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CERTAIN PROPERTIES OF TRACIAL APPROXIMATION
C*-ALGEBRAS

GEORGE A. ErrLiorT, FRSC, QINGZHAT FAN, AND XIAOCHUN FANG

ABSTRACT. We show that the following properties of the C*-algebras
in a class Q are inherited by simple unital C*-algebras in the class TAQ:
(1) B-comparison (1 < 8 < 00), (2) n-comparison, (3) trace Z- absorption,
(4) m-almost divisibility, (5) (n,m) (m # 0) comparison, and (6) tracial
approximate divisibility. As an application, every unital simple C*-algebra
with tracial topological rank at most k has the property of k-comparison.
Also as an application, let A be an infinite-dimensional simple unital C*-
algebra such that A has one of the above-listed properties. Suppose that
a: G — Aut(A) is an action of a finite group G on A which has the tracial
Rokhlin property. Then the crossed product C*-algebra C*(G, A, a) also
has the property under consideration.

RESUME.  On considére plusieurs propriétés d’une C*-algebre simple &
élément unité qui sont héritées par approximation traciale. Comme appli-
cation on démontre que ces propriétés sont aussi héritées par la C*-algebre
produit croisé associée a une action d’un groupe fini qui possede la propriété
de Rokhlin traciale.

1. Introduction The Elliott program for the classification of amenable C*-
algebras might be said to have begun with the K-theoretical classification of AF
algebras in [9]. Since then, many classes of C*-algebras have been classified by
the Elliott invariant. Among them, one important class is the class of simple
unital AH algebras without dimension growth (in the real rank zero case see |11],
and in the general case see [12]). To axiomatize Elliott-Gong’s decomposition
theorem for AH algebras of real rank zero (classified by Elliott-Gong in [11])
and Gong’s decomposition theorem ([20]) for simple AH algebras (classified by
Elliott-Gong-Li in [12]), Huaxin Lin introduced the concepts of TAF and TAI
([27) and [28]). Instead of assuming inductive limit structure, he started with
a certain abstract approximation property, and showed that C*-algebras with
this abstract approximation property and certain additional properties are AH
algebras without dimension growth. More precisely, Lin introduced the class of
tracially approximate interval algebras (also called C*-algebras of tracial topo-
logical rank one). This axiomatization has proved to be very important in the
classification of simple amenable C*-algebras. For example, it led to the clas-
sification of unital simple separable amenable C*-algebras with finite nuclear
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dimension in the UCT class (see [21], [13], [55]). The isomorphism theorem
was established first for those separable amenable C*-algebras with generalized
topological tracial rank at most one (see |21]). Simple C*-algebras with general-
ized tracial topological rank at most one have good regularity properties. There
are three regularity properties of particular interest: tensorial absorption of the
Jiang-Su algebra Z, also called Z-stability; finite nuclear dimension; and strict
comparison of positive elements. The last property can be reformulated as an
algebraic property of the Cuntz semigroup, called almost unperforation. Toms
and Winter have conjectured (see e.g. [15]) that these three fundamental prop-
erties are equivalent for all separable, simple, unital, amenable C*-algebras (and
this has now almost completely been proved (see [3], [24], [49], [54] and [5])).

Inspired by Lin’s tracial approximation by interval algebras in [28], Elliott
and Niu in [14] considered the natural notion of tracial approximation by other
classes of C*-algebras. Let 2 be a class of unital C*-algebras. Then the class
of unital simple separable C*-algebras which can be tracially approximated by
C*-algebras in €, denoted by TAS, is defined as follows. A simple unital C*-
algebra A is said to belong to the class TAQ if, for any € > 0, any finite subset
F C A, and any non-zero element a > 0, there are a projection p € A and a
C*-subalgebra B of A with 15 = p and B € 2 such that

(1) lzp — pz|| < € for all x € F,

(2) pxp €. B for all x € F, and

(3) 1 — p is Murray-von Neumann equivalent to a projection in aAa.

The question of which properties pass from a class Q to the class TAQ is
interesting and sometimes important. In fact, the property of being of stable
rank one, and the property that the strict order on projections is determined by
traces, are important in the classification theorem of [21].

In this paper, we show that the following properties of unital C*-algebras in
a class  are inherited by simple unital C*-algebras in the class TAQ:

(1) B-comparison (in the sense of [24]; see below),

(2) n-comparison (in the sense of [58]; see below),

(3) tracial Z-absorption,

(4) m-almost divisibility,
(5) (n,m) (m # 0) comparison, and

(6) tracial approximate divisiblity.

As applications, we get a large class of C*-algebras which have the above
properties. For example, every simple unital C*-algebra with tracial topological
rank at most k has k-comparison (in the sense of [58]). Let Q be a class of
C*-algebras such that r¢(B) < n (n # 0) for any B €  (see 2.3 below). Then
rc(A) < n for any unital simple C*-algebra A € TAQ.

The Rokhlin property in ergodic theory was adapted to the context of von
Neumann algebras by Connes in [6]. It was adapted by Herman and Ocneanu
for automorphisms of UHF algebras in [22]. Rgrdam [46] and Kishimoto [26)
considered the Rokhlin property in a much more general C*-algebra context.
More recently, Phillips and Osaka studied actions of a finite group and of the
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group Z of integers on certain simple C*-algebras which have a modified Rokhlin
property (cf. in [36] and [41].

In [19], the following result was obtained: Let © be a class of unital C*-
algebras such that Q is closed under passing to unital hereditary C*-subalgebras
and tensoring by matrix algebras. Let A € TAS) be an infinite dimensional simple
unital C*-algebra. Suppose that o : G — Aut(A) is an action of a finite group
G on A which has the tracial Rokhlin property (cf. [2.10). Then the crossed
product C*-algebra C*(G, A, ) belongs to TAQ.

Using the results mentioned, we obtain the following theorems: Let A be an in-
finite dimensional simple unital C*-algebra such that A has (n,m) (m # 0) com-
parison (respectively, m-almost divisibility, tracial Z-absorption, n-comparison,
or (-comparison). Suppose that « : G — Aut(A) is an action of a finite group
G on A which has the tracial Rokhlin property. Then the crossed product C*-
algebra C*(G, A, ) has (n,m) (m # 0) comparison (respectively, m-almost di-
visibility, tracial Z-absorption, n-comparison, or S-comparison).

2. Definitions and Preliminaries Let a and b be positive elements of a
C*-algebra A. We write [a] < [b] if there is a partial isometry v € A** with
vv* = P, such that, for every 0 < ¢ € Her(a), cv € A and v*cv € Her(b).
([a] < [b] implies that a is Cuntz subequivalent to b, i.e. a < b. If A has stable
rank one then, by [7], [a] < [b] if @ < b but even in this case the preorder relation
[a] < [b] is not necessarily an order relation.) We write [a] = [b] if, for some v as
above, v*Her(a)v = Her(b). Let n be a positive integer. We write n[a] < [b] if
in addition there are n mutually orthogonal positive elements b1, by, ---, b, €
Her(b) such that [a] < [b;], i =1, 2, -+, n (see Definition 1.1 of [39], Definition
3.2 of [38], or Definition 3.5.2 of |29].)

Let A be a C*-algebra, and let M,,(A) denote the C*-algebra of n x n matrices
with entries elements of A. Let My, (A) denote the algebraic inductive limit
of the sequence (M (A), ¢,), where ¢, : M, (A) — M, 11(A) is the canonical
embedding as the upper left-hand corner block. Let Mo (A)+ (respectively,
M,,(A)4) denote the positive elements of My, (A) (respectively, M,,(A)). Given
a,b € My (A)+, we say that a is Cuntz subequivalent to b (written a < b) if
there is a sequence (v,)22; of elements of M, (A) such that

nhﬁngo lvpbv) — al| = 0.

We say that a and b are Cuntz equivalent (written a ~ b) if a < b and b < a.
We write (a) for the equivalence class of a.

