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UNIQUENESS OF THE INDEX MAP IN BANACH
ALGEBRA K-THEORY, II
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Dedicated to the memory of Richard V. Kadison

ABSTRACT. It is shown that the index map in the theory of real Banach
algebras is unique as a natural transformation, up to an integral multiple,
and modulo a (unique) two-torsion “ghost” map arising from the order-
two Kj-group of the Banach algebra R (of real numbers). (In the earlier
paper [3] this was shown for complex Banach algebras, of course without
the “ghost” map, but in way—using Bott periodicity to pass to the op-
posite parity—that is not available for real Banach algebras. The present
approach yields a new proof in the complex case.)

RESUME.  On démontre que I'application index dans la K-théorie des
algebres de Banach réelles (ou complexes) est essentiellment unique.

1. In [3], it was shown that the index map for complex Banach algebras is
unique, up to an integral multiple, as a natural map from the K;-group of the
quotient of a Banach algebra by a closed two-sided ideal to the Kgy-group of the
ideal.

The purpose of the present note is to extend this result to real Banach
algebras—with a slight caveat—see below—, and incidentally to provide perhaps
a more perspicuous, if not shorter, proof in the complex case. (In particular, in
the complex case the full strength of Bott periodicity is not needed, but simply
the special case that states that the K;-group of the (complex) C*-algebra C(T)
is the integers. Perhaps surprisingly, in the real case, in addition to this fact, it
is also necessary to use one of the main parts of the proof of Bott periodicity—in
the complex case!)

Recall that by naturality of the map is meant as a transformation between
the two functors

(A, J) — Ky (A/J) and (A, J) — Ko(J),

where maps between extensions (A,.J) and (A’,J’) are commutative diagrams
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(of contractive homomorphisms)

0—J —> A — A/J — 0

L 1

0—=J — A — AT — 0.

As is well known, the index map itself is such a natural transformation.

Theorem. The index map for real Banach algebras is unique as a natural
transformation, up to an integral multiple, and up to the possible addition to it
of an actually unique map, of order two. (In the complex case the statement is
the same except for the map of order two, which is no longer present.)

2. Remark. Note that, since the class of complex Banach algebras is only
a subclass of the class of real Banach algebras—and similarly with the class of
ideals—, the uniqueness of the index map as a natural transformation, up to
an integral multiple, for complex Banach algebras is not an immediate corollary
of (the real case of) Theorem 1—for one thing, one would have to check that
the unique order two map in the general real case vanishes in the complex case.
Inspection of the proof (in the real case), though, shows that it is valid for the
subclass of complex algebras. (Roughly speaking, one has to consider the algebra
11(Z) with complex coefficients rather than real; but in fact this is necessary as
well just to deal with the real case.)

In other words, one does obtain an alternative proof of the result of [3], in the
complex case. This is desirable—not just because of the desirability of avoiding
Bott periodicity (to the extent possible), but also because the application of Bott
periodicity in [3] to transfer the problem from the even index map to the odd
one (Ko(A/J) — Ki(J)) is perhaps somewhat subtle. Indeed, for the sake of
completeness, some additional explanation of this transformation of the problem
(in [3]) seems appropriate.

In view of the fact (Bott periodicity) that the operation of double suspension
naturally transforms the functor K, isomorphically onto the functor K, o, it is
natural to anticipate that this natural transformation must be compatible with
a given natural transformation K;(A/J) — Ko(J) defined on extensions (as
considered above). In other words, first considering the mapping K;(4/J) —
Ko(J) and then passing by means of the isomorphism K, — K, 2 to a mapping
Ks3(A/J) — Kz(J) should give the same result (the same mapping) as first
passing to the doubly suspended extension

0—S%J = S%4 = S%A4/S%J (=S%(A/J)) = 0
and then considering the mapping

Ks(A/J) = Ki(S*(4/J)) = Ki(S?A/S*T) = Ko(S*J) = K2(J).



UNIQUENESS OF THE INDEX MAP IN BANACH ALGEBRA K-THEORY, II 93

Roughly speaking, the two natural transformations should commute. (Or the
first intertwine the given map with its double suspension.) Put even more simply,
any natural map K;(A/J) — Ko(J) is equal to its double suspension.

