In the 19 century 

Jacobi and Liouville determined the number c(n,F,l)of representations 

of n by a quadratic F ,in some cases, by comparing 3(z,F,l) 

with modular forms of known Fourier expansions. In the years 

19 36-41 Ilecke proposed a systematic analytic number theory of 

quadratic forms, based on his famous operator theory of modular 

forms. For explicit results he had to assume a knowledge of 

the representation of the 9(zjF,p) by a basis of modular forms 

of this type. But such knowledge is available only for few 

individual quadratic forms. 

In 1952 the author described the action of Hecke's T(q) 

for primes q with (D/q) = 1 and of the T(q ) for (D/q) = 1 

on the 9(z,Fjp) by the (weighted) numbers of integral trans-

formations X FX = nF of the forms into similar other forms 

(n=q or q ). This has been explicitly carried out in the 

case k=2 and D a square. The arithmetic analogues of the 

linear representations of the T(n) in the spaces of modular 

forms are now the Brandt matrices B(n) defined in quaternion 

algebras over Ç . By comparison of their traces it has been 

shown that all modular forms of square-free level N , character 

X(a) = 1, and weight £+2 can be represented by theta series [l], 

[6]. 
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2r+l ' The results have been extended to levels N=q N witlt a 

prime q not dividing N by Pizer [8], Ho proves that all 

new-forms (in the sense of Atkin and Lohnor) are representable 

by quaternary theta series. This is no longer true for a level 

U=a*U ; the modular forms not so representable are obtained 

from other modular forms by the so-called process of twisting, 

see [9] and earlier literature quoted theii'. 

An open question in this connection is the followlny,: which 

of the theta series for norm forms 1[.\] of quaternion ideals 

are linearly dependent or independent? Without an answer out-

knowledge on the representation numbers c(n,F,p) is incomplete. 

Recently Waldspurger [10] made a completely new approach 

which draws heavily on deep results of Zagier [12] who constructed 

modular forms with unexpected arithmetically given Fourier coef-

ficients. Among others he showed that all modular new-forins of 

character x(a) = 1 are linear combinati cms of theta series 

with level N and discriminant N , pnn ided that the weight, i .s 

k-fi with k=0 mod 4. . 

Even more important is Waldpurger's theorem on forms of 

character v(a) = (D/a) in case I) is odd and square-free. 

Under this assumption all modular forms can be obtained by the 

9(z,F,p) and the functions generated ii-om them by application 

of all Ilecke operators. Even the 9(z,r,p) alone suffice if 

and only if the Ilecke operator T(D) has no real eigenvalues. 

Under the last assumption all T(<l) transform theta scries 

into linear combinations of such. lite same has been claimed by 

Frcitag [5].without that assumption for the simple theta series 

o(z,F,l), by connecting them with Siegcl modular forms. At the 

moment there is still a gap in the pi-oof for operators T((l) with 
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(D/q) = -1. Such q do not exist in the case of D a square, 

and this approach challenges a purely arithmetic understanding 

of the connection between representation of numbers and of forms 

by forms. 

In the case of quaternary quadratic forms with non-square 

discriminant there is again a connection between the representa-

tion numbers c(n,F,p) and the Clifford algebras and orders 

attached to the forms F . The Clifford algebra is a quaternion 

algebra over the real quadratic field Q{-/ï>) . The Brandt 

matrices act as linear operators on the c(n,F,p) as do the 

Hccko operators [2], [10]. In general most of the 9(z,F,p) 

are linearly dependent, and the traces of the actions of the 

Brandt matrices on them are unknown. For D=q , a prime, many 

linear dependencies between the 9(z,F,p) have been determined, 

but not all [3]. The quadratic forms F[x] which represent 1 

play a particular role. Their Clifford orders have a certain 

symmetry, and the theta functions in 2 variables attached to 

them arc symmetric Hilbert modular forms. Kitaoka found that 

the number of classes of such forms is half the rank of modular 

forms of level q , weight 2 , and character (q/a) [7]. If 

their theta series and the theta series for the adjoint forms 

F are linearly independent, they represent all modular forms of 

this type. The answer is positive according to Waldspurger's 

second-mentioned theorem if and only if the Ilecke operator T(D) 

has no real eigenvalue. 

The mean representation number c(n,F,l) for these 

particular forms which represent 1 has been determined by the 

author in the case qsl3 mod 24. It is a certain sum extended 
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over class numbers of imaginary quadratic fields which bears 

some similarity with the trace formula for Brandt matrices [4]. 

References 

(Lecture Notes in Mathematics, Springer Verlag Berlin-IIei delberg-
New York will briefly quoted: Springer Lecture Notes.) 

1. EICHLER, M., The basis problem for modular forms and the 
traces of Ilecke operators in Modular Functions in One 
Variable I, Springer Lecture Notes 320, 1973. 

2. , Theta functions over Q and over Q(7q) >" 
Modular Functions in One Variable VI, Springer Lecture 
Notes 627, 1977. 

3. , On symmetric and unsymmetric theta functions 
over a real quadratic field, to appear in Acta Arithmetica. 

4. , Uber ambige definite quaternare quadratische 
Formen von Primzahldiskriminante, Comm. Pure and Appl. 
Mathematics 29 (1976), 623-647. 

5. FREITAG, E., Die Invarianz gewisser von Thetarcihen erzeugten 
Vektorraume unterHeckeoporatoren, Math, Ztschr. 156 (1977), 
141-155. 

6. HIJIKATA, II. and SAITO, H., On the representability of modular 
forms by theta series in Number Theory, Algebraic Geometry, 
and Commutative Algebra, a volume published in honour of 
Y. Akizuki, Tokyo 1973. 

7. KITAOKA, Y., Quaternary even positive definite quadratic forms 
of prime discriminant, Nagoya Math. Journ. 53 (1973), 
147-161. 

8. PIZER, A., The representability of modular forms by theta 
series, Journ. Math. Soc. Japan 28 (1976), 689-698. 

2 
9. , Theta series and modular forms of level p M , 

to appear. 
10. WALDSPURGER, J.-L., Formes quadratiques a 4 variables et 

relèvement, to appear in Acta Arithmetica. 
11. , Engendrement par des séries theta de certains 

espaces de formes modulaires, to appear in Inventiones Math. 
12. ZAGIER, D., Modular forms whose Fourier coefficients involve 

zeta functions of quadratic fields in Modular Functions 
in One Variable VI, Springer Lecture Notes 627, 1977. 

Received September 20, 1978 



75 

C, R. Math. Rep. Acad. Sci. Canada - Vol. 1 (1979) No. 2 

The irreducible subgroups of GI".^) with n < 6 

by Koiohlro Harada 

and 

Hiroyoshi Yamaki 

Presented by H. Zassenhaus, F.R.S.C. 

The authors have been investigating irreducible subgroups of the 

general linear groups of smaLl degree over the field of two elements. 

The following results have, so far, been obtained. 

Let X be a subgroup of GL (2) which acts irreducibly on an 

n-dimensional vector space V over GF(2) , the field of two elements. 

Two pairs (V,X ) and (V.Xg) are said to be isomorphic if X^ = X 

and the serai-direct products VX1 and VX are isomorphic. It Is 

clear that VX. ~ VX if and only if X. and Xg are conjugate in 

GLn(2) . 

If n = 1, 2 or 3, then correspondingly there are one, two or 

three isomorphism types of the pairs (V,X) . If n = U , then there 

are twenty isomorphism types, of which ten are nonsolvable. If n = 5 , 

there are only three; namely X is isomorphic to a cyclic group of 

order 31, a Frobenius group of order 5.31 , or GLr{2) . If n = 6 , 

then there are sixty-four isomorphism types, of which twenty-four are 

nons olvable. 

The method used to classify the irreducible subgroups of GL (2) , 

n < 6 is group theoretical and computational. Two theorems of Sims 

[2] and of Mizutani [l] in which all groups (in particular, all simple 

groups) having primitive permutation representations of degree less than 
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I49 are classified, are useful. The detail of the classification will 

appear elsewhere. 

The authors are at present investigating irreducible subgroups 

of GL (2) for n = 7 and 8 . 
n 

Theorem. Let X be a nonsolvable irreducible subgroup of Ln(2) 

with n < 6 • Then X is conjugate in Iift(a) to one of the following 

groups : 

(a) n = 3, 

(1) 1-3(2) . 

(b) n = U, 

(1) A_ , (two conjugacy classes), 

(2) S , (two conjugacy classes), 

(3) z3 * A5 -

(I.) (23 X A5) • Z2 , 

(5) Ag , 

(6) Sg , 

(7) A7 , 

(8) Ag , 

(c) n = 5 , 

(1) I.5(2) , 

(d) n = 6 , 

(1) PGL2(7) , 

(2) Z3 X L3(2) , 

(3) S3 X L3(2) , 

(It) Z A, , non split extension, 

(5) Z-S, , non split extension. 
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(6 

(7 

( 3 

(9 

(10 

( i l 

(12 

(13 

(11. 

(15 

(16 

(17 

(18 

(19 

(20 

(21 

(22 

(23 

(.2k 

SL3(10 , 

SL3(I.) • Z ? , 

GL3(lt) , 

rL3(i.) , 

V2)1Z2 ' 
r-2(8) , 

A u t ( L 2 ( 8 ) ) , 

GL2(8) = Z7 X L 2 (8) , 

r L 2 ( 8 ) , 

A , , 

S 7 ' 
A g , 

S g , 

U3(3) , 

Aut(U 3 (3 ) ) ~ G 2 ( 2 ) , 

^ ( 2 ) , 

Au t (U | t (2 ) ) , 

Sp (6 ,2 ) , o r 

L 6 (2 ) . 
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CRTTTCAL BEHAVIOR OF THE GEOSTOCHASTIC LOGISTIC SYSTEM 

D.A. Dawson 
Presented by Carl Herz, F.R.S.C. 

1. INTRODUCTION. 
The infinite geostochastic logistic system is a measure-

valued stochastic process which describes a spatially homogeneous 
population subject to reproduction, spatial dispersion and a Ver-
hulst-type competition effect. The basic mathematical construc-
tion of this stochastic process and the relevant terminology are 
given in [11,[2]. We briefly review the essential facts below. 

Let Î1 denote the space of continuous functions from [0,") 
into M (Rd), the space of tempered measures on R . Let X(.,.): 
[0,~)xf! * MT(Rd) be defined by X(t,o)) s u(t) for u> c n, t E [0,-). 
Let MS!) denote the set of probability measures on fl. Let 
F: M (Rd) * M (Rd) be defined by F(p) s (a-b(Ç*vi))W where a,b > 0, 
Ç isTthe indicator function of a sphere of radius R0 centered at 
the origin and * denotes convolution. Let D(L) denote the algebra 
of functions of the form .H<X ( t) , O»^, . .., <X(t) ,<fn>) where <.,.> 
denotes the canonical bilinear form, ^ is a polynomial of n var-
iables and •1,...,*n c i)(Rd), the space of C°°(R ) functions rap-
idly decreasing at infinity. Let 
(1.1) LiMu) = <*'(u) ,Aii+F(u):" + '5Y<PD.*"(")> 
where u denotes the measure on RdxRd defined by uD(AxB) = 

u(AnB), *',*" denote the first and second Fréchet derivatives, 

respectively, and A denotes the d-dimensional Laplacian. 