The object W(A) := My (A4),/ ~ will be called the Cuntz semigroup of A.
(See [7].) Observe that any a,b € My, (A)+ are Cuntz equivalent to orthogonal
elements a’,b/ € M (A)4 (ie., a'b = 0), and so W(A) becomes an ordered
semigroup when equipped with the addition operation

(@) +(b) = (a+0)
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whenever ab = 0, and the order relation
(a) < (b) & a <D

We denote by A, the positive cone of A and by T(A) the set of tracial states
of A. We define the dimension function (or rank function) d, associated with
7 € T(A) by d,(a) = lim,, o, 7(a'/™) for a € My, (A) ., where 7 is regarded as an
unnormalized trace on My (A). We shall say that a separable C*-algebra A has
strict comparison if for a, b € My(A)4, with d.(a) < d,(b) for any 7 € T(A),
then we have a < b. (Thus, we are suppressing the question of quasitraces).

Let A be a unital C*-algebra. We say W(A) is almost unperforated if whenever
(k + 1)z < ky for some k € N, it follows that « < y (see [47]).

Note that if A is a unital separable simple exact C*-algebra, then A has strict
comparison if and only if W(A) is almost unperforated (see [47]).

The property of n-comparison was introduced by Winter in [58]. Let A be
a unital C*-algebra. We say A has m-comparison, if, whenever x, yo, v1, ¥2,

-, Yn are elements in W(A) such that x <, y; for all j =0, 1, ---, n, then
x <yo+yi1+---+yn. Here, z <, y means (k+ 1)z < ky for some natural number
k. It follows immediately from the definitions that W(A) is almost unperforated
if and only if A has 0-comparison in the sense of Winter.

Kirchberg and Rgrdam introduced a weaker comparison property and also a
property of a C*-algebra called S-comparison in [24]. Let A be a simple, unital,
and stably finite C*-algebra. We say that A has local weak comparison, if there
is a constant v(A) € [1,00) such that the following implication holds for all
positive elements a and b in A: if

A) sup d.(a) < inf d,(b),
AA) swp do) < int | do(0)

then a < b.

If M,,(A) has local weak comparison for all n, and sup,, v(M,(A)) < oo, then
we say that A has weak comparison.

Let A be a unital C*-algebra and let 1 < § < oo. We say that A has (-
comparison if for all z,y € W(A) and all integers k, [ > 1 with k > I, the
inequality kx < ly implies < y. It follows immediately from the definitions
that W(A) is almost unperforated if and only if A has 1-comparison in the sense
of Kirchberg and Rgrdam.

It is an open problem if Kirchberg’s and Rgrdam’s weak comparison and -
comparison, Winter’s m-comparison, and strict comparison all agree for simple
unital C*-algebras. (Somewhat confusingly, it is known that m-comparison for
a particular m does agree with S-comparison for 8 = m + 1.)

Let A be a stably finite unital C*-algebra. Recall that a positive element
a € A is called purely positive if a is not Cuntz equivalent to a projection. This
is equivalent to saying that 0 is an accumulation point of o(a) (recall that o(a)
denotes the spectrum of a).
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Given a in M (A4) 4+ and € > 0, we denote by (a—¢) 4 the element of C*(a) cor-
responding (via the functional calculus) to the function f(t) = max(0,t —¢), ¢ €
o(a). By the functional calculus, it follows in a straightforward manner that
((a—e1)4+ —e2)+ = (a—(e1+€2))+.

THEOREM 2.1. (1), [25], [48].) Let A be a stably finite C*-algebra.

(1) Let a, b € Ay and € > 0 be such that ||a — b|| < €. Then there is a
contraction d in A with (a —e)y = dbd*.

(2) Let a, p be positive elements in Moo (A) with p a projection. If p < a, then
there is b in Moo (A) 1 such that bp =0 and b+ p ~ a.

(3) The following conditions are equivalent: (1) a <b, (2) for any e > 0,
(a—e)1 < b, and (3) for any e > 0, there is § > 0, such that (a—e)+ < (b—19) 4.

(4) Let a be a purely positive element of A (i.e., a is not Cuntz equivalent
to a projection). Let 6 > 0, and let f € Cy(0,1] be a non-negative function
with f =0 on (6,1), f > 0 on (0,9), and ||f|| = 1. We have f(a) # 0 and
(a—8)s + fla) S a.

DEFINITION 2.2. ([51].) Let A be a unital stably finite exact C*-algebra. Define
the radius of comparison for A to be rc(A) = inf{m/n : (a) < (b) whenever
n{a) + m(1) < n(a)}. We say that the C*-algebra A has (n,m) comparison
whenever n{a) + m(1) < n(a) implies {a) < (b), for any a,b € My (A4).

DEFINITION 2.3. ([44].) Let m € N. We say that A is m-almost divisible if for
each a € My (A)4, k € N, and each € > 0, there exists b € M (A4)1 such that
k(b) < (a) and ((a —¢)4) < (k+1)(m + 1)(b).

Let Q be a class of unital C*-algebras. In this paper, we shall study the class
of simple unital C*-algebras which can be tracially approximated by C*-algebras
in €, denoted by TAQ.

DErFINITION 2.4. (]|14], [28].) A simple unital C*-algebra A is said to belong
to the class TAQ if, for any € > 0, any finite subset F' C A, and any non-zero
element a > 0, there exist a non-zero projection p € A and a C*-subalgebra B
of A with 15 = p and B € ) such that

(1) Jzp — pz|| < € for all x € F,

(2) prp €c B for all x € F, and

(3) [1—pl < [a].

Let 3% denote the class of all unital C*-algebras which are unital hereditary
subalgebras of C*-algebras of the form C(X) ® F, where X is a k-dimensional
finite CW complex and F' is a finite dimensional C*-algebra. A is said to have
tracial topological rank at most k if A € TAJ®.

LEMMA 2.5.  ([14)].) If the class Q2 is closed under tensoring with matriz alge-
bras and under passing to unital hereditary C*-subalgebras, then the class TASQ)
is closed under tensoring with matrix algebras and under passing to unital hered-
itary C*-subalgebras.



CERTAIN PROPERTIES OF TRACIAL APPROXIMATION C*-ALGEBRAS 109

The following lemma is obvious, and we omit the proof.

LEMMA 2.6. The property of m-almost divisibility (respectively, n-comparison,
or B-comparison) is preserved under tensoring with matriz algebras and under
passing to unital hereditary C*-subalgebras.

DEFINITION 2.7. ([23].) We say a unital C*-algebra A is tracially Z-absorbing
if A= C and, for any finite set F' C A, € > 0, non-zero positive element a € A,
and n € N, there is a completely positive order zero contraction ¢ : M,, — A,
where “order zero” means preserving orthogonality, i.e., ¥(e)¥(f) = 0 for all
e, f € M,, with ef = 0, such that the following properties hold:

(1) 1- (1) 3 0, and

(2) for any normalized element x € M,, (i.e., with ||z|| = 1) and any y € F we
have [[¢(z)y — y¥(z)]| <e.

DEFINITION 2.8. (]2].) A finite dimensional C*-algebra is completely noncom-
mutative if it has no commutative direct summands, equivalently, no abelian
central projections.

DEFINITION 2.9. (]31].) Let A be a unital C*-algebra. We say that A is
tracially approximately divisible if for any € > 0, any n € N, any finite subset
F = {a1, aa, -+, ap} C A, and any y € A, with [|y]] = 1, there exist a
projection e € A, a completely noncommutative finite dimensional C*-algebra
D, and an injective unital homomorphism ¢ : D — eAe such that

(1) [le(b)ar —arpd)|| <efor k=1, 2, ---, nandall b€ D with ||b|| <1,

(2) 1 — e is Murray-von Neumann equivalent to a projection in yAy, and

(3) lleyel| > 1 —e.

DEFINITION 2.10. ([41].) Let A be a simple unital C*-algebra, and let o : G —
Aut(A) be an action of a finite group G on A. We say that a has the tracial
Rokhlin property if, for any finite set F¥ C A, any € > 0, and any non-zero
positive element b € A, there are mutually orthogonal projections e, € A for
g € G such that

(1) lag(en) —egnl| < e forall g, h € G,

(2) |legd — degy|| < € for all g € G and all d € F,

(3) with e = Xgeqey, the projection 1 — e is Murray-von Neumann equivalent
to a projection in the hereditary C*-subalgebra of A generated by b, and

(4) flebell > 5] - =.

THEOREM 2.11.  ([25].) Let A be a separable simple unital amenable C*-algebra.
If A is tracially Z-absorbing, then A is Z-absorbing.

3. The Main Results

THEOREM 3.1. Let Q be a class of stably finite unital C*-algebras which are

tracially Z-absorbing. Then A is tracially Z-absorbing for any simple unital C*-
algebra A € TAQ.
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PROOF. We need to show that for any finite set F' = {a1, a2, ---, ax} C A,
any € > 0, any non-zero positive element a € A, and any n € N, there is an order
zero contraction v : M,, — A such that the following properties hold:

(1) 1-(1) 3 o, and

(2) for any normalized element x € M,, and any y € F, we have ||¢)(z)y —
yo(z)| <e.

Since A € TAQ, for F = {a1, a2, ---, ar}, any € > 0, any non-zero positive
element a € A, by Theorem 3.3 of [17], there are a C*-subalgebra B of A and a
projection p € A with B € Q and 1p = p such that

(1) |laip — pa;|| < €', for all 1 < i <k,

(2) pa;p € B, for all 1 <i <k, pap €. B, and

(3) 21— 5] < o]

We divide the proof into two cases.

Firstly, let us assume 1 —p = 0. We may assume that ||a|]| = 1. Then 1p =14
and there exist a}, a5, ---, aj, o' € B such that ||a; — a}| < ¢/3, for all
1<i<k, and |la—d| <e/3.

Since B € , and (@’ — &/2)4 # 0, there is a completely positive order zero
contraction v : M,, = B C A with the following properties:

(1) 1-6(1) 3 (@ —2/2); S a, and

(2) for any normalized element x € M, and any af, we have [|¢)(z)a] —
(@)l < /3.

Therefore, we have ||¢(x)a; —a;(z)|| < €, for any normalized element z € M,,
and any a; € F.

Secondly, let us assume p # 1. Since, by (3), 2[1 — p] < [a], there are non-zero
and mutually orthogonal projections py, pa € A such that [p; + pa] < [a].

Since A € TAQ, for G = {a1, a2, -+, ar, p1}, and any &’ > 0, by Theorem
3.3 of [17], there are a C*-subalgebra B of A and a non-zero projection p € A
with B € Q and 1 = p such that

(1) |laip — pai|| < €', [|lpip — pp1l] < € for all 1 <4 <k,

(2) pa;p € B, pp1p € B for all 1 <i <k, and

(3)" [1 = p] < [p2], 2[1 = p] < [pa].

By (1)’ and (2)’, we have

11— p)p1(1 —p) — (1 = p)p1 (1 — p))*|| < 2¢', [lpprp — (pprp)?|| < 2¢’.

When ¢’ is small enough, by (2)’, and by Lemma 2.5.5 of [29], there exist
ay, ah, ---, aj, € B and projections pj € B and p} € (1 —p)A(1—p) such that

Py — ppapll < 4’ Ipy — (1 = p)pr(1 = p)|| < 4€', [lpaip — ai]| < €,

and
lpr —py — P < 8¢".
We claim that p) is a non-zero projection. Otherwise, if ¢’ < 1/8, then 2[1—p] <

[p1] = [} + pY] = [p{] < [1 — p], which contradicts the stable finiteness of A
(which holds by Theorem 4.1 of [14], since C*-algebras in 2 are stably finite).
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Since B € Q, for G = {a}, a5, ---, a},} C B, &’ > 0 as specified, the non-zero
positive element p} € B, and n € N, there is a completely positive order zero
contraction v : M,, = B C A with the following properties:

()" p—=1(1) 3 py, and
(2)" for any normalized element x € M,, and any a} € G, we have

v (2)a; — aj(z)| < &'
By (1),
lla; — paip — (1 — p)a;(1 —p)|| < €',

and, trivially,
la; + ai' — paip — (1 = p)a;(1 - p)|| < 3¢".

Therefore, for any normalized element x € M,,, and any ¢ = 1,2,--- .k, we
have

[¢(x)ai — aip(x)]|
< W (@)ai — ¥ (@) (paip + (1 — p)ai(1 — p))||
v (@) (paip + (1 = p)ai(1 = p)) = (x)(a; + (1 = p)ai(L — p))||
Fll () (@i + (1= plai(1 = p)) = (a; + (1 = p)ai(1 = p))y ()]
+(@f + (1 = pai(1 = p))¢(z) — (paip + (1 — plai(1 — p))¥
Fll(paip + (1 = plai(1 = p))ib(x) — a:p(z)|
<2+ +2'+ +3" <13 <.
This yields (2) when ¢/ = ¢/13.
We also have (by (3)’, (1)”, and the choice of p}, which by Lemma 2.2 of [45]
implies [p'] < [p1])
(1=91)=(1-p) +{-v1)
= ({1 =p)+ p—v(1)) < (p2) + (p1) < (p2) + (p1) < (a).

O

THEOREM 3.2. Let Q be a class of stably finite unital C*-algebras which have
B-comparison (in the sense of [24)]), for some 1 < 8 < oo. Then A has (-
comparison for any simple unital C*-algebra A € TAQ.

Proor. By Lemma enlarging the class €2, we may suppose it is closed un-
der passing to matrix algebras and unital hereditary C*-subalgebras (i.e., Morita
equivalent C*-algebras).

Let a,b € Moo (A) 4. By Theorem [2.1] (3), we need to show that ((a —
(b) for any € > 0, and any integers k, [ > 1 such that k > 8I, k{(a) < (b

2¢)4) <
)-
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We may assume that a,b € M,,(A); for some integer n. By Lemma we
may assume that a,b € A,.

We divide the proof into three cases.

Firstly, we suppose that b is not Cuntz equivalent to a projection.

Given € > 0, and k,1 > 1 as above, with in particular k > [, since k{a) < [{b),
by Theorem [2.1] - ), there exists § > 0 such that k{(a — 5/2) Y < U{(b—0)4).
Hence, by Theorem[2.1{(1), there exists v = (v; ;) € Mp(A), 1 <i<k,1<j<k
such that

v(diag((b—9)+ ® 1, 0@ 15 ))v" = (a —€)4 ® 1i.

By Theorem (4), there is a non-zero positive element d orthogonal to b
such that (b—9/2)1 +d < b.

With F = {a, b, v;; : 1 <i <k, 1<j <k}, and any sufficiently small
e’ > 0, since A € TAQ, there are a C*-subalgebra B of A and a projection p € A
with B € Q and 1 = p such that

(1) ||lxzp — pz|| < €’ for any x € F,

(2) pxp €. B for any z € F, and

(3) [1—p] < [d].

By (1) and (2), there are o/, V', v, ;/ € B and a”, 0", v; ;" € (1—p)A(1 —p)
such that

la —a" —a"| < 3¢,

Ib— b — b < 3¢,

and
Vi — v —vi| <3, 1<i<k, 1<j<k.
J J J 1> 7

Write
v' = (vi') € Mg(B), v" = (vi;") € Mp((1 - p)A(1 — p)).

< 3¢'k?. Hence,

Then |jv — v —v”|
[V (diag((b — )+ ® 1, 0® L))" — (a’ — )+ @ L)l <,

where v can be made arbitrarily small by suitable choice of &’.
By Theorem [2.1] (1), we have

k((a" =& —7)4) SUO = 6)4).

Since B € Q, this implies ((a' —& —7)4+) < ((b' — §)+). Therefore, if €/, and so
v, are small enough, then

((a=2e)1) <{la—e—v—3))
<((@ —e=7)4) + (a")
<" = 6)4) + (a”)
< (' = 0)4) +((1 = p))
(' = 0)4) + (d) < ((b—0/2)4) + {d) < (b).
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(Here, and elsewhere, by z @ y for 2,y € M (A); we mean = + y' where ¢y €
Moo(A)+, ¥ ~y, ¥z =0.)

Secondly, we suppose that b is Cuntz equivalent to a projection and a is not
Cuntz equivalent to a projection. Choose a projection py such that b is Cuntz
equivalent to pg. We may assume that b = pyg.

By Theorem (4), there exists a non-zero positive element d orthogonal to a
such that ((a—9)4+d) < (a). Since k{a) < I{pg), we have k((a—9)++d) < I{po).
Hence, as above, by Theorem [2.1| (1), on increasing 0 slightly, and decreasing d
slightly, there exists v = (v; ;) € My(A), 1 <i <k, 1 <j <k, such that

v(diag(po ® 11, 0@ 1p—)v" = ((a — 0)4 +d) ® 1.