The geostochastic logistic martingale problem is to con-

struct a mapping U • S, from MT(Rd) to It(B) such that 

(1.2a) Pv)(X(0)=U) = 1, 

(1.2b) for i|) e D(L) and y E M T ( R ), 

iHX(t)) " J LiHX(s))ds i s a P -mar t ingale . 
0 

The following basic exis tence theorem i s proved in 11]. 
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THEOREM 1.1. The martingale problem prescribed by (1.1) and 

(1.2) has a unique solution. (The solution is referred to as the 

geostochastic logistic system (GSLS).) 

2. STABLE BEHAVIOR OF THE GSLS. 

A probability measure P E n (fî) is said to be a spatially 

homogeneous steady state random measure for the GSLS if it is 

invariant under the transformation induced by spatial transla-

tions in Rd and if JP P(dp) is temporally stationary. 

THEOREM 2.1. (a) For fixed R0 > 0 there exists Yc such that 

for Y < Y / the GSLS has a non-zero spatially homogeneous steady 

state random measure. 

(b) For Y >> Y , E > 0, any compact set K and any spatially 

homogeneous ergodic initial measure ii, 

P (X(t,K) > E) ->• 0 as t -• »>. 

Method of Proof. It has been shown in [1], [2] that cumulant 

densities exist for the GSLS, X(t). In view of spatial homo-

geneity the first two cumulant densities can be written as m ^ t ) , 

v(t,x), x E Rd. The following system of differential inequalities 

is established in 12]. 

(2.1a) d/dt(ra1(t)) = am^t) - bl° v(t,x) - bVm^t), 

(2.1b) 3/3t(v(t,x)) < A(m1(t) )v(t,x) +Ym1(t)6(x) 

where V = cdRd, the volume of a sphere of radius R0, <5 denotes 

the Dirac delta function, 

Ixv(t,.) 5 J v(t,y)dy, 
y l ly-x|l<_R0 

and 
A(m)u(x) 5 2(a-bVra)u(x) + 2Au(x) + 2mb / (u(x)-u(z)) 

|Z-X|| 1R0 

From (2.1) it can be established that there is an asymptoti-
cally stable pair (m0,v0(.)> such that m^t) i m0 > 0 and 
v{t,x) < v (x) for all x and t. The result then follows by 
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an ergodic theoretic argument. 

Remark 2.1. The steady state random measure corresponds to the 

asymptotically stable fixed point, x(x) = a/bv, of the nonlinear 

diffusion equation obtained in the Y = 0 limit. However for more 

complex multitype systems (c.f. [1]) multiple bifurcation in the 

y parameters can occur leading to stationary stochastic states or 

behaviors having no deterministic analogues. This possibility is 

an important feature of a theory of nonequilibrium phase transi-

tions. 

3. CRITICAL BEHAVIOR OF THE GSLS. 

We now investigate the behavior of the GSLS as R0 * ". In 

this case we let b(R0) = b/cdR0. Note that 

F(X{t)) = aX(t)-bm1(t)X(t)-(b(R0)X(t,S^O>-bm1(t))X(t) . 

Since for a spatially ergodic random measure b(R„)X(Sx0) + bm^(t), 
it is natural to compare the limiting behavior of the GSLS with 
that of the martingale problem (1.1), (1.2) with F*(u) = ap-bra^u) 
where m,(p) denotes the mean density of the measure p. Clearly, 
in looking for stationary states of the F*-martingale problem it 
suffices to consider measures, M, with rn-tu) = a/b since it must 
be preserved under the evolution. 

THEOREM 3.1. (Dawson 131). For d = 1,2, the F*-martingale prob-

lem has no non-zero stationary state and for E > 0, compact 

set K and spatially invariant p, P (X(t,K) > E) ••• 0 as t •» •». 

For d > 3, the F*-martingale problem has a unique non-zero invar-
iant random measure with m.(u) = a/b. 

THEOREM 3.2. Let XRo(.) denote the steady state random measure 
s s 

for the GSLS with given R- and let X*!-) denote the steady state 
random measure for the F*-martingale problem. Then for d > 4, 

X g(.) converges weakly to X* (.) as R0 -• ". 

The proof of Theorem 3.2 is dependent on a refinement of 

the inequalities (2.1). Following a convexity argument (2.1b) 

can be replaced by 
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(3.1) 8/3t(v(t,r)) ^ 2(a-bm1(t))v(t,r) + 3 /3r (v(t,r)) 

+ (d-l)/r)3/3r(v(t,r)) + cmĵ  (t)bR03/3r (v(t ,r) 

for r > R , where c is a constant and v(t,x) = v(t,r) where r = 
For ||x|| < Rn, with a matching boundary condition on r = RQ, x - 0 

(3.2) 3/3t(v(t,x)) ^ 2(a-bm1(t))v(t,x) +Av(t,x) +Ym1(t)6(x). 

Let X (R.) denote the smallest eigenvalue of -A with zero boun-

dary conditions on the boundary of the sphere SQO. Then ^ ( R Q ) 

* R0
2 as R0-". If a-bm^t) ± \ v then I° v(t,y) < Iyv*(t,y) 

= 0(R?) for large R0. But then 

(3.3) a-bm1(t) -v cI° v(t,y)/Rd = OtRjj ) . 

If d > 4, then (a-bm1(t)) «X1(R0) for large RQ and a self-

consistent estimate is obtained. It can then be shown that the 

contribution to the martingale problem from the term F(.)-F*(.) 
becomes negligible as RQ * ". 

Remark 3.2. As in the case of the F*-martingale problem (cf. 13]) 

the large scale fluctuations are asymptotically Gaussian for d > 4. 

However in the case d = 3, it is apparent that the critical behav-

ior is qualitatively different and it is expected that the large 

scale fluctuations near criticality are not Gaussian. This phen-

omena is a result of the nonlinear amplification of the largo de-

viations of the random field. 
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GENERALIZED GAUGE FIELD THEORIES 

Hatino Rund 

Presented by J. Aozél, F.R.S.C. 
The standard theory of gauge fields [1] displays some very remarkable 

features, the most striking of which is the fact that the free Yang-Mills 

equations can be expressed in the form D(*F ) = 0, where p denotes an 

operator of exterior covarianc differentiation which Is defined In terms of a 

specially constructed connection, the latter depending explicitly on the field 

variables and on the structure constants of the Lie group on which the gauge 

field is based. It is well known, however, that the Yang-Mills equations can 

be identified with the Euler-Lagrange equations of an invariant action 

principle. From the point of view of the classical calculus of variations 

this naturally raises the following question: Under what circumstances is it 

possible to associate with some given invariant integral a connection which is 

such that the Euler-Lagrange equations can be expressed in terms of the 

corresponding covariant derivatives? It is this complex of ideas to which we 

shall address ourselves. 
a . 

The field variables of out action principle are denoted by A (x), 

where x • (x . .... x") represents the local coordinates of a dlfferentlable 

manifold X . (Latin and Creek Indices range from 1 to n, and front 1 to 
D 

r, respectively; the summation convention applies to both sets of indices.) 

It is supposed Chat the field variables are subject to generalized 

(inhoroogeneous) gauge transformations of the form 

d ) A ' ; - A ; - n . V + c ^ M ^ u » - x B 7x)u s - ^ ( x ) 3 l / . 

where, in accordance with the standard approach to gauge field theories, the 

u" denote a set of r position-dependent infinitesimal parameters. This Is 

supposed Co be accompanied by a point transformation 
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(2) x'j = xJ + ÇaJ(x)ua. 

The encrles in the Jacobian of (2) are Identified with the coefficients ^ 

which appear in (1); the properties of the remaining coefficients in (1) arc 

determined by the Implications of the postulate chat che Incegral of the 

variational principle for k* be invariant under the combined actions of (1) 

and (2). It is supposed also Chat Xn is endowed with a Riemannian metric 

(, )• this allows for the conscrucdon of a wide class of a appropriate ^hj'' 

Lagrangians. 

From a detailed analysis of Che resulting invariance identities satisfied 

by the Lagranglan and les derivacives. Che following sec of connection 1-forms 

emerges in an almost inevitable manner: 

(3) *t '**/*<' -̂V̂ '-
in which the coefficients Ç^gCx) musc satisfy Che relacions 

(«) S V Y V S V E
X

B
 + <CVBV0- S V - S V 

Cogether with 

(3) 

while Che 1-forms ** are subject to the conditions 

(6) < + C A < + C / ' 0' 

where ta denotes a sec of 2-forms for which 

m ^ * < A / = 0. 

Moreover, the requirements imposed on the coefficients in Che gauge trans-

formation (1) are such as Co reduce the laccer (possibly after a re-scaling) 
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Co 

i 0 ^ j V - V" " ^ j " 3 ' V = 'a> J ' -
(8) A , a . A 

J J J " J B J" • - f l 'B j u 

The curvacure 2-forms a s s o c l a c e d wlch Che connec t ion (3) can, by v i r t u e 

of ( 4 ) - ( 7 ) , be expressed a s 

(9) 

where Che 2-forms 

V : •"«+»" A «„=- ç 0 FE. 
B S c S .*e 6 " 

(10) ^ = dA» + jr « X A A8
 + * « A A8 

2̂ £ B + T" 

satisfy che Blanchi identities 

<11) DFa - 0. 

The Lagranglan may now be considered as 

(12) 

where 

^ • - " V ^ V B V J V V ^ V ' 

(13) 

We s h a l l put 

• / - V ^ y . f * . K V ^ ^ - ^ . h - v J .h 'j ' 

( " > L V = a t / a A ^ ^ . LaJ = 3 L / 3 A j
a . 

The Euler-Lagrange expressions may then be represented in che form 

a5) ^-vO-^-v^. 
which is a covarianc dlverSence. (In this context the operator D includes 

h 
appropriate terms Involving the Christoffel symbols of the metric.) The 
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divergences of these expressions vanish identically: 

(16) D ^ E J O - ) ] - 0. 

Moreover, in terms of Che (n - 2)-forms 

I 

(H) S " " R " V "jh " 'My • •C'' 3 A • • • A dX 

the Euler-Lagrange equations admit the representation 

(18) D(*La) - 0. 

Xhe encrRy-momentum tensor is defined as 

(19) V = -2(aL/3gj/,)gh£ = Lj/Fh
a
£ - 6JL. 

and, for a fairly general class of Lagrangians, the covarianc divergences of 

(19) vanish whenever (18) is sacisfied, which represenCs a counterpart, 

within-this framework, of Che classical theorem of Noether. 