Since A € TAQ, for F = {a, po, d, v;; : 1 <i<k, 1 <j <k}, and any
sufficiently small ¢’ > 0, by Theorem 3.3 of |17], there are a C*-subalgebra B of
A and a projection p € A with B € Q and 15 = p such that

(1) ||lzp — pz| < & for any = € F,

(2) pxp €. B for any = € F, and

(3) [1 - p] < [(d— 3¢")4], 2[1 — p] < [po]

By (1) and (2),

lppop — (ppop)?|| < 2¢", (1 = p)po(1 — p) — ((1 — p)po(1 — p))?|| < 2¢’.

When &’ is small enough, by (1) and (2), and by Lemma 2.5.5 of [29], there
area’, d', v;;/ € Band a”, d’, v; ;/ € (1—p)A(1 —p), and projections p;, € B
and pj € (1 —p)A(1 — p), such that

la—a" —a"| < 3¢,
|d—d —d"| <3¢,
Ipo — P — poll < 4e’,
and
||U1‘7J‘ — Ui’jl — 'Ui,jNH < 38’, 1< < k, 1< j < k.

By Lemma 2.5.12 of [29], we may suppose, choosing ¢’ small enough, that a'd’ =
a’d’ = 0.
We claim that p{, is a non-zero projection. Otherwise, 2[1 — p|] < [pg] =

[y + py] = [pg] < [1 — p|, which contradicts the stable finiteness of A (since
C*-algebras in Q are stably finite (cf. proof of 3.1)).
Write

v = (i) € Mi(B), vy = (vi;") € Mi((1 = p)A(1 - p)).
Then |lv — v’ —v"|| < 3¢’k?. Hence,

[[v(diag(ph ® 11, 0@ Le—))v"" = (@' = 6)4 +d") @ || <,
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where, as above, v can be made arbitrarily small by suitable choice of &’.
Hence, by Theorem (1),

k((a" =0 =)+ +d’) < Upp),

where we have relabeled (d’ — ), which we may suppose non-zero, as d’. Since
B € Q, we have

((@" =6 =)+ +d") < (p).

Since (1—p)A(1—p) € TAQ, for G = {a", p§, d”, v; ;" : 1 <i<k, 1<j<
k}, for any sufficiently small ¢ > 0, there are a C*-subalgebra C of (1—p)A(1—p)
and a projection r € (1 — p)A(1 — p) with C € Q and 1¢ = r such that

(1) |lzr — rz|| < " for any x € G,

(2) rar €. C for any x € G, and

(3 [1-p—1] < [d]

By (1)’ and (2)'

lppgp — (ppop)?|| < 26",
(1 =p=rpgL—p—r) = (L —p—rpg(l —p—7))*|| < 2"

When ¢” is small enough, by (1)’ and (2)’, and by Lemma 2.5.5 of [29], there
area”, d"”, v, ;" € C,ad"", d"", v; ;" € (1—p—r)A(1—p—r), and projections
py € C and py” € (1 —p—r)A(l —p—r), such that

nn
a

a —a" — < 3&"
I 7

i i 11 1
ld” —d" —d"™|| < 3¢",
/11 /111

v — 6" — po”' || < 4",

and
||Ui,j” — ’UL]‘W — U@j””” < 35//, 1 S ’L S k?, 1 S] S k

Also by Lemma 2.5.12 of [29], we may suppose, choosing ¢” small enough,
trha:t' a///d/// — a////d//// — 0.
Write
v = (v;") € My(C), v"" = (v;;"") € M((1 —p = 1)A(l = p —1)).
Then v — v —v""| < 3¢"k?. Hence,

v (diag(py’ ® 11, 0@ Lp—))v"”"" = ((@” — &)+ +d") @ Ly)|| <+,

where, as above, 7/ can be made arbitrarily small by suitable choice of &”.

By Theorem (1),

B{(@" =6 =)o +d") <1,
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where, as above, we have relabeled (d"" — +')s, which we may suppose still

non-zero, as d'”’.
Since C € 2, we have

Therefore, we have

((a—2e)1) <((a=3—=3e—7—7"=0))
<{(@ =y =0)+) +{@" =+ =d)+) + (a"")
<{(@=y=0)+) +H{L=p—r) +{@" =" = d)4)
<{(@ =y =08)+)+{d) +{@" =" =d)4)
< (po) + (po") < (po)-

Thirdly, we suppose that both a and b are Cuntz equivalent to projections.

Choose projections p, ¢ such that a is Cuntz equivalent to p and b is Cuntz
equivalent to . We may assume that a = p, b= gq.

Since A € TAQ, for F = {p, ¢}, for any 1/4 > & > 0, there are a projection
r € A and a C*-subalgebra B C A with B € Q,1p = r such that

(1) |ler —rz|| < e for all z € F, and
(2) rer € B for all x € F.
B

y (1) and (2),
[[rpr = (rpr)?|| < 2¢', |1 = r)p(1 = 7) = (1 = r)p(1 = 7))?|| < 2¢',
and
lrqr — (rqr)?|| < 2¢, (1 = r)a(1 —7) — (1 = r)a(1 = 1))*| < 2¢".

When ¢’ is small enough, by (1) and (2), and by Lemma 2.5.5 of [29], there
are projections p1,q1 € B and pa, ¢ € (1 —r)A(1 — r) such that

lp —p1 — p2|| < 4e,

llg — a1 — @2 < 4e.

Therefore, since ¢ < 1/4, we have
P~ Pp1+ D2,

q~aq+qo.

We also have
k(p1) < Uaqr), k(p2) <1{qe).
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Since B € Q, we have (p1) < (q1).

If p1 ~ ¢, then we have k(p1) < l{q1) = Up1) < k(p1). So @Z:lpl is
equivalent to a proper subprojection of itself, and this contradicts the stable
finiteness of A (since C*-algebras in Q are stably finite (cf. proof of 3.1)).

Therefore, there is a non-zero projection s such that p; & s ~ gq.

Since (1 —r)A(1 —r) € TAQ, for G = {p2, qa, s}, for any &’ > 0, there are a
projection m € (1 —r)A(1 — r) and a C*-subalgebra C' C (1 —r)A(1 —r) with
C €, 1¢ = m such that

(1) |lam — mz| < & for all z € G,

(2) mazm € LC for all x € G, and

(3) [1—r—m] < [s].

By (1) and (2,

[rpar—(rpar)®|| < 2¢, [[(1=r—m)pa(1—r—m)—((1—r—m)ps(1—r—m))?|| < 2¢’,
and
[rgar—(rgar)?|| < 2¢', |(1—r—m)qe(1—r—m)—((1—r—m)gz(1—r—m))?|| < 2¢".

When ¢’ is small enough, by (1)’ and (2)’, and by Lemma 2.5.5 of [29], there
are projections p3, g3 € C' and py, q4 € (1 —m —r)A(1 —m — r) such that

lp2 — ps — pal| < 4e,

llaz — g3 — qu| < 4e.

Therefore, since € < 1/4, we have
P2 ~ P3 + P4,

q2 ~ g3 + qa.

We also have
k(ps) <1{gs), k{ps) <1{qa).

Since C € Q, we have p3 < ¢g3. By (3'), [pa] < [1 —m —r] < [s], and therefore,
by (3)" and since ¢’ < 1/4,
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THEOREM 3.3. Let Q2 be a class of stably finite unital C*-algebras which have

Winter’s n-comparison. Then A has Winter’s n-comparison for any simple uni-
tal C*-algebra A € TAQ.

PRrROOF. As in the proof of Theorem 3.2, we may suppose that {2 is closed
under Morita equivalence.

Let a,by,bo, -+ ,b, € My (A)y. By Theorem (3), we need only to show
that ((a — 2¢)1) < (by) + (b2) + -+ + (by) for any € > 0, if (k; + 1){a) <
ki(b;), 0 < i < n. Note that k; can be chosen to be the same for all b;, as, with
kE=(ko+1)(k1+1) - (kn+1)—1, one has (k+1){a) < k(b;) for all 0 < i < n.

We may assume that a,by,ba, - ,b, € Mg(A); for some sufficiently large
integer k. By Lemma we may assume that a,by,bo, -+ b, € A,

We divide the proof into three cases.

Firstly, let us suppose that b; is not Cuntz equivalent to a projection for some
0 < i < n. We may assume that by is a purely positive element. Hence, as the
proof of Theorem by Theorem (1), there exist vp = (v};), 0 < k <
n, 1<i1<k+4+1, 1 <j<k+1such that

vo(diag((bo — &)+ ® 1k, 0))vg = (a — )4 @ Ly,

vi(diag(b; ® 1, 0))v = (@ — €)1 @ lgy1,

where 1 <7 <n.

By Theorem (4), for any 1 > § > 0, there is a non-zero positive element d
orthogonal to by such that (bg — 6/2)+ +d < by.

Since A € TAQ, for F = {a, by, by, -+, bn, d, v j: 1<i<k+1,1<5<
kE+1, 0 <k <n}, and any sufficiently small ¢’ > 0, there are a C*-subalgebra
B of A and a non-zero projection p € A with B € Q2 and 15 = p such that

(1) ||lzp — pz| < & for any = € F,

(2) pxp €. B for any z € F, and

(3) [1—p] < [d] ,
By (1) and (2), there are a/, by, by, -+, b, vF, € B, 1<i<k+1, 1<
j<k+1, 0<k<n,andd’, bj, by, -- b” vk " € (1 -p)A(1l — p), such
that
la—a" —a"| < 3¢,
||bl - b; - b;/H < 35/, 0 < { < n,
and

ok ok ok <3¢ 1<i<k+1,1<j<k+1,0<k<n

Write

v = (0F,) € My (B), off = (vF}") € Myyr (1 — p)A(1 = p)).
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Then |Jvg — v}, — v}|| < 3(k + 1)%¢’. Hence,

[[vh (diag((by — 0)4+ ® 1k, 0))vy" — (a' — €)4 @ g1l <7,

/*

[[vj(diag((b; — 3¢")+ @ 1k, 0))v;" — (@' —&)4 @ g <7, 1 <i <,

where, as above, v can be made arbitrarily small by suitable choice of &’.
By Theorem (1)

(k+1){(a" — e —=7)+) < k(g — 9)+),

(k+ D{(@ — & = 7)4) < k(B —3)3), 1<i<n.

Since B € Q, we have ((a' —e —)4) < ((bf — 0)4) + (0] —3e")4) + -+ +
(0], — 3¢")+). Therefore, if £/, and so v, are small enough, then

((a—2e)y)

< ((a—e—3"—27)4)

<((a'—e=27)4) + (a")

< (b = 0)4) + (0 = 36")4) + -+ + (b, — 36)+)
< (bo) + (br) + -+ + (bn)-

Secondly, let us suppose that each b; (0 < i < n) is Cuntz equivalent to a
projection and a is not Cuntz equivalent to a projection. Choose projections
Do, P1, -+, Pn such that b; is Cuntz equivalent to p; for all 0 < i < n. We may
assume that b; = p; for all 0 < i < n.

By Theorem (4), there is a non-zero positive element d orthogonal to a such
that ((a—d)4++d) < (a). Since (k+1){a) < k(p;), we have (k+1)((a—d)++d) <
k(p;) for all 0 <i <n.

Hence, by Theorem (1), as earlier, on increasing ¢ slightly, and decreasing
d slightly, there exist v, = (vfj) EMpi1(A),1<k<n, 1<i<k+1, 1<j<
k 4+ 1, such that

vi(diag(p; @ 1, 0))v; = ((a = 6)4 +d) @ Lygr, 0< i <n.

Since A € TAQ, for F = {a, by, b1, -, bn, d, v; j: 1<i<k+1,1<5<
k+1, 0 <k <n}, for any sufficiently small ¢’ > 0, there are a C*-subalgebra B
of A and a projection p € A with B € Q and 15 = p such that

(1) ||lzp — pz| < & for any = € F,

(2) pxp €. B for any = € F, and
(3) [1—p] < [(d—3¢)4].
By (1) and (2),

Ippip — (ppip)?|| < 26", (1 = p)pi(1 —p) — ((1 — p)pi(1 — p))?|| < 2¢’
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for1<i<k+1.
By (1) and (2), there are a/,d’,v

’ zg ’ ZJ
such that
la—a" —a"| < 3¢,
|d—d’ —d"| < 3¢,
and

lof; —of =0 <3¢, 1<i<k+1,1<j<k+1, 0<k<n

2,9

As earlier, we may suppose that a’d’ = a”’d” = 0.

119

"eBand a",d" vF" € (1-p)A1 - p),

When &’ is small enough, by (1) and (2), and by Lemma 2.5.5 of [29], there
are projections py, pj -+, p, € B and p{, p{ -+, pl, € (1 — p)A(1 — p) such

that
lp: — P, — 7|l < 4¢’, 0<i <n.

Write
/ "
v = (05) € M1 (B), vff = (v;) € M1 (1 = p)A(L — p)).
Then |vx — v}, — v}|| < 4¢’k?. Hence,

I *

[[vi (diag(p; @ 1k, 0))v;" — (¢ = 6)4 +d) @ Lyl <,

[of (diag(py @ 1k, 0))v;” — (a” = 6)4 +d") @ Lpya|| <7, 1 <i <m,

where, as above, 7 can be made arbitrarily small by suitable choice of &’.

Hence, by Theorem [2.1] (1), where as earlier, we have relabeled (d' — 7)1

(d’ —v)4+, which we may suppose non-zero, as d’ and d’,
(k+1)((a" =0 =)+ +d') < k(py),

and
(k+1)((a" =6 =)+ +d") < k(py),

and

for all 0 <4 < n. Since B € Q, this implies ((a’ —v — &)+ +d') < (p}) + (P}) +

(P
Since (1 —p)A(1 —p) € TAQ, for G = {da", py§, pY, -, P}, d’,

2]

//: 1<

1<k+1, 1<j<k+1, 0<k<n} for sufficiently small ¢’ > 0, there are
a C*-subalgebra C of (1 — p)A(1 — p) and a projection r € A with C € Q and

1¢ = r such that
(1) |lzr — rz|| < " for any x € G,
(2) rar €.. C for any x € G, and
(3) L —r—p] <[d].
By (1)" and (2),

lrpir—(rpi7)?|| < 2", |(1=r—p)p{ (1—r—p)—((1—r—p)p} (1—r—p))?| < 2"
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for1 <i<k+1.
When ¢” is small enough, by (1)’ and (2)’, and by Lemma 2.5.5 of [29],

s e " kM ) 111
there are projections py’, pi" -, py/, v, € C, and pg”, pi", -, p’,

zk,jm/ € (1—=7r—p)A(l —r —p), such that
Ipl = pl!" — p™"|| < 4e”, 0 < i <n.

Also by (1) and (2)’, there are a’”’, d"’, ﬁj/// € C, and o', d" k)JW
(1—7r—p)A(1 —r —p), such that

Ha// 7a/// 701////” < 36//, ||d* d/ o d//” < 351/.
and
”k” k’” k””||<3€ 1§i§k+l,1§j§k+1,0§k‘§n-

As earlier, we may suppose that a”’d"”’ = a""d"" = 0.
Write
k " k "

vy = (v ) € Mgy (0), v = (v ) € Mgya (1 =7 = p)A(L =7 —p)).
Then |lvg” — vp"" — vp"|| < 3¢ (k + 1)2. Hence,
ot (ol © 1a, O)el” — ((a” = 6)s +d") ® sl <7/, 0 i <,

where, as above, 7/ is arbitrarily small for suitable choice of £”.
Hence, by Theorem (1)

(k+1){(@"” =8 —)4) < k{p{"),
for all 0 <7 < n. Since C € 2, we have
((@" =0 —9")4) <o) + 1)+ + (o)
Therefore, if €”, and so ', are small enough, we have

((a—20)s) <((a—20—7—+ —25 —2"),)

<{(@ =86 —=7)4) + (@ =6 =7")4) + (a")
<{(@=0—7)4+) +{d) +{@" =d-7)4)
< {(pp) + <p'1> ot () (@7 =6 = 29)4)
< (po) + (P1) + -+ (P) + (00 + PY) + -+ (o)
< {po) + (p1) + -+ (Pn)-

Thirdly, let us suppose that a and b; (0 < ¢ < n) are not purely posi-
tive elements. There are projections ¢, pg, p1, - -, pn such that a is Cuntz
equivalent to ¢ and b; is Cuntz equivalent to p; for all 0 < i < n. We may
assume that a = ¢, b, = p;, 0 < i < n. By Theorem 2.2 of [18], we have

q < (po) + (p1) + -+ (Pn)- O
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COROLLARY 3.4. Let Q be a class of stably finite unital C*-algebras such that
for any B € Q, W(B) is almost unperforated. Then W(A) is almost unperforated
for any simple unital C*-algebra A € TAQ.