One of several significant classes ot special connections arises when 

d, a = r a ibE for a set of 1-forms ^ . It then follows that ; . =• constant; 
*B SE eT E B 

because of (4) these coefficients may be identified with the structure con-

stants of a Lie group. The standard theory of gauge fields is then recovered 

by the additional specializations * = 0 , » = 0 . 

1Thls research was sponsored In pact by NSF CP 43070. 
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Composition of-quadratic and alternate forms 

Irving Kaplansky 

Presented by P. Ribenboim, F.R.S.C. 

Composition ot quadratic forms of the same dimension was first 

t reated In a c lass ical paper of Hurwitz [4]. The generalization to different 

dimensions was made by both Hurwitz [5] and Radon [7]. This theorem has 

had applications in a number of contexts: two samples a r e [1] and [8]. 

The methods of Hurwitz and Radon were mat r ix - theore t ic . The 

applicability of group representat ions as an alternate method was pointed out 

by Jordan, von Neumann, and Wigner [6, 51-54] in the equidimensional case 

and by Eckmann [2] in the general c a s e . Hers te in 's polished account of the 

group method [3,141-144], it should be noted, applies only to the equi-

dimensional ca se . 

Recently I noticed that Clifford algebras seem to fit the problem even 

bet ter than group representat ions . I shall devote this note to sketching how 

this works . At the same time I t r ea t the parallel problem where one of the 

quadratic forms is replaced by an al ternate form, and I make a modest inva-

sion of charac te r i s t ic 2. 

Let V and W be finite-dimensional vector spaces over an algebraic-

ally closed field k of charac ter i s t i c ^ 2; let their dimensions be m and n 

respectively. Suppose that V supports a nonslngular quadratic form q and 

that W supports either a nonslngular quadratic form r or a nonslngular 

al ternate form s. Suppose further that there is given a bi l inear function 

V X W -• W, which we shall simply write as vw, such that we always have 
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r(vw) = q(v)r(w) o r s(vw , vw ) = q(v)s(w ,w ), as the case may be. Our 

t ask is to describe the possibil i t ies for m and n. 

If T(v) is the map w — vw, then the map v •* T(v) is a one-to-one 

l inear transformation from V into a vector space of homotheties of W, We 

might as well use it to identify V with T(V)j so V is now a subspace of 

End(W). We have v*v e k for all v e V, where * is the adjoint map on 

End(W) relative to r o r s. An innocuous change in the bilinear map can 

a s su re us that V contains the identity l inear t ransformation on W. We then 

have ( \ + v*)(X + v) e k for every scalar \ . It follows that v* + v e k and 

that V is an orthogonal direct sum of ki and the subspace S of skew 

elements. We now erec t the Clifford algebra C on S. 

The main point is that in addition to its known algebra s t ructure C 

c a r r i e s the involution induced by declaring the elements of S to be skew and 

letting nature take its course . It is routine to determine the structure of C 

as a *-algebra and then to catalogue the possibil i t ies for its relation to the 

• -algebra End(W). The facts a re assembled in the table below. 

Explanation: When m is odd (so that the dimension of S is even) 

C is a total matr ix a lgebra . There a re two possibil i t ies for the involution: 

it may be of the t ranspose type or of the symplectic type. This is recorded 

in the second column. When m is even, C is the tensor product of the 

corresponding algebra for m - 1 with a two-dimensional algebra generated 

by a central z with z sca la r . We need to know whether z is self-adjoint 

or skew and this appears in the third column. The fourth and fifth columns 
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list the smal les t n that will accommodate C. The tableau repeats mod 8. 

(Note: of course the fourth column amounts to the same thing as the 

Radon-Hurwitz function.) 

Let k have charac ter i s t ic 2, take m odd, and assume the form on 

W to be a l te rna te . Relative to the quadratic form q on V there is a d i s -

tinguished one-dimensional subspace — the radical of the induced al ternate 

form. We can a r range that Y is spanned by the identity l inear t ransforma-

tion. The orthogonal complement S of Y then consistes of self-adjoint 

e lements , and the Clifford algebra on S can be used as above, yielding 

s imilar but slightly different r esu l t s . 

m 

3 

5 

7 

9 

4 

6 

8 

10 

Inv. 
on C 
Sympl. 
Sympl. 

T r . 

T r . 

Center 

Self-a. 
Self-a. 

Skew 

Skew 

Best n in 
quad, case 

4 

8 

8 

16 

4 

8 

8 

32 

Best n in 
alt. case 

2 

4 

16 

32 

2 

8 

16 

32 

/ 
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Indecomposable representations of orders and Dynkin diagrams 

C.M.Ringel - K.W.Roggenkamp 
Presented by V. Dlab, F.R.S.C. 

Let R be a complete valuation ring with quotient field K, and A 

an R-order in a semi-simple K-algebra A. It is known that some 

problems ii the representation theory of A can be reduced to simi-

lar problems in other categories [2], however no attempt seems 

to exist to develop a general theory. The present note will sur-

vey some of the problems which can be tackled in this way. The 

procedure always will be twofold: First, there will be a reduc-

tion to one of those vector space categories which lately attrac-

ted nuch Interest (categories of representations of quivers,spe-

cies,partially ordered sets,subspace categories etc.); the second 

step is then the construction of lattices from the given data.In 

this way,one wants to list some,or even all,indecomposable A-lat-

tlces. In contrast to the usually applied methods,there will be 

little calculation inside the order or the lattices (the calcula-

tions are transferred to the frame of vector spaces). On the other 

hand,the results will usually not depend on the particular struc-

ture of the residue field k of R, whereas most of the classical 

results were formulated only for finite k. 

We denote by N(A) a full set of non-lsomorphic indecomposable A-

Iattices,and by Nd(A) the subset of those lattices of rank d. 

Theorem I: If N(A) is infinite, then there exists an infinite chain 

of Indecomposable A-lattices H c B ^ .. .MJCHJ -C... such that 

"t^i/Mi " M for all 1. l+l i o 

This result is a concequence of the validity of a similar state-

ment for certain vector space categories, which turned out to be 
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true in the proof of the second Brauer-Thrall conjecture [4). 

Moreover we can formulate ai analogue of this conjecture for or-

ders asserting that there are infinitely many natural numbers d 

such that N.(A) is infinite in case k is infinite, whereas lor 

finite k, the number of elements of Nd(A) grows rapidely with d. 

For a special type of orders, the reduction method gives a par-

tlculary satisfying theory: Namely it extends a recent result of 

Backstrom [l] into several different directions and shows that 

his rather unnatural seeming conditions have a fairly natural in-

terpretation: He describes the Dynkin diagrams An,Dn,E6,E7 and Eg. 

We call A a Backstrom order provided there exists a hereditary 

R-order T such that AcT and radA radr. Note,that in case A is se-

parable,and A is an arbitrary order in A, there is a hereditary 

order F with AcFtA such that A =A+radr is a Backstrom order con-

taining A . In this way,results concerning lattices over Backstrom 

orders are of interest also for general orders. For any Backstrom 

order A, we introduce a valued graph in the following way: Let 

AcF, with r hereditary, and J = radA=radr. By Morita-equivalence, we 
s t 

may suppose A/J= TT F.,and r/J- « (Fi)n w h e r e Fi a r e skewfields 
1=1 1 i=s+l i 

l<i<t, and (F) denotes the full nxn-matrix ring over F. Note 

that for later purposes we denote the various skew fields by P., 

the index ranging from 1 to t. For s+l<j<t, let S. be a simple 

f/J-module with endomorphism ring F., and we denote by ^S. the 
F -F.-bimodule . S =F. (S. S,, where lii<s, s+tâjit, and by d. ,= i j i J l A j ij 

=dimF ( S.),d' =dim(1S ) F the resp.two dimensions of iS J . For 

^ s , and lor j<s, we put d y d ' -0. In this way we get a valued 

graph G with t vertices and valuation (di.,d'). 
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Theorem II: Let A be a Backstrom order with valued graph G. 

(i) N(A) is finite if and only if G is a Dynkin diagram, and in 

this case, the elements of N(A) correspond bijectively to 

the non-simple positive roots of G. 

(ii) If G is an extended Dynkin-diagram, then N(A) can be classi-

fied. 

Backstrom [l) proved part (i) under the assumption that the resi-

due field k of R is finite and that all F^k (note that in this 

case only the Dynkin diagrams An,Dn,Eg,E7,Eg can occur), without, 

however,constructing the indecomposable representations explici-

tely. The reduction method, on the other hand,allows an actual 

classification of all Indecomposable representations in both ca-

ses (1) and (ii). We should remark that every valued graph occurs 

as the valued graph of a Backstrom order. For example 

fR T- R R R R R") 
r a R R R R R 
•n Ti a ' R R R R 
r r TT C - ' T T R R 
Tt TT F TT g R R 
n TT r TT Tt B ' n 
n " R 

a=a'=a" m o d TT , B--B ' m o d T T , 

where n is the maximal ideal of R, 

is a Backstrom order with diagram Eg-.-.-.-.-.-.-. .Since Eg has 

120 positive roots,there are 112 indecomposable A-lattices.There 

is one lattice of highest rank 105,with 6 generators,given as 

follows: 
f T - T T R R n r T - R R R R R R R R 

a a'a" a"'v T I T T R R R R R R R R 
T I T T T T T : 6 B ' B " R R R R R R R K 
T t T t T T T T T T T I T T Y Y ' Y ' V " Y ' " ' TT TT T 
T I T T T T T T T I T T T T R ô C J . TT T T T T T T 
T T T T T T T T T T T T n T T T T T T n Tt fi'e't-
T T T T T T T T T T T T T T T T T T T T T T Tt R R R 

s u b j e c t t o t h e f o l l o w i n g 
c o n d i t i o n s 
B =of+ol"+y'" modTT 
6 '=ar ' +o",-fV" modn 
e"=c^"+a!"'+v," modn 
cr'=Y modn 
a"=Y * modn 
d"=y " modr 
j =6 ' modn 
c =e ' modn 
t = 1 ' modn 
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Finally,we should state one of the reduction arguments on which 

the proof of theorems I and II is based, and which allows to re-

prove many of the known results on N(A) for arbitrary A (for ex-

ample [3 ]) . 

Assume that the R-order A in A is contained in the hereditary R-

order r in A and let I be a' full twosided F-ideal contained in A 

such that fcradrnradA . Put A" A/I, and f=r/I. We denote by C 

C(A,r,I) the following category. The objects of Ç consist of A-

monomorphlsms i:X-»Y, where X is a adtely generated left A-modu-

le, Y is a finitely generated projective left F-module, such 

that f. Im(i)=Y. Morphisms are commutative diagrams X —• Y where 
al IS 

a is a ̂ -homomorphism, and S a r-homomorphism. X'î-< Y' 

Theorem III: The category of left A-lattices and the category 

Ç(A,r,I) are representation equivalent. 