PrROOF. This is a special case of Theorem and also of Theorem O

Recall that if A is a unital simple exact C*-algebra, then A has strict com-
parison if and only if W(A) is almost unperforated ([47]). One has the following
corollary.

COROLLARY 3.5. Let Q be a class of stably finite unital C*-algebras such that
for any B € Q, W(B) is almost unperforated. Then A has strict comparison for
any simple separable exact unital C*-algebra A € TAQ.

THEOREM 3.6. ((45].) Let A be a unital separable infinite dimensional C*-
algebra with nuclear dimension n (n € N). Then A has Winter’s n-comparison.

COROLLARY 3.7. Let A be a unital separable simple infinite dimensional C*-
algebra with tracial topological rank at mostn (n € N). (See section 2.) Then A
has at most Winter’s n-comparison.

PrROOF. By Definition we have A € TAJ", and any C*-algebra in J" has
nuclear dimension at most n, the conclusion follows by Theorem [3.6/and Theorem
3.3 O

Let © be a class of C*-algebras that have (k,m) (m # 0) comparison. In the
following theorem we will prove that A has (k,m) (m # 0) comparison for any
simple unital C*-algebra A € TAQ. However, the (k,0) comparison property is
not inherited by simple unital C*-algebras in the class TAQ.

THEOREM 3.8. Let Q be a class of stably finite unital C*-algebras which have
(k,m) (m # 0) comparison. Then A has (k,m) comparison for any simple unital
C*-algebra A € TAQ.

PROOF. As in 3.2 (and 3.3), we may suppose that Q is closed under Morita
equivalence.

Let a,b € My (A)y. By Theorem [2.1] (3), we need only to show that ((a —
2e)4) < (b) for any € > 0, if k{a) + m(1) < k(b) for some k, m € N. We may
assume that |la|| = ||b]| = 1.

We may assume that a,b € Mg (A)y for some sufficiently large integer k. By
Lemma [2.5] we may assume that a,b € A.

We divide the proof into three cases.

Firstly, let us suppose that b is not Cuntz equivalent to a projection.

For ¢ > 0, since k(a) + m(1) < k(b), there are § > 0 and v, = (v};) €
Mitm(A), 1 <i<k+m, 1 <j<k+m,such that

ILm Un(dlag((b - 5)+ ® 1ka 0® 1m))vn* = dia’g((a - 5)+ ® 1k7 1® lm)'



122 GEORGE A. ELLioTT, FRSC, QINGZHAI FAN, AND XIAOCHUN FANG
There is a sufficiently large integer N € N that
||UN(d1ag((b — 5)4,_ X1k, 0® 1m))’UN* — diag((a — €)+ X1, 1® lm)” < E.

Hence (as implicitly deduced several times earlier) by Theorem (1), there is
v=(vi;) € Mpym(A), 1 <i<k+m, 1 <j<k+m,such that

v(diag((b — )+ ® 1, 0® 1,,,))v* = diag((a — 2¢) 4 @ 1, 1 ® 1,,).

By Theorem [2.1| (4), for any 1 > § > 0, there is a non-zero positive element d
orthogonal to b such that (b—6/2)L +d < a.

Since A € TAQ, for FF ={a, b, v;; : 1 <i<k+m, 1<j<k+m}, for
any sufficiently small &’ > 0, there are a C*-subalgebra B of A and a non-zero
projection p € A with B € Q and 1g = p such that

(1) ||xp — pz|| < €’ for any x € F,

(2) pxp €. B for any z € F, and

(3) [1—p] < [d].

By (1) and (2), there are a/, V', v, ;/ € B and a”, 0", v; ;" € (1—p)A(1 —p)
such that

la —a" —a"| < 3¢,

Ib—b — b < 3¢,

and
v — v —v|| <3, 1<i<k4+m, 1<j<k+m.
J J J

By Lemma 2.5.12 of [29], we may suppose, choosing " small enough, that d'd’ =
d’'y" = 0.

Write v/ = (Ui’j/) S Mk+m(B), v = (Ui,j//) S Mker((l —p)A(l — p)) Then
lv —v" —v"|| < 3&’(k +m)?. Hence,

lv'(diag((b' — 8)+ ® 1, 0@ 1)) — diag((a — 2)+ @ 1p, P® L)l < 7,

where as earlier, v can be made arbitrarily small by suitable choice of ¢'.
By Theorem [2.1| (1), if v < 1, then (since p = p?)

k((a' = 26 = 7)) +mip) < k(¥ —5)).

Since B € Q, this implies ((a’ —2e — v)4) < ((' — §)4). Therefore, if €', and so
v, are small enough, then

((a=3e)y) <
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Secondly, let us suppose that b is Cuntz equivalent to a projection and a is
not Cuntz equivalent to a projection. Choose a projection pg such that b is
Cuntz equivalent to pg. We may assume that b = py. By Theorem (4), there
is a non-zero positive element d orthogonal to b such that ((a — )+ + d) < {(a).
Since k{a) + m(1) < k(po), we have k{(a — &)+ + d) + m(1) < Kk{(py). Hence,
by Theorem (1), as earlier on increasing ¢ and decreasing d slightly, there is
v=(v;;) € Mptm(A), 1 <i<k+m, 1<j<k+m,such that

v(diag(po ® L, 08 Ln)o* = diag(((a — )+ +d) ® Ly, 18 1),

Since A € TAQ, for F = {a, po, d, v;j: 1 <i<k+m, 1 <j<k+m}, for
any sufficiently small &/ > 0, there are a C*-subalgebra B of A and a projection
p € A with B € Q and 15 = p such that

(1) ||lzp — pz| < & for any = € F,

(2) pxp €. B for any = € F, and
(2

) [1 —p] < [d].
By (1) and (2), we have

lppop — (ppop)? || < 2¢’,11(1 = p)po(1 — p) — (1 — p)po(1 — p))?[| < 2¢’.

When &’ is small enough by (1) and (2), and by Lemma 2.5.5 of [29], there
area’, d, v;;/ € B, and a”, d’, v; ;" € (1—p)A(1 —p) and projections p;, € B
and pj (1 - )A(l -p) such that

la —a" —a"| < 2¢,

ld—d' —d"|| < 2,
lpo — po — ol < 4€’,

and
||’U,;7j — vi,j/ — vi,j”H < 36/, 1< < k+m, 1< j <k+m.

By Lemma 2.5.12 of |29], we may suppose, choosing &’ small enough, that a’d’ =
a"d" = 0.
Write v/ = (v; ;') € Mpym(B) and v” = (v; ;") € Mppm((1 — p)A(1 — p)).
Then [[v — v —v"|| < 3¢’(k + m)?. Hence,

[ (diag(ph @ L, 0@ 1,))v"" — diag(((a' = 8)4 +d") © L, p® Ln)]| < 7,
where «y is small if & is .

Hence, by Theorem [2.1] (1), on replacing (d’—~) 4 by d’ which we may suppose
still non-zero, we have

k(((a" =6 =)y +d')) +mip) < k(pg).

Since B € Q, this implies ((a' — v — &)+ +d’) < (p})-
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Since (1—-p)A(1—p) € TAQ, for G = {d”, py, d”, v} : 1 <i<k+4+m, 1<
Jj < k + m}, any sufficiently small ¢” > 0, there exist a C*-subalgebra C' of
(1 -p)A(1 —p) and a projection r € A with C € Q and 1¢ = r such that

(1) |lzr —rz|| < " for any x € G,

(2) rar €.0 C for any z € G, and

(3 [1—p 1] < [d].

By (1)’ and (2)’, we have

lrpgr — (rogr)? [l < 26", (1 = r)pg (1 = 7) = (1 = r)pg (1 = 7))?|| < 2"

When &” is small enough, by (1)’ and (2)’, and by Lemma 2.5.5 of [29], there
are a”', d", m'” € C, and o, d", v; ;" € 1 —=p—71)A(1l —p—1r) and
projections py’ € C and pj” € (1 —r — p)A(1 —r — p) such that

Ha// _a" — ////” < 35
”d// —_d"_ d////” < 36”,

/11 /111

lpo —po’ — o' || < 4e”,
and

||’U7;’j” — Ui,jnl — vi,j//”H < 46/,, 1 < 7 < k +m, 1 S] < k+m.

By Lemma 2.5.12 of [29], we may suppose, choosing &” small enough, that
a///d/// — a////d//// — 0
Write v"" = (v ;") € Mpym(C), v"" = (v; ;") € Miym ((1 — 1) A(1 —1)).
Then v — v —v""|| < 4¢”(k + m)?. Hence, we have (as above),

v (diag(py’ @ 11, 0@ 1,,))0"" — diag(((@” —8)+ +d") @ 1g, 7@ 1n)|| <,
where «/ is small if ¢

Hence, by Theorem (1), on replacing (d” — §)4 which we may suppose
non-zero, by d’”’, we have

k((a” =6 =) +d"™)) +m{r) < kpg),

since C' € Q, this implies (¢ —+ — 0)+ +d"") < (py’).
Therefore, if ¢”, and so «/, are small enough, then

((a—2e)1) <(la—3=3" —y—9 —25)+>
<{(a' =y = 8)4) + (@ =~ = 8)1) + (")
<{(@ —v=0)4+) +{(a” =" = d)4)
HA=p-7) <((a -7~ 5) )+ (d)
(@ =" =0)4) < (p) + ") < (po)-
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Thirdly, let us suppose that both a and b are Cuntz equivalent to projections.

Choose projections p, ¢ such that a is Cuntz equivalent to p and b is Cuntz
equivalent to q. We may assume that a = p, b=q.

Since A € TAQ, with F = {p, g}, for any 1/4 > & > 0, by Theorem 3.3 of
[17], there are a projection r € A and a C*-subalgebra B C A with B € Q and
1 = r such that

(1) |ler —rz|| <e for all z € F,

(2) rar € B for all z € F, and

(3) 211 — 1] < [pl, 2[1 — 7] < [g].

By (1) and (2), we have

lrgr — (rqr)®|| < 2¢,|(1 = r)g(1 =) = (1 = r)g(1 = r))?|| < 2,
and

lrpr — (rpr)?|| < 2¢, (1 = r)p(1 —7) = (1 = 7)p(1 — 7))?[| < 2e.

When ¢’ is small enough, by (1) and (2), and by Lemma 2.5.5 of [29], there
are projections p1, ¢1 € B and pa, g2 € (1 —r)A(1 — r) such that

lp —p1 — p2|| < e,

llg — a1 — @2 < 4e.

Therefore, since 4e < 1,
D~ p1+ P2,

q~q+qa.

We claim that ¢ is a non-zero projection; otherwise, 2[1—p] < [q] = [¢1+¢2] =
[g2] < [1 — p], but this contradicts the stable finiteness of A (since C*-algebras
in 2 are stably finite).

We have

k(p1) +m(p) < k{(q1), k{p2) + m{(1 —p)) < k{qa).

Since B € Q, we have p; < ¢.

If pr ~ q1, then we have k(p1) < k(p1) + m(1) < k(q1) = k{p1). So kpy
is equivalent to a proper subprojection of itself, but this contradicts the stable
finiteness of A (since C*-algebras in € are stably finite).

Therefore, there is a non-zero projection s such that p; @ s ~ ¢;. Since A €
TAQ, for G = {p2, g2, s}, for any € > 0, there are a projection ¢t € A and a
C*-subalgebra C' C A with C € Q, 1¢ =t such that

(1) ||lot — tz|| < e for all z € G,

(2) tat € .C for all z € G, and

(3) [1—1] < [s):
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By (1)’ and (2)’, we have
[tgat — (ta2t)?|| < 2e,[|(L — t)gz(1 — 1) — (1 — t)gz(1 — 1))?| < 2e,
and
[tpat = (tp2t)|] < 2e, |1 = )p2(1 = £) — (1 = t)p2(1 = 1)) < 2e.

When ¢’ is small enough, by (1)’ and (2)’, and by Lemma 2.5.5 of [29], there
are projections ps, g3 € C and pys, q4 € (1 —¢)A(1 —t) such that

lp2 — ps — pal| < 4e,

llgz — g3 — qul| < 4e.
Therefore, as 4e < 1,
D2 ~ p3 + P4,
q2 ~ q3 + qa.

We have
k(ps) +m(t) < k(gs), k{ps) +m((1 —1)) < k(qa).

Since C' € §, we have p3 < g3. By (3), [pa] < [1—t] < [s], and therefore, by (3)’
and since 4¢ < 1,

(p) = (p1) + (p2) = (p1) + (p3) + (pa)
+ (pa) < (p1) + (g3) + (s)
<{q).

O

COROLLARY 3.9. Let Q be a class of C*-algebras such that re(B) =n (n # 0)
for any B € Q. Then rc(A) <n for any unital simple C*-algebra A € TAQ.

ProOOF. This follows from [3.8 O

THEOREM 3.10. Let Q be a class of stably finite unital C*-algebras which are m-

almost divisible. Then A is m-almost divisible for any simple unital C*-algebra
A € TAQ.

PrROOF. As earlier (by Lemma 2.6), we may assume that  is closed under
Morita equivalence.

We need to show that there is b € Mo (A)4+ such that k(b) <
e)y) < (k+ 1)(m + 1)(b) for any given ¢ € Ay, ¢ > 0, and k
assume that ||a]| = 1.

We divide the proof into two cases.

(a) and ((a —
€ N. We may
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Firstly, let us suppose that a is Cuntz equivalent to a projection. Choose a
projection p such that a is Cuntz equivalent to p. We may assume that a = p.

Since A € TAQ, with F' = {p}, for any &' > 0 with &’ sufficiently small, there
are a C*-subalgebra B of A and a non-zero projection r € A with B € Q and
1 = r such that

(1) lrp —pr|l < €', and

(2) rpr € B.

By (1) and (2), we have

lrpr — (rpr)?|| < 2¢', [|(1 = r)p(1 =) = (1 = r)p(1 = 1))?|| < 2¢".

When &’ is small enough, by (1) and (2), and by Lemma 2.5.5 of [29], there are
a projection p; € B and a projection py € (1—p)A(1—p) such that ||p—p1—p2|| <
4¢’. Therefore, p ~ p1 + po.

Since p1 € B and B € (, there is by € By such that k(b;) < (p;) and
(1) = ((p— €)1} < (k + 1)(m + 1) {by).

If (p1) = (k4 1)(m + 1)(by), this contradicts k(b1) < (p1) since B is a stably
finite C*-algebra (cf. the proof 3.1).

So by Theorem [2.1] (2), there is ¢ # 0 such that (p1)+(c) = (k+1)(m+1)(b;).

Since (1 — r)A(1 —r) € TAQ, for F = {p2} and ¢’ > 0, there are a C*-
subalgebra D of (1 —r)A(1 — r) and a non-zero projection t € (1 —r)A(1 —r)
with D € Q and 1p = ¢ such that

(1)" [[tp2 — pat|| < &,

(2) tpst €. B, and

(3 [1—r—1] < [d].

By (1)’ and (2)’, we have

[tpat = (tp2t)?[| < 2¢/, |(L—r = t)pa(1—r =) = (L =7 = )p2(1 -1 —1))?[| < 2¢".

When ¢’ is small enough, by (1)" and (2)’, and by Lemma 2.5.5 of [29], there are
projections p3 € D and py € (1 —r—1t)A(1—r—t) such that ||ps —ps —pa|| < 4€’.