In the case of Backstrom order Acr, with radA=radr, we apply 

this theorem using I=radA. 
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indecomposable lattices. Ph.D.thesis 1972, Chalmers Institute 

of Techn., Univ.of Goteborg. 

[2] Butler, M.C.R.: On the classification of local integral re-

presentations of abelian p-groups. Repres.of Algebras, LN In 

Math. 488, 54-71 (1974) . 
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A CANONICAL CURVE OF GENUS 6 

by 

W. L. Edge 

Presented by H.S.M. Coxeter, F.R.S.C. 

Del Pezzo's q u i n t i c surface F in S-dimensional pro ject ive space 

contains 10 l i nes which f a l l i n to 5 quadruples q of mutually skew 

l i n e s ; each l i n e belongs to two q. The planes which meet a l l 4 l i nes 

of a q belong to a regulus and cut F in the conies of a pencil 

p [ 3 , p.226; 1 . pp.50, 51 ] . 

F admits a group G of 120 s e l f - p r o j e c t i v i t i e s isomorphic to 

the symmetric group S. and imposing a l l 5'. permutations on the q 
and on the p. I t i s surpr is ing i f there i s no e a r l i e r record of t h i s , 

and one's surpr ise i s a l l the greater because Baker, i n a paper l a rge ly 

concerned w i th F. does ob ta in , and gives equations f o r , 9 harmonic 

inversions a l l leaving F invar ian t [ 1 , p.185]. Of these. 6 are 

among the 10 invers ions in pairs of planes that belong to G; the 

other 3 are among those 15 harmonic inversions which belong to G and 

have l i ne and s o l i d as fundamental spaces. I f Baker had only chosen 

a d i f f e ren t no ta t ion among the several avai lab le he might well have 

recognised the whole o f G. 

Each l i n e on F meets 3 o thers , and each t r i a d of in tersect ions 

has a Hessian duad. The 20 points o f these duads are the base points 

of a penci l P o f curves of order 10 on F, canonical of genus 6 when 

i r reduc ib le and non-s ingular . There are 3 reducible members A ,1 .1 

of P; A consists of the 10 l ines themselves whi le each of i , I 



96 Edge 

consists of 5 conies, one in each pencil p. 

Every curve of P is invariant under the 60 projectivities of 

the subgroup A- of S5; every projectivity in the coset of A5 

transposes [" with P while leaving /\ invariant. So every 

involution in the coset imposes the same involution J on P. 

pairing its members. Of the two curves in P fixed under J one Is 

fV; the other is a non-singular irreducible curve W. One has. 

therefore, a canonical curve of genus 6. unique on F; indeed it is 

the intersection of F and the invariant quadric of this irreducible 

representation of S,. Whereas a general curve of genus 6 has 15 moduli 

U has none and the specialisation will endow it with properties that 

may be worth investigating; one thinks especially of the 210 

Weierstrass points where the osculating 4-space has (at least) 6-point 

intersection. Moreover a general canonical curve of genus 6 has 

25(26 - 1) contact primes, i.e. 4-spaces touching It at 5 distinct 

points; how are the contact primes of W identified? 

It has not been noticed before that W is the canonical model 

of the 4-nodal plane sextic shown, by Wiman in 1895, to ainlt a group 

of 120 Cremona self-transformations [4. p.208]. 

S- has 6 cyclic subgroups of order 5; let C5 be one of them. 

Those points that are fixed under all the projectivities of C5 consist 

of 4 isolated points and all the points of a line; this line proves to 

be a chord of F, so 6 chords of F occur, one for each subgroup of 

order 5. The 12 Intersections of F with these chords fall into two 

hexads. the members of each hexad being nodes on a rational curve in P 
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Every curve in P other than A . T . \ and these two rational curves 

is non-singular. 
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'.; . r c . c tc r y or .i'l. . . or ;.c ( -tl n ;o: : 1 ..-mu": i n v r _' ( ' ) 

«T. . . . :'•.•.'. ;c 

Preaented by G.deB. Robinson, F.R.S.C. 

1. lETRODUCTIOi;. Civen here for characters of levels 1 and 2, 

verified for level 3, and conjectured for higher levels are a 

set of explicit formulas, valid for all n, that yield the abso-

lutely irreducible complex (AIC) characters of the orthogonal 

groups Gn = 0 2 n ^ ( 2 ) . lln = G2n(2.+) and Kn x 0^(2,-). The 

croup G is defined by matrices over GI(2) that leave invariant 

the quadratic form 

^ n + l(z ) = f^ Z2i-lZ2i * Z2n.l (1-1> 

and II , !: are its subcroups fixing respectively the linear 

forms 2 2 n + 1 and z2n_1 • z 2 n * zZn^. î^rmal subfiroups H^ of Hn 

and l' of i , of index 2^ intersect in a group isomorphic v.ith 

r: ,. and have "outer" cosets H' t . \f %„ containing the trans-
f^— ]_ il TV II il 

position tn = U2n-l'z2n' in c l a s s t- If v'e set 

an = 2n+1' bn = ̂ '1' crt = anbn' «n = clc2--'cn (1-2) 

then Gn has order 2-qn, ! = n , and the subgroups Hn and Kn 

have indices 2n"1an and 2 n' bn in C^. Groups \.y G^, and H^ are 

isomorphic respectively with the Jteyl grrup E^ and the central 

factor groups of iio and Eg, whose characters are known [l,2j. 

The characters of G induced by the trivial characters 1 

and the alternatinc characters î of Hn and l:n each split into 

two AIC characters of Cn [see 33 , as follows: 

1,,°  = Y + 1, lh
C = X + 1 (1-3) 

IH'; = V t •.., I,.1'' = U + I. iX.'i) 

:.,e call U, V, U, X, Y the level 1 AIC characters of Gn, and 
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assign level 1 to the AIC components (other than 1,1 of level 0) 

of their restrictions to Hn or r.n. These form three pairs of as-

sociated level 1 characters, with decrees bnbri_1/3i 2 b
n
a n - j / 3 , 

" cn-l/ 3 for Hn and V n V 3 ' 2aribh-2^3' 4cn-l/3 Ior 'n" 

Level k AIC characters in each group are defined to be AIC 

components of a product of k ̂  n, but no fewer, level 1 charac-

ters. Each level 1: AIC character is contained in exactly one 

"extended" level k character, which may be the same (as with U, 

V, W for G ) or may contain other related lower level characters. 

For example,the extended characters X + 1 of Gn and the restric-

tion of W to H or K contain the AIC characters X and Iv - Î, 

respectively, and the symmetrized square V of V, of level 2 

for G .contains the AIC level 2 character V1-1- Y - 1. lormulas 

for all extended characters of levels 1 and 2 are civen below. 

2. THE EASIC CLASS FUhCTIOI.S. The formulas 

1 1 
1 -1 

+ l1 Y 
X + I It 

1 
1 
J. 

1 
1 

-1 

2" 
-1 
. 0 

V" 
u 
.*. 

= 
s 
Y 
-f. 

= I 
« 
y 
A 

(2,1) 

define a set of basic class functions (*, ëî , B ,| , V . ,f whose 

values on each class of Gn (or lln or Kh) have been shown to be 

1, -1, or 0 times a power of 2 [3], Values of the class func-

tions « , p , etc., on class C are defined to be the values of 

« , fr, etc., on the class of mth powers of C-elements. For a 

class C of G roi resented in li, or l^ but not in Ci^_1, the sign 

cr of 0 is 1, -1 or 0 according as C is represented in ̂  but not 

K , K, but not H^, or both. Values of*,* , /i , ̂ 3 , y , j1 are: 

a, = 22n"f , * = U= (-2)2n'f . O-- rank(A-I), A in C (2.2) 
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P xWt^F = V - X, p= ïp = v - u 

= V + u ( -2) l
::i 

(2.3) 

(2.1) 

For j = 3 , 5 , 7 . 9 , 1 5 . e t c . , u . denotes the number of indecompo-
-1 . • • 

sable Gummands A- in a completely decomposed matrix S AS. simi-
l a r over GF(2) to a na t r ix A of c l a s s C in Gn, tha t have primi-

.th i lues in an extension f ield of t ive J ' " roots of unity as ei ; enval 
;:F(2). Additional higher level bas ic c lass functions are 

£ = 1(1-5)'-' . t= d 7) P7 n = 1(1-9) 
P9 (2.5) 

The class function S is 5 2 or - ^ according as an even cr odd 

number of summands Aj are of class t type. 

3. TAZ CHAIIiiClir. iCfiU'lAS- Columns cf the coefficient matrices 

in (2.1) are seen to be the AIC characters of Hj = S2 and i^ -

S , respectively. Invertir..; these character matrices yields 

1 1 
1 -1 

«/2 

•;V2 
X + 1 
;•. • i 

V / É 
Y/3 

[{5/2 
= I 

V ' 
I" 

}'r-

H ~ S , while those of the second coefficient ma 

actors of 1 j ? S,, and also of G| = Sy 

1 1 1 
1 1 -1 V/3 (3.U 

2 -1 0 

Hows of the first coefficient matrix in (3-1) are characters of 

trix are char-

Columns on the right of 

the equations are the level 1 extended characters of C1 that 

are respectively positive and negative on class t, while the 

latter are also extended level 1 characters of Hn and Kn. This 

structure generalises to level k characters if we can assign to 

each class Cx of G. an appropriate level k basic function, lor 
(2) 

G = S- the following assignment of basic functions ̂ A works. 

C (sj.. i6 1^3 i2
2
2 23 32 6 1.5 i l ^ W O l2^ 2.1 (3.2) 

,(2) "•) ^ *» v' ) - ^ ; *f if t h (3-3) 
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Class multipliers U>\ are defined on class Gx of G by 

ùJ^G) <.ïj(G)|CA(G)j , Xi an AIC character (3.1») 

Theorem 3.1. The 16 level 2 AIC characters of G (distinct if n^4) 

are each contained in a level 2 extended character given by 

2 I ^ 2 ) ^ ( H 2 ) / J H 2 I , i z i ^ ^ K ^ / i i y (3.5) 
of which the 9 derived from lU are positive and the 7 derived 

from Kp are negative on class t of Gn. 

Theorem 3.2. The 11 level 2 AIC characters of Kn that are positive 

on class t (distinct if n ? 1) are each contained in an extended 

level 2 character given by 

X l ^ 2 ) î(&2)a;Ai(G2)/jc2( , i = 1,2,..-, U (3-6) 
A _ 

Corresponding character formulas for H_ omit the factor 1(G2). 

The level 2 characters negative on class t are products of these 

by the alternating characters l(Kn) or ÏUI,,) respectively. 
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Applications of a Generalized Martin's Axiom 
F r a n k l i n D. T a l l 

Presented by P. Ribenboim, F.R.S.C. 
Ever since the immensely fruitful Martin's Axiom was formulated in 

[ST], the problem of generalizing i t to higher cardinals has been of 

in te res t . Recently there have been par t i a l solutions, due to Laver 

(unpublished), Baumgartner (see (H]), and Shelah [S]. In th is note (which 

par t ia l ly summarizes [T,]) ue do not attack the set- theoret ical problems 

inherent in proving the consistency of such generalizations, but rather seek 

to demonstrate the importance of these generalizations by exhibiting some 

non-tr ivial consequences, non-tr ivia l in the sense that they are not 

straightforward generalizations of standard Martin's Axiom resu l t s . As is 

common these days in set theory, many of these consequences are topological. 

Since the optimal version of generalized Martin's A:;iom does not yet ex is t , 

we employ (an equivalent of) Baumgartner's version which is easy to s ta te 

and surprisingly powerful. 

Baumgartncr's Axiom: Let 5* » <?,<> be a par t i a l order which is S [ -

linked ( i . e , P is the union of ^ 'J] compatible ( in t ) subcollections), and 

countably compact (a lower bound exis ts for any countable set whose f ini te 

subsets possess lower bounds). Then if 9 i s a collection of fewer than 

2 ' ' dense subsets of P, there is a maximal f i l t e r G £ P which meets each 

D £ 3 5 . 

Theorem 1 (Eaunigartner). Enungartner's Axiom is consistent with 

2' M . 1 i and 2 * ' «̂  K, where K ^ ^ 2 is "anything reasonable". 

Clearly 2 * ' = o 2 implies Baumgartner'^ Axiom, which i s henceforth 

1. The aurhor acknowloilgos support from Grant A-735A cf the Natural Sciences 
and Eniîinoerini; Roscarcli Cotmcll of Canada. 
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abbreviated as "BA", while its conjunction with the continuum hypothesis 

will be known as "BACH", 

tl 

Essentially, what we shall obtain from BACH (plus 2 ' > •1 2) Is a 

variety of useful combinatorial principles. Our first one is 

P : Let C? be a proper o-ideal on a set Y of cardinality S j . If ^ 

Is o-gcneratcd by a set of power less than 2' », then there is an L £ Y 

which is t* -Lusin, i.e, L is uncountable and for each l e w , L n I is 

countable. 

Theorem 2. BACH implies P , 

To see this, observe that P is equivalent to the natural generaliza-

tion of the well-known combinatorial principle P(c), and then generalize 

the Martin's Axiom proof of that. There are obvious applications of P, to 

almost disjoint set problems. For a topological application of P., wc 

consider L-spaces, i.e. hereditarily Lindciaf regular nonseparable spaces. 

Theorem 3. P, plus CH plus 2' ' > ̂ . 2 implies there is an L-space 

which does not have a basis of cardinality il 

The idea of the proof is that by CH, in the product X of S 2 copies ot 

the two point discrete space there exists a set Y of power S, j which meets 

every nonempty C,. P. applied to the trace of the first category ideal of 

X on Y yields the required space Z, 

When one looks for examples of countably closed forcing in the 

literature, one often finds that only N2 dense sets are involved, and 

that arguments using the forcing language ore not employed. To apply BACH, 
.1 

it thus becomes a question of seeing whether ",> [-linked' Is a sufficiently 
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strong chain condition, and whether "countably closed" can be enhanced to 

"countably compact". The case of most interest is the existence of a 

Kurepa tree, and a close analysis of the partial order in question indeed 

shows that it Is S. [-linked and countably compact. Thus 

I' , 
T h e o r c m 4- BACH plus 2 ^ > Nj Implies there is a Kurepa tree. 

Other direct consequences of BACH can be found in [T.] but to obtain 

our final result, we apparently need more than the axiom BACH, but rather 

a particular model for it, namely the one Iteratively constructed by 

Baumgartner in his consistency proof. The reason Is that this result 

asserts the existence of certain stationary subsets of D!. To prove that 

a (generic) set is stationary, it is necessary to prove it Intersects all 

2 ' closed unbounded sets. This requires meeting 2 ' ' dense sets, so a 

forcing argument appears to be needed. 

Definition. An iDi-sequence {x : a c ui,) in a space X is universal if 

for every x e X there Is a stationary S S u, such that the net {x : a t s) 
a 

converges to x. 

The° rc''1 5. There is a model of set theory (namely Baumgartner's) in 

which BACH plus 2' ' > S. 2 holds, and in which the product of fewer than 

2 spaces, each with a universal (iij-sequence, also has one. Hence O 

holds. 

The idea of the proof is to combine standard countably closed forcing 

techniques with the Martin's Axiom product arguments used in [T ]. The 

"Hence" follows from 
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Lemma [Gl. The combinatorial principle 0 I s equivalent to the 

proposition that there Is a universal sequence in the product of ^ ! copies 

of the two point discrete space. 

The resul ts on Kurepa trees and O show that (some) models for 

Baumgartncr's Axiom behave at »i much like the constructible universe L 

(although I show in [T,,] that O* falls in Baum8artner|s model). On the 

other Jiand, no commitment i s made as to the size of 2 ' », and th is proves 

useful in the L-space construction, where BACH enables one to diagonalize 

with weaker hypotheses than would CH, as well as in Theorem 5, which yields 

generalizations of O for functions from K to D, , K < 2 ' ' . Finally, to 

exhibit the manifold possible applications of generalizations of Martin 's Axiom, 

le t us mention Shelah's resul t that in his model for a generalized Martin's 

Axiom, the monadic theory of order on ui] i s decidable. 

References 

[G] J. Ginsburg, A topological version of <> . Proc. Atncr. Math. Soc. 65 

(1977) 142-14A. 

[H] CD. Herlnk, Some applications of i te ra ted forcing. Thesis, Univer-

sity of Wisconsin, Madison, 1977. 

[S] S. Shelah, A weak generalization of MA to higher cardinals, prepr in t . 

[ST) R.M. Solovay and S. Tennenbaura, I terated Cohen extensions and 

Souslin's problem, Ann. Hath. 94 (1971) 201-245. 

(T ] F.D. Tall , How separable is a space? That depends on your set 

theory! Proc, Amer. Hath, Soc. 46 (1974) 310-314. 

[T ) F.D. Tal l , Seme applications of a generalized Martin's Axiom, 

submitted for publication. 
U n i v e r s i t y of To ron to 
T o r o n t o , O n t a r i o , Canada 

Received November 1, 1978 



C. R. Math. Rep. Acad. S c i . Canada - Vol . 1 (1979) No. 2 

SUR L'ANNULATION EN 2 DES CLASSES RELATIVES DES 

CORPS ABELIENS 
par Georges GRAS 

Presented by P. Ribenboim, F.R.S.C. 
INTRODUCTION : Le but de cette note est d'étudier, pour une extension 

abélienne imaginaire L de 0 i l'annulation de la 2-composante du groupe des 

classes rclaiivos. Soient Gj_ le groupe de Galois de L/C , fi_ le conducteur 

de L et Si • ( I / ' L ^ T M " ^ a l'élément de Stickelbergcr (sommation sur a , 

\£a<1\_, la,f|_}"l > (se reporter à [2]iPP. 39-^5, pour les propriétés généra-

les des Si_). On désigne par HtLllresp. M"(L),B+lLl) la 2-CDmposante du grou-

pe des classes Iresp. relatives,réelles) au sens ordinaire de L. Alors il est 

bien connu que l'idéal ^ ( L I ^ S L Z2 C G L 1 p ^2 [ G L ] annule les Z2[GL]~m o d l J" 

les JI(L) et ji~(L). H est facile de se convaincre du fait que cet énoncé "glo-

bal" (i.e. valable pour ii(L)en entier! ne rend pas compte d'un certain nom-

bre de phénomènes et que de ce fait, il conduit en général à une annulation 

moins fine que celle que l'on peut attendre conjecluralemeni pour ;l"(LJ. Nous 

allons montrer que l'on peut espérer, pour Jl-lL),unc amélioration par le fac-

teur | do l'annulation classique (sauf pour les classes relatives provenant 

des sous-corps de L qui sont de degré puissance de 2 sur Q , et pour les-

quels elle ne peul être améliorée) : nous démontrons ce fait dans un certain 

nombre de cas nouveaux. Ce genre de résultat doit permettre de préciser 

certains problèmes qui se posent lors de l'utilisation de l'idéal de Stickel-

berger en 2 (cf. C , 1 e l C 61 Par exemple). 

Dans 1 nous rappelons le principe de la décomposition "semi-simpte11 

de MIL) ; dans II nous énonçons les résultats obtenus et dans III nous don-

nons un aperçu des démonstrations. 

I DECOMPOSITION SEMI-SIMPLE de MlD, tTiL» el H*(Ll. Soit U] (resp. L2) 

le plus grand sous-corps de L de degré impair (resp, puissance de 2) sur 

Q. Posons û L " Gai (L /L j ) (d'ordre impairlet T L - G a l U-/L t Md'ordre puis-

sance de 2 et qui contient la conjugaison complexe c_|). On appelle 5^ 

l'ensemble des caractères 2-actiques irréductibles de ^. . Pour tout 

7^ [ G(_ ]-module T .̂et pour tout 0 6 I » on appel le SfP la o-composante de 

WllîTr^Tl^iOÙ e^ est l'idompotent associé à cç). On peul considérer 1̂ W comme 

un Z2 L G L ^ e " ~ r n o d u ' e donc comme un A— [ r , 3-module où A- est l'anneau des 

entiers ou corps cyclotomique associé à cplcf. [2] ,p. 20). On peut appliquer 

ceci à H"lL)lqui est donc un A ^ r . ]-module,et aux modules JP^L) et 

Jl*(t-)/jW " lL l (où j est l'extension à L des classes réelles) qui sont des 

ArniT, 1/M+O )-modules. L'utilisalion de quelques exemples numériques 
^ ^ , (7) 

(par exemple : L-0(\r-I5)a+ de degré 6) montre que les résultats sont de 

nature différente selon que ^ B I ou non. Le cas çj • 1 pouvant être considé-

ré comme résolu (cf. [4;j,cas (ii) de la démonstration du théorème III l ) , 

107 
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supposons cp̂  I ; on a alors dans ce cas deux réductions : 

Lemme 1. Pour o / l.l'applicolion j : )i+=(l_) -.«'(D.reslreinte è jT^Jpsl injec-

live (on identifiera désormais M+~(L) et son image dans ïi~(L)i dans le cas 

w/O. 
Lemme 2. Pour u^ | , l'élément S^ ^^LCr; e s , d a n s Z2 [ C L ^e^p et i l e x i s t e 
T £ e Z 2 C G . le^j d é f i n i modulo U + O . ] ) , t e l quo S ^ - T £ ( l - o , , ) . 

R e m a r q u e , O n o b s e r v e r a , pour les é n o n c é s qu i vont s u i v r e , q u e l e s i m a g e s 

r e s p e c t i v e s S L et TJ^ de SJ^ et T ^ dans A ^ I ^ ] / M + a . , ) ) sont l i é e s p a r l a r e -

l a t i o n S ? 0 " 2 T T et que toute a n n u l a t i o n p a r T p r e p r é s e n t e l ' a m é l i o r a t i o n p a r 

l e f a c t e u r = que nous avons é v o q u é e . 