Therefore, if &’ < 1/4, pa ~ p3 + p4. Since p3 € D and D € Q, there is by € D
such that k(bs) < (ps3) and (p3) = ((ps —€)+) < (k+ 1)(m + 1)(b3). Then we
have

k(b)) + k(bs) < (p1)+ (ps) + (pa) = (p)
(p1) + () + (p3)
(k+1)(m+1){b1) + (k+ 1)(m + 1){b3).

IN

IN

Secondly, let us suppose that a is not Cuntz equivalent to a projection.

We need to show that there is b € M (A)+ such that k(b) < (a) and {(a —
e)4) < (k+1)(m+1)(b), for any given a € A, € > 0 and k € N. We may assume
that |la|| = 1.

By Theorem (4), there is a non-zero positive element d orthogonal to a
such that ((a — €)1 + d) < (a).
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Since A € TAQ, for G = {(a —¢)4, d, a}, for small enough & > 0, there are
a C*-subalgebra C of A and a non-zero projection r € A with C € Q and 1¢ =1
such that

(1) |ler —rz|| < €'/3 for any x € G,

(2) rar €23 C for any x € G, and

(3) [1 - p] < [(d— 3")4].

By (1) and (2), there are a1, d; € C and ag, d2 € (1 —r)A(1 —r) such that

la —a1 —as]| <€,
ld —dy — do|| < e,

[(a—e)y — (a1 —€)4 — (ag —e) 4] <€

As before, we may suppose a;d; = asds = 0.

Therefore, by Theorem (1), if we ensure ¢’ < ¢, then ((a; — 2¢)4 + (ag —
%)) < {(a - )4,

Since (a1 —3¢) 4, (d1—¢)+ € C and C € Q, by hypothesis, for some 0 < ¢’ < ¢,
there exists by € Moo(B)4+ such that k(b1) < ((a1 — 3¢)4+ + (d1 — €)4) and
(a1 —de)y +(dr —2¢)4) < (a1 =3e)4 +(d1—¢)4) =0")4) < (k+1)(m+1){br).

Since (1-7)A(1—r) € TAQ, with F' = {az} and small enough €” > 0, there are
a C*-subalgebra F of (1—r)A(1—r) and a non-zero projection t € (1—r)A(1—r)
with E € Q and 1g =t such that

(1) ||taz — aqt]| < ",

(2/) tast €.~ F, and

(3) [1—r — 1] < [(dy — 20)4].

By (1) and (2'), there are ag € E and a4 € (1 —r —t)A(1 —r — t) such that

||a2 —as — CL4|| < 3.

Then, if 3¢” < e, by Theorem (1) we have (a3 — 32)4+ + (ag — 3e)+ <
(ag — 2¢) 4.

Since (ag — 3¢)y € E and E € Q, there exists b3 € Mo (E)+ such that
kE(bs) < {(a3 —3e)4+) and ((ag —4e)+) < (k+ 1)(m + 1)(bs).

Therefore, we have

k(b @ ba) = k(by) + k{b3)

< (a1 = 3¢)4) +((d1 — €)4) + {(az — 3e)4) + ((as — 3¢)4)
< (a1 =3¢)4) + ((di =€) 4) + ((a2 — 26)4)

<((a=e)4) +{(dr —€)4)

<{(a=¢)4) +(d) <{a),



CERTAIN PROPERTIES OF TRACIAL APPROXIMATION C*-ALGEBRAS 129

and

< (a1 = 102)4) + ((as — 4e)4) + ((as — 42)4)
< (((a1 —4e)4) +((az —4e)4) + (1 —p—1)
< (a1 —4e)y) + ((az — 4e)4) + ((dr — 26)4)
< (k+1)(m+1)(b1) + (k+ 1)(m + 1)(bs).

O

THEOREM 3.11. Let Q2 be a class of unital C*-algebras which are tracially ap-

proximately divisible. Then A is tracially approximately divisible for any simple
unital C*-algebra A € TAQ.

PROOF. We need to show that for any € > 0, any n € N, every F = {a;, as,

-, an} € A, and every a € Ay with ||a|| = 1, there is a projection e € A,
a completely noncommutative finite dimensional C*-algebra D, and an injective
unital homomorphism ¢ : D — eAe such that

(1) [le(b)ar — arpd)|| <efor k=1, 2, ---, nandall b€ D with ||b|| <1,

(2) [1 —e] <a], and

(3) lleae|| > 1 —e.

Since A € TAQ, by Theorem 3.3 of [17], for any non-zero positive element
A € A, there are a C*-subalgebra C' of A and a projection p € A with C € Q
and 1¢ = p such that 2[1 — p] < [a].

Since 2[1 — p] < [a], there are non-zero and mutually orthogonal projections
p1, p2 in A such that [p; + pa] < [a].

Since A € TAQ, for any ¢’ > 0 with 13¢’ < ¢, there are a C*-subalgebra B of
A and a non-zero projection p € A with B € Q and 15 = p such that

(1) |laip — pa;|| < €', |lpip — pp1|| <&’ forall 1 <i<mn,

(2)" pa;p € B, pp1p € B for all 1 <i < n, and
(3) 2(1 - p] < [pa], 21— ] < [p].
By (1)’ and (2)’, we have

lpp1p = (pp1p)*[l < 26", [|(1 = p)p1(1 = p) = (1 = p)p2(1 = p))?|| < 2¢".
When ¢’ is small enough, by (1)’ and (2)’, and by Lemma 2.5.5 of [29], there are
ay, ay, -+, al, € Band af, ay, ---, a! € (1 —p)A(1 — p) and projections
py € B and p] € (1 —p)A(1 — p) such that

Ilpr = py = pill <4, |lpaip — ai]| <€, |(1 = plai(l —p) —af|| <€

We assert that p| is a non-zero projection. Otherwise, 2[1 — p] < [p1] =
[Py + Y] = [p] < [1 — p], which contradicts the stable finiteness of A (since
C*-algebras in Q are stably finite (cf. proof of 3.1)).
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Since B € Q, for G = {d}, da}, ---, a,} C B, for any &’ > 0, there are a
projection e € B, a completely noncommutative finite dimensional C*-algebra
D, and an injective unital homomorphism v : D — eBe C A such that

(1) [v(b)a), — ap(b)|| < e for k=1, 2, ---, nandall be D with ||p|| <1,

(2)" [p— €] < [p], and

(3)" llep”ell > 1 —¢'.

We have

lai = paip — (1 = pla;(1 — p)|| < 2¢',

and
|a; + ai — pxp — (1 —p)z(1 —p)| < 2¢,

for all 1 < i < n. Therefore, for any b € D with ||b|| <1,

[¥(b)ai — aip (D)

+[[¢(b)a; — ¢ (b)(paip + (1 — p)ai(1 — p))||

+[9(d) (paip + (1 = p)ai(1 = p)) — ¥ (b)(a; + (1 = p)ai(1 —p))|
+[le(b)(a; + (1 = p)ai(1 = p)) — (aj + (1 = p)ai(1 — )y ()|

+(a; + (1 = pai(1 —p))p(b) — (paip + (1 = pai(1 — p))Y ()|l
+l(paip + (1 = p)ai(1 — p))(b) — a;p(b) |
<3+ +3"+ +3" <e.

We also have (by (3)’, (2)”, and the choice of p}), if 4’ < 1,

1—yp(l)=1—c¢
=(1-p+(—e
Ip2®py Ip2tp Sa
O

THEOREM 3.12. ([19].) Let Q be a class of unital C*-algebras which is closed
under passing to unital hereditary C*-subalgebras and closed under tensoring
with matriz algebras. Let A € TAQ be an infinite dimensional simple unital
C*-algebra. Suppose that o : G — Aut(A) is an action of a finite group G on A
which has the tracial Rokhlin property . Then the crossed product algebra
C*(G, A, «) belongs to TAQ.

COROLLARY 3.13. Let A be an infinite dimensional simple unital C*-algebra
with tracial Z-absorption (respectively, (n,m) (m # 0) comparison, m-almost di-
visibility, tracial approzimate divisibility, n-comparison, or §-comparison). Sup-
pose that o : G — Aut(A) is an action of a finite group G on A which has the
tracial Rokhlin property . Then the crossed product C*-algebra C*(G, A, a)
has tracial Z-absorption (respectively, (n,m) (m # 0) comparison, m-almost di-
visibility, tracial approzimate divisibility, n-comparison, or [-comparison,).
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