I I E N O N C E D E S R E S U L T A T S . On d é s i g n e t o u j o u r s p a r L une e x t e n s i o n a b é -

l i e n n e i m a g i n a i r e que lconque de s o u s - c o r p s r é e l m a x i m a l L + , 

T h é o r è m e 1 . L e m o d u l e VrVL.)/H ^ ( L ) e s t a n n u l é p a r T ^ , p o u r tout «p j ^ 1 . 

E n a p p l i c a t i o n de ce r é s u l t a t , o n r e m a r q u e que l 'on a, p o u r 5 ) ^ 1 , la 

s u i t e e x a c t e 1 - ^ " ^ ( L ) - . « ^ L » — y z ^ n ^ L ) - I , e t comme J M ^ L ^ W ^ L ) , 

i l e n r é s u l t e que î i ^ l L l / H ^ L ) et H ~ ^ ( L ) ont m ê m e o r d r e . P a r c o n s é q u e n t : 

C o r o l l a i r e . S i W 5 ( L ) / M (_?; et J j ' ^ L ) sont i s o m o r p h e s , a l o r s a ~ ^ ( L ) e s t a n n u -

lé p a r T ^ l o / I ) . C ' e s t notamment l e c a s l o r s q u e H ^ ( L ) " ( l ) . 

R e m a r q u e . Comme le m o n t r e l ' e x e m p l e d u c o r p s de d e g r é 6 de c o n d u c t e u r 

^ . 2 7 7 , un te l i s o m o r p h i s m e n 'a pas t o u j o u r s l i e u (c f . ^ 5 ] » c h a p . I V , 2 ) . 

T h é o r è m e 2 . S i les cp-composanles d e s 2 - g r o u p e s des c l a s s e s au s e n s o r d i -

n a i r e c l r e s t r e i n t de L . c o i n c j d c n l ( a l o r s U ( L ) est annu lé p a r T j 3 ( 0 / t ) . 

R e m a r q u e . C e t t e c o n d i t i o n ne p o r t a n t q u e s u r L et non s u r L , l e r é s u l t a t 

est v r a i p o u r tou te e x t e n s i o n q u a d r a t i q u e i m a g i n a i r e de L + o b é l i e n n e s u r Q. 

T h é o r è m e 3, L e m o d u l e Jl ( L ) est a n n u l é p a r T ' dès q u e la c o n d i t i o n s u i v a n -

te est r é a l i s é e : i l e x i s t e au moins u n e e x t e n s i o n q u a d r a t i q u e i m a g i n a i r e 

F de L a b é l i e n n e s u r Q t e l l e que p o u r tout j p r e m i e r r a m i f i é dans F / L . , 

I ne so i t p a s t o t a l e m e nt décomposé d a n s le s o u s - c o r p s de L . f i x e p a r l e n o -

yau de o» e ' pour l a q u e l l e on a i l la p r o p r i é t é q u e T p annu le j i~c5(F) ( 0 / 1 ) . 

R e m a r q u e . D a n s le c a s p a r t i c u l i e r o ù 3", est c y c l i q u e , A rT. j / ( l + o , ) e s t 
L CP b LJ — 1 

isomorphe à un anneau d'entiers de corps cyclotomique, de la forme A,*, asso-

cié à un caractère 2-adique irréductible 0 de G. , et dont o est le caractère 

modéré associé (cf. [ * ] , t, 2, b) ; dans ce cas, l'image de l'élément S, dans 

A-, est 'e nombre de Bernoulli généralisé B . (y 1 - ' I (x1 caractère de degré 1 

divisant 0) et celle de T^ est - B ( x ' - ' ) . Dans ce cas, le module H'^L) est 

égal à M^ que nous avons défini dans [3 ] et pour lequel nous avons conjecturé 

l 'annulat ion par ^ B ^ x 1 - ' ) ( 0 / 1 »( [ 3 ] , IV, 2). 
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I I D E M O N S T R A T I O N S . L e l e m m e I s e p r o u v e e n c o n s i d é r a n t l a s u i t e e x a c t e 

de A L - m o d u l e s 1 -• K e r J - . E * ( L ) / ë ( L ) , ' 0 - 1 , o ù E ( L ) ( r e s p . E * l L ) ) d é s i g n e 

l e g r o u p e d e s u n i t é s ( r e s p . de n o r m e ï s u r L + ) de L ( c f . [ 2 ] , p . 23) ; i l s u f -

f i t a l o r s d ' é t u d i e r l a c o m p o s a n t e e n o l t p / I ) de E 1 L ) / E ( L ) - 1 : s o i t 

c e E l L ) ; o n s a i t q u e e e s t de l a f o r m e e ç , a v e c r r é e l l e e l Ç r a c i n e de 
» . 2 •? 

l ' u n i t é ; d o n c s i c Ç E ( L ) , o n a N / i -r G " 1 s o i t c * " I , e l e e s t u n e r a c i n e 

de l ' u n i t é ; E ( L ) / E l L l " a " 1
l q u i e s t u n 2 - g r o u p e , p e u l d o n c ê t r e e n g e n d r é 

p a r d e s r a c i n e s d e l ' u n i t é d ' o r d r e u n e p u i s s a n c e de 2 q u i s o n t n é c e s s a i r e -

m e n t d a n s L , - L a c o m p o s a n t e e n o (cp ^ ] I de E ( L ) / E ( L ) ~ " 1 e s t d o n c t r i -

v i a l e . 

O n t r o u v e r a l a d é m o n s t r a t i o n d u l e m m e 2 e t du t h é o r è m e I d a n s [ 5 ] 

( t h . I V I ) . 

L e s t h é o r è m e s 2 e t 3 p r o v i e n n e n t d ' u n p r i n c i p e c o m m u n q u e n o u s a l l o n s 

d é c r i r e . O n s u p p o s e p a r t o u t o / 11 e t L e s t f i x é e . S o i t F une e x t e n s i o n q u a -

d r a t i q u e i m a g i n a i r e q u e l c o n q u e de L + , a b é l i e n n e s u r Q , e l s o i t n u n c o r p s c y -

c l o t o m i q u e de l a f o r m e Q c o n t e n a n t L e t F . O n t r a v a i l l e a v e c l e s é l é m e n t s 

de S t i c k e l b e r g c r m o d i f i é s S ( c f . [ 5 ] , I V , l ) c e q u i ne c h a n g e p a s l e s p r o b l è -

m e s d ' a n n - J a t i o n c a r S p e ^ S p e — , O n r a p p e l l e q u e l ' o n a l a r e l a t i o n 

r ^ / F S f j - W 0 / F S F o ù w 0 / F - p ( l - ( j ) " 1 ) ( a v e c l a c o n v e n t i o n ( j r * - 0 s i 

l | f F ) e t o ù n .ç. e s t l a p r o j e c l i o n G [ G f i ] - » Q [ G F ] ( c f . [ 2 ] , I h . I l 3 . p . 4 2 ) . 

S o i t h. u n e c l a s s e do ï r ( L ) ; i l e x i s t e u n e c l a s s e H de Cl t e l l e q u e N . / . H "h (_ 

( [ 5 ] , l e m m e I V 5) ; o n p e u t a l o r s t r o u v e r u n i d é a l p r e m i e r P_ de Q t o t a l e m e n t 

d é c o m p o s é d a n s Q/C t e l q u e P L • N . / . P^ r e p r é s e n t e h|_ ( o n a p p l i q u e c o n v e n a -

b l e m e n t l e t h é o r è m e de T c h e b o l a r e v ) . P o u r c e Pnt on p e u t a p p l i q u e r l a v e r s i o n 

m o d i f i é e d u t h é o r è m e de S l i c k e l b e r g e r ( [ 5 ] , l e m m e I V | ) f j | s a v o i r q u e p o u r 

t ou t wÇ Z ^ f G ^ j ] t e l q u e a Sp( s o i t 2 - e n t i e r , a l o r s PS t ï ) o ù z e s t u n é l é m e n t 

de n de m o d u l e 1 ( [ 5 ] , l e m m e 1 V 2 ) . E n c o n s i d é r a n t o c o m m e c a r a c t è r e de û ^ , 

o n a p p l i q u e c e c i à ii; " e ^ ( d e f a ç o n p l u s c o r r e c t e à u n r e p r é s e n t a n t de e 

d a n s Z [ G n ] m o d u l o u n e p u i s s a n c e de 2 c o n v e n a b l e ) e l a l o r s o n p e u t é c r i r e 

P Q - ( z ) ; o r z e s t de l a f o r m e M I u CCL c e q u i d o n n e ( P 0 / ( u ) ) - ( 0 . 

C o m m e l ' e x t e n s i o n 0 e s t n o n r a m i f i é e s u r f ] . p o u r l e s i d é a u x o u a l o r s e s t 
( f n ) d e l a f o r m e Q c (^ p r e m i e r ) , i l e n r é s u l t e q u ' i l e x i s t e u n i d é a l U+ de (1+ 

d o n t l ' é t e n d u ( U + ) à n c o n d u i t à l a r e l a t i o n : P "« (9 )111+1 d a n s Çl , a v e c 

6 6 0 . C Q C I c o n d u i t a u x d e u x r e l a t i o n s ( o ù pi » N / . P_ et p _ - N - z — p - ) : 

PL n - ' N b / 1 . e , N f i + /L +
u + e , p F n / L n - ( Nn/Fe l l ,WL<.u* ' " r 

N n / u , u + , " ^ + / L +
u + e l N n / F ( u + , - N n + / F +

u + " N
n + / L t " + puis<'lJe • > " '-+• 

A p p e l o n s G + " N /, U + c e t i d é a l c o m m u n . O n v é r i f i e e n s u i t e f a c i l e m e n t q u e 
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1 , 0 n a V L Tn 3 T L W
n /L «P- (I+O,,) . . n n / F T^ s T» Wn / F mod 11 + c . , ). 

Supposons maintenant que h soit une classe relative dans L (i* e. 
h. Ç «"^(L)} ; alors, dans F, la classe h-_ de pp, est aussi une classe relati-
ve dans F / L . el on peut supposer que h_6M~ IF) quitte à remplacer h_ 

e» p F 

par h . Si on appelle h+ la classe dans L + de G+, c'est un élément de 

Jl (L) el on peut écrire : 
T£wn/i- T?wn/F , + 0 - i , + 0 - i 

hL'- w / I - - h + et hp " - h + 1 puisque hL ' - hy ' - 1 . 
A ce stade, on peul démontrer le théorème 3 : Soit F vérifiant les pro-

T F T F W 0 / F 
pnétés recquises ; on a alors h,_ - I. donc à fortiori h,- *" - ï soit 

T L w n / L 
h + - I soil h ' - ï. Il ne reste qu'à constater que l'hypothèse sur les 

corps de décomposition des idéaux ramifiés dans F/L . entraîne précisément 

que WV-/. e est inversible (5 condilion de prendre ici pour m le conducteur 

de FL). D'où le résultat. 

Remarque. En pratique,il est facile de trouver de lels F : il suffit de pren-

dre pour F l'extension L+(,
l^£) avec g premier,g= 3(4), vérifiant fUcM * 

( ï ' de degré 1 divisant o) (ce qui est possible par le théorème de Tchebolarev). 

Pour démontrer le théorème 2, choisissons un tel corps F pour lequel 

les premiers f ramifiés dans F /L + vérifient YMg)/ 1. La formule des o-classes 

ambiges ([4], th. [] I, 2 el 3) appliquée à l'extension Fr/L+ montre que 

| M J ( F / L + ) 1 est égal à l'ordre du groupe des c-classes au sens restreint de 

L + ; si l'on suppose ce nombre égal à | M55(L+)|, il en résulte l'égaillé 

^"^(F) - (^ (F ) ) ' " 0 -» qui permet d'écrire h^ sous Ia forme Iv-- h'~0-1 
_ ri tû F * 

h€J* (P"); puisque Sz. annule M (F) en entier, on obtient 
T^ T ^ I - a . , ) =£ T ^ W 0 / F 

^ - h - h - I, d'au encore hp ' " " | soit h+ - 1 el, comme 
précédemment, K " 1 . 
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KOMBREIS TRANSCENDANTS ET FONCTIONS S1CMA DE WEIERSTRASS 

N o t e de M i c h e l UALDSCJMIDT. 

Presented by P, Ribenboim, F.R.S.C. 

INTRODUCTION. Les théorèmes de Schneider [S^ (chap. II, S 4) sur les fonctions ÎP 

fit a"de Wcicrstrass peuvent être interprétés en termes de points algébriques sur 

une courbe elliptique ou BUT l'extension d'une courbe elliptique par le groupe 

additif (ces groupes algébriques correspondent aux intfgrales elliptiques de 

première ou deuxième espèce). On peut alors les déduire d'un théorème de 

Lang [L] (chap. Ill, % 4, th. 4 ) . Si on'applique ce même théorème de Lang â 

l'extension d'une courbe elliptique par le groupe multiplicatif (correspondant â 

certaines intégrales elliptiques de troisième espèce), dont la description a été 

donnée par Serre (cf. [AJ), on obtient un énoncé de transcendance sur les valeurs 

de fonctions sigma [X] (chap. III). 

Nous démontrons ici cet énoncé directement à partir du critère de transcendance 

de Schneider Lang, sans faire intervenir de groupe algébrique. 

J I. FONCTIONS SIGMA DE WEIERSTRASS. 

Soit I. • ï •..'.• + ZLAJ- un réseau de C. Le produit canonique de Uelerstrass associé à 

L est la fonction entière 

o-(z) - i d - £ ) c x P ( i * - î - j ) . 
tutL,«W 0 2uf 

Avec les notacinns habituelles, elle vérifie 
Ui. 

o-(z +W.) - -c-U) e x p t a d + y - ) ) , (i - 1,2) 

et 
2 

trimz) - (-I)1™ trd)"1 y m ( f d ) , IT ( O ) , (m*». ro>0) , 

"ù ^(X.Y) est une fonction rationnelle de X,Y â coefficients dans (!(g,,g-). (voir 

par exemple [F] , p. 205). On en déduit que, pour p et q entiers posi t i fs , tu * L et 

rt" ^ (z * UJ) - ^(z) t le nombre 
2 

a-(^<») cxp( ^ j hui) 
2q 
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D.ms le cas p a r t i c u l i e r L - ï + 7 1 , on v é r i f i e que 

^ ( i ) . 2 5 / ' . n l / 2 . J"* . P d / M " 2 . 

Enfin, pour u £ C , u ^ L , le nombre 

^-(u + ( m / 2 ) ) j- „ , u . a>.1 j ^ j j . e x p ^ - , ( T + | ) } 

es t a lgébr ique sur l e corps ^ ( g , ^ • î * ^ ) ) • 

S 2. UNE FONCTION HULTIPLICATIVEHENT PSEUDO-PERIODIQUE. 

Soi t u ê C, u ^i L. La fonct ion méromorphe 

riz * u ) - 5 (u )z 
F ( 2 ) 

«r<*)<7-{uo) 

v é r i f i e pour uj«L 

P(* +aj) - F( i ) e x p ^ u -u>5(u ) \ 

Sa dérivée logarithmique est 

F'u, i r w -r (u„) 
r(z) 2 TC( = ) -F{"0) ' 

La fonction des trois variables u , u,t u~ o 1 ' 2 

T(<it • u2) ^(uo*u1+u,)^(u())r(u1)o-(u2) 
Ftu^.FCuj) " ir(u()*u|)a-(u|+u2)r<u2+u0) 

est une fonction rationnelle de l°(ii ), ftà.i, !P(u2), J" (u ), ï" (u ) , J»'(u.) , 3 

coefficients dans •}(.:.,,/.). 

Soit B (X)e q(g2,g3) [x] le polynôme défini, pour m entier positif, par 

*m(fM) -[^(yd), r'd))]2. 
De la relation 

B'( flz)) im-w+ru) 2mB
m

(y(I)). 
m * 

on déduit que, si u est un point de torsion» il existe un nombre fl , algébriq 

le corps ^(gj.gjtr(u )), tel que la fonction 

F(z>e 

soit algébrique sur le corps flCg^tg-» » ^(uo) • ̂ (z)) -
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S 3. LE TllCdRÈHE DE TRAN5CENDASCE. 

On suppose g^gj,?"^) algébriques. On sc propose d'appliquer le critlre de Schneider 

Lang [L](chap. III, J 1, th. 1) aux (onctions 

r d ) , r(z>eM, f d ) , i/n«i) -iffUj)), 
avec p.« . Si la fonction FUJeP1 est algébrique sur «CPU)), on déduit de la pseudo-

périodicité de F et de la relation de Legendre que uo est un point de torsion. Com-

me le théorème de transcendance correspondant à JfU), e2,3"U) est connu [s] (chap. II, 

th. 18), on supposera que uo n'est pas de torsion. 

Soit ucC, avec il ^ L. M * % fl L. Supposons pour coianencer u - u0 (t L. Comme il y a 

,me infinité de m e Z tels que m u ̂  L, mu - uo ,É L. mu • uo ^ L, on obtient la transcen-

dance de l'un au moins des 2 nombres 

lP(u) , F(u)ePu . 

Choisissons u toi que 2u - uo * L (donc u (t L , u t uo ^ L) et ifW) • « . 

Après un calcul facile on en déduit la transcendance du nombre 

«-(uo)2 '^[TC ' <uo *"* (P " ^'"o"} ' 
ce qui montre que le restriction u - uo ,1 L était superflue. On a ainsi démontré le 

résultat suivant 

THÉORÈME. - SnU.ntyune fonction elliptique de Weierstrass d'invariants gj.gj aljé^ 

brigues, "." deux points algébriques de V. e£ f un nombre algébrique. On suppose que 

u n'est pas un point de torsion, et que u « u + uc| ne sont pas pôles de y. Alors le 

nombre 

(r(u)(r<uo) 

est transcendant. 

i /,. COROLLAIRES 

U premier corollaire montre que la dérivée de F prend des valeurs transcendantes aux 

points OUF s'annule. 

COROLLAIRE I. - Soient w t L , I" 5(1 • "0 -}(î)- Alors le nombre 
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Ainsi, u étant toujours un point algébrique de^qui n'est pas de torsion, le 

nombre , 

est transcendant. 

Enfin, en choisissant pour u dans le théorème un quotient deujpar une puissance de 2, 

nn obtient la transcendance des pseudo périodes de F(z)e 

COROLLAIRE 2. - Avec les notations du corollaire I, pour ^j 0 le nombre 

expjw^(uo) - IJUQ * P*-0} 

est transcendant. 
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AN EXTENSION OF WILSON'S THEOREM 
by 

G.Baron (Wien) and A.Sch inze l (Warszawa) 

Presented by P. Ribenboim, F.R.S.C. 

The aim of t h i s no t e i s t o prove t h e fo l lowing ex t ens io n of 
W i l so n ' s theorem con j ec tu r ed t y W.Snyder In h i s Ph.D. t h e s i s 
"A concept of B e r n o u l l i numbers In a l g e b r a i c func t ion f i e l d s " , 
Univ. of Maryland 1977. Snyder has found I n t e r e s t i n g a p p l i c a -
t i o n s of h i s c o n j e c t u r e t o d i f f e r e n t i a l s in r i n g s of c h a r a c t e r -
i s t i c p . 
THEOREM. For any prime p and any r e s i d u e s x^ mod p we have 

^ I ^ s p . 1
x

0 ( n ( x a m + x , ( 2 , ' - - - ( x
0 n ) + - - - + x

0 ( P - i ) ) 

= (x,*-. ..+x .a11" mod p, 

where the summation is taken over all permutations o of 

(1,2 P-D-

Let for positive integers i.,....,*- C (a,,. . . .a^ denote the 
coefficient of X=nj=1xi

i in the sum Io£S P0, where 

n - a. +..•+a and 

V = x
a(l)(xa(I)^0(2)>---(lto.l) + - - - t X a . n ) 1 - < o e S n ' -

L E M M A 1 • Let a . > 1 for j £ S , a. = 1 for s < j < r, i:1 = 1ai"n-

Then 

G<«, ar) = (n-r)!;^,C(aI "i-,-V' a i + i V 

+ (n-r+1) (r-s)C(a1, . .. .aj.,,) . 

PROOF. We have 

^oes/o = E j = l I:oeSn,o(n)=jPa = r-j = iz:j-

The coefficient of X in Po is the same as in P ^ where 

T es is any permutation stable on {l,2,...,s) and fixing 

the set (s+1,...,r). Hence the coefficient of X in E ^ I S 

O if j < s , is equal to the coefficient C, of X in E r If B < j < 

and cgual to the coefficient C 2 of X In 

Cia1,...,a . ) . On the other hand 
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..a.-l.a. " i - i ' ° i " - i + r 
Hence 

c(ai M-^+1c1*5J-r+1?2"<n_rii:î-iG,*1 «i-,'»!-1' 

!'• 
In order to evaluate C{a. ,-•. •,«_) we introduce the following 
notation valid for all systems of r^b^a^O positive real 
numbers a,: R H (1,2,...,r), • 

b . o (lTk|*1>l q I T J I 
s 1 t à .b . r . q>- i : i ^ + 1 a i E i ^ 1 A ( T k , + a t n ^ l i j ? i k S ï ï i T T T , 

b . a | T i l ! 

S2(a.b.r.q)-E».à+iEin5.1 ^ J y ^ , 
where 1 <q <r and the inner summation r , in both sums i s 
taken over a l l p a r t i t i o n s ( the o r d e r of summands n e g l e c t e d ) 
of R-{i> i n t o q non-empty s e t s T. of c a r d i n a l i t y |T . 1 
and ^ t T - i^ = ^ icT * 1 * Moreover we s e t 
S 1 { a , b , r , r ) = 0 , S 2 ( a , b r r , 0 1 = 0 {r>2) , S 2 ( 0 , 0 , 1 , 0 ) = 0 , 3 2 ( 0 , 1 , 1 , 0 ) ' ! -

LEMMA 2. For any positive q < r the following identity holds 
|R.| I 

S1(0,r,r,q)+S2(0,r,r.q-îl=(A(R)+q)ï:"n]=1 A { R J 1 + 1 » 

where E IS taken over all partitions of R into q non-empty 
sets R.. 
PROOF. For q=r"1 the identity holds trivially. For q=1, 
r>2 we have 

S1(0,r,r,q)+S2(0,r,r,g-1)=::[=1ai ^ r J - i M W + D j ^ . 

For q>2 we group together all terms in S^O.r^q! in which 
Tku(l)=T. For any i,k we get |T|>2. On the other hand for 
any TCK with |T|>2 we have 

. q '1^.1^1)! I^Jj 
;:l-lalI:iI:k=l,TltJ(i)=T A(Tk)*ai n3=1,jj'k A(T )+l 

., a.' |T|! n-'1 ^ | ! .-iTi'n^1 |Ti!! 

-içT^l^T AIT) "j-l A(T.)+1 LTI'I-"J=1 A(T.)+1 
where tm is taken over all partitions of R-T into g-l non-empty 
sets T.. 
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H e n c e t-j. , 
S ^ C r . r . q ) - ^ ^ ^ ! ^ . ; | T l j n ^ A ( ^ l t 1 • 

Now se t t ing In S, (0,r , r ,q-1) , (1)=»T we get 

| T | 1 
S jCCr . r iq - l j -E jc^m.^ lT lHI^- , ^ y T T 
t h u s | R j , 
S 1 ( 0 , r , r , q ) + S 2 ( 0 , r , r , q - l ) = ! : * * n ] = , XTRjrî i f . , < * ( « j ) + U 

|R.{I 
= ( A ( R ) + q ) E " n ^ 1 h ( R ^ , • 

LEMMA 3. For any positive Integers r, »j,,..,.:»St with 
a,+...+a =n we have 

I R I ! 
a1l...ai.l r-q-ll " in+g'-'- "j-l »(B'J+ 1 ' 

the inner sum being taken over all partitions of R into q 
non-empty subsets R.. 

PROOF by Induction on n. For n =• ) the lemma holds trivially. 
Assume that it is true for all sequences a| satisfying 
Zr .a'=n-l and consider a sequence a. with E; .a.=n>2. 
1=1 1 ' 1 i-i 1 — 

In view of symmetry we may assume that a. > 1 for j ^ s , 
a ,^1 for j > s . Let us denote the right hand side of (2) 
by D(ia.,...,a ) . By Leinma 1 and the inductive assumption 
we have 

,a >• ai !...arl q=l M ' 1 

fS3(0(»,trq-1))t^"^||'| E^:](-11,r"q"1(n+q-l)!S2(s,r,r,q). 

On the other hand, by Lemma 2 

"1 
hence 

F ra' 1 ''•'-I (-"r"qln+q-') ! (S1(0,r,r,q)+S2(0,r,r,q-1) ) 

. .a ! 
1(n-rrir ( D | al a r > " C , a l ar)l = (ntr-l) IS^s.r.r.r) 

*ZrZ\(-1)r'q(n+q-l)1(S1(s,r,r,q)-(r+q-1)S2(s,r,r,q) ) 

+1-1)r"'n!S2(s,r,r,0). 
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r . q (|Tk|+1)! n |T | ! 
SAl''*'*'V-h-,*ih$-1 A(T,.1.1 " j - l . j / k ÂnyTT 

|T | I 
" ^ s + l ^ k - l ' I ^ l ^ ' ^ l ÂTT̂ TTT = ( r t q - l ) S 2 ( s , r , r , q ) 

and since r > 2 or s > l S2 ( s , r , r , 0 ) =0. This gives 
0 ( 8 ^ , . . . . a ) - C ( a . , . \ ; , a ) , 

PROOF of the theorem. Since both sides of the congruence (1) 
are symmetric it is enough to show that 8. + ...a =n=p-l 
implies 

C,al V ; aJ^V '** P • 
Now In formula (2) terms corresponding to q > 1 are divisible 
by p since (n+q)! =0 mod p and AtR-j )+1 <A(R)+l=p. Hence 

C(a a 1 = (n-r)l , r-1 (n+l)!rl 
C(al ar) " a1l...arl( 1' —HTT 

H a !p-1ii
l(-Ur-1(p-r-l)iri = - .'P'1 ' ' , (o-2) 1 a1 V a1 ar-

and (3) follows from Wilson's theorem. 

Received November 9, 1978 
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TWO VOLUME DECREASING THEOREMS AND A NEW PROOF 

OF THE HOPF CONJECTURE FOR SURFACES OF GENUS ZERO 

Samuel I. Goldberg and Llcven Vanhecke 

Preaented by G.F.D. Duff, F.R.S.C. 

1. INTRODUCTION. In obtaining a Schwarz leirana for a class of real 

harmonic mappings a scalar invariant C of the mapping was introduced by 

Chern and the author [1]. The assumption C <̂  0 was essential in obtaining 

a volume decreasing result. It is our main purpose to announce Schwarz type 

lemmas for two other classes of mappings, viz., the projective and totally 

umbilical mappings. (Details will appear elsewhere.) Here, no assumption on 

the sign of C is made, for, c ^ 0 for these classes. 

Another situation In which C Is nonnegative Is given by the Gauss 

map of a surface immersed in E with constant mean curvature. It turns out 

that the invariant C is the obstruction to the resolution of the Hopf con-
3 

jecture, viz., A closed orientable surface M Immersed in E with constant 

mean curvature is tsometric with a sphere. A recent result of Eells and Wood 

[3] allows us to conclude that If the genus of M is zero, then C vanishes 

and M is isometric with a sphere (cf. reference [81). 

2. THE ACCELERATION HAP. I.el f : M ̂  N lie a smooth mapping 

between smooth Rlemnnnlan manifolds of dimensions in and n, respectively. 

Denote by F the section of T*(H) 8 T*(M) 9 T(N) defined by 

F(X.Y) - v f y „ Y - W , 

where X»Y G T(M) and V(resp. V) denotes the Riemannian connection on 

M(resp. N). F is related to the acceleration map Introduced in [1], and 

it is symmetric in X and Y. The mapping f is said to be harmonic if 
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trace F " 0 (see 12]). We shall say that f Is totally umbilical if 

F - Xg, where g is the metric tensor of M. It turns out that X • T(f)/m, 

where T(f) is the tension field of f. If a path in (H,V) Is mapped Into 

a path in (N,V), f Is said to be a projectlve mapping [7]. f Is projective 

Iff there Is a smooth l-form a on M such that 

F(X,Y) = o(X)f4Y + a(Y)fiX. 

(Here, V and V may be taken to be any symmetric linear connections.) 

3. VOLUME DECREASING THEOREMS. Let m = n and denote by (aal) the 

matrix of the mapping f̂  (see [11 for notations). Then, A = det(a[il) is the 

ratio of the volume elements of M and N. Let (Bia) be the adjoint of (aal) 

2 
and put u = A . From formula (56) in (1) 

(1) f Au - 21A] - C + AjBiaaakkl + u{R - ^ g y » ^ ^ 

where C ^ = ̂ « ^ and C - ^ . . C ^ . 

For a totally umbilical mapping, C • ̂ A and 

(2) ^ A u > - u ( R - P B Y a 6 k a Y k ) , 

whereas for a projective mapping, C = (n + 3)u)o and 

(3) i^Tn^^^-^VskNk5-
The volume decreasing theorems are derived from (2) and (3) using 

Lemma I (4). Let M be a complete Riemannian manifold with RIccl 
•WW!/ 

curvature bounded below, and let u be a C function on M. Then, for any 

constants a > 0 and 6 < sup u, there exists a sequence {pv) in M such that 
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i i m |u(p y) - a r 1 " " ! ! du(p ) | | - o, 

llm|u(p ) - 6r1~2 aAu(p ) < 0. 
V-K» 

lim u(p ) • sup u. 

Theorem 2. Let M be a complete Riemannian manifold of dimension 
'\AAAAAA, *• 

n with Rlccl curvature bounded below, and let N be a Riemannian manifold 

of the same dimension whose Rlccl curvature is bounded below by a positive 

constant S/n. 1^ f : M -̂  N is a totally umbilical mapping and the scalar 

curvature of M is bounded above by S, then either f is totally degenerate 

i.e.t u = 0. or else it is volume decreasing. 

Theorem 3. Let M he a complete Riemannian manifold with Rlccl ' W V W V T J * — — — — 

curvature bounded below by a constant -B , and let N be a Riemannian mani-

fold of the same dimension whose Rlcci curvature Is bounded above by a constant 

-B2 < 0. If f : M -*• N Is a projective mapping, then either f Is totally 

degenerate or B > 0 and f Is volume decreasing up to a constant. 

2 
By computing û|| fA|| and applying Lemma 1 a distance decreasing 

theorem for totally umbilical mappings of bounded dilatation (see (51) may be 

obtained. Theorem 2 was obtained by Har'El [6] using other means. 

Conjecture. Let f be a totally umbilical mapping. Then, the 

Integral manifolds of the distribution E : H -• M-.JG(T ), where E = 
pfcM p p 

{v G T Mlf.v I T(f)_, .} and G(T ) Is the Crassmann manifold of (m - 1)-p ' * -L f(p) p 

dimensional subspaces of T M, are mapped urablllcally by f. 

4. THE HOPF CONJECTURE. Let M and N be almost Hermitian mani-

folds with almost complex structures J and J, respectively. If f^-1 = * J0^*» 

then f Is said to he ± holomorphlc. It is easy to check 

file://'/AAAAAA
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Lenraa 5. Let f : M ->• N he a t holomorphlc mapping between equi-

dimensional Kaehler manifolds. Then, f Is harmonic and C - 0. 

Let xW) = 2 - 2p denote the Euler characteristic of M, and let 

deg(f) denote the Brouwer degree of f. 

Lemma 6 (31. If f : (M.g) •• (N.h) is a harmonic mapping between 
' W W \ J — 

compact and orientable surfaces, and If x(M) + |deg(f)x(N)| > 0. then f is 

t holomorphlc. 
3 

Now, let M be a closed orientable surface Immersed In E with constant 

mean curvature u. It is well-known that the Gauss map f of M is harmonic. If 

p - 0, it follows from Lemmas b and 5 that C = 0 for f, and so (1) reduces to 

AK2 = -16K2(IJ2 - K), where K is the Gaussian curvature. The r.h.s. being non-

positive, K is a constant, thereby yielding the Hopf conjecture in the genus 

zero case-
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