In fact, this is true. To see this, recall that for any Banach algebra D, the
Bott periodicity isomorphism K, (D) — K.(Co(R?) ® D) (supremum norm on
Co(R?)® D = Co(R?, D)) from K, (D) to K, of the double suspension, K, (S?D),
is the difference of the K,-maps of the two fundamental algebra homomor-
phisms from D into the larger algebra Ms(Co(R?)~) @ D = My(C(S?)) ® D,
namely, D — eg ® D where ep is the Bott projection in My(C(S?)), and
D — e; ® D, where e = ((1) 8). Note that these two algebra homomor-
phisms are equal in the canonical quotient D corresponding to the point at
infinity in R2, and so the difference of the corresponding K,-maps maps into K,
of the image of the ideal Cq(R?) ® A/J, and that the quotient D lifts (canoni-
cally), so that (by exactness) the map of K;(Co(R?)® D) into K;(Co(R?)~ ® D)
is an embedding. By naturality, the K,-map of each of these two homomor-
phisms D — My(Co(R?)™) ® D, applied to an extension 0 — J — A —
A/J — 0, intertwines the given map K;(A4/J) — Ko(J) with the given map
K;(M2(Co(R?)™) ® A/J) — Ko(Co(R?)™ ® J). Hence, the difference of these
two K,-maps, namely, the Bott periodicity map K,(D) — K. (S%2D), intertwines
the given map K;(A/J) — Ko(J) with the given map at the level of double
suspensions, K;(S?(A4/J)) — Ko(S2J), as asserted.

In [3], it is proved that any natural map Ko(A/J) — K;(J) is equal to an
integral multiple of a standard one, the odd index map—which is equal to and
even (often) defined as the suspension of the even index map, via this natural
isomorphism of K, and K,1o = K, 1S (S the suspension operator). In partic-
ular, the suspension of a given natural map K;(A4/J) — Ko(J), a natural map
Ko(A/J) — K1(J), must be an integral multiple of the suspension of the (even)
index map. This is then true for the double suspensions, K;(A4/J) — Kq(J),
which as shown in the preceding paragraph are equal to the maps themselves.

3. As in [3], the most convenient way to proceed would seem to be to prove
the following statement, which clarifies the situation since it does not even men-
tion the index map. Note that, here, the natural transformations under con-
sideration are from K;(A/J) to Ko(J), not with the opposite parity as in [3].
(Presumably, a (non-zero) natural transformation with the opposite parity does
not exist in the real case.)

Theorem. The additive group of natural transformations between the two
functors, from the category of extensions of real (respectively, complex) Banach
algebras (with contractive homomorphisms)

0—-J—>A—A/J—=0
to the category of abelian groups,

(A, J) = K1 (A/J) and (A, J) — Ko(J),
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is isomorphic to the group 7. ® 7 /27 (respectively, the group 7).

Theorem 1 follows immediately, once the index map is shown not to be a
multiple (two or more times) of any other natural map and not to have order
two. (This last is immediate, since the index map in the complex case is, by
definition, a special case of what it is in the real case, and by the statement of
the theorem, in the complex case, there is no possibility for the index map to
have order two. The first statement also follows by observing the complex case,
and recalling that the index of a Fredholm operator on an infinite-dimensional
Hilbert space can be an arbitrary integer.)

4. Proof of Theorem 3. Let us consider simultaneously the cases of real
and complex scalars. There will be a difference only at one point.

In analogy with the proof of Theorem 2 of [3], consider the universal (real or
complex) Banach algebra, say B (or Bg or B if there is any risk of confusion)
generated by two elements of norm one (in the category of real or complex Banach
algebras with contractive homomorphisms). On replacing these two elements by
scalar multiples, as in [3] (the case of a single generator), B becomes the universal
(real or complex) Banach algebra generated by two elements with arbitrarily
specified norm.

With w an invertible element of the quotient of a given (real or complex)
Banach algebra A (which we may assume to be unital for the purposes of the
theorem—recall that adjoining a unit does not change the K;-group) by a given
closed two-sided ideal J, or, rather, an invertible element of a matrix alge-
bra over A—which, on changing notation we may suppose is A itself—, view-
ing B as the universal Banach algebra generated by two elements with norm
2 max(||w]|, |Jw™!]]), consider the (unique) contractive Banach algebra map from
B into A mapping those elements into elements of the preimages of w and w™!
of norm at most 2 max(||w||, |[w™!])).

For any A > 1, consider the universal unital (real or complex) Banach algebra
Cy (or Cxr or Cy ¢ to avoid confusion) generated by two elements of norm (at
most) A, one of which is the inverse of the other. C) is commutative. In the
case A = 1, C), is just the familiar Banach algebra 1'(Z) (more precisely, 1} (Z) or
1L.(Z)) of absolutely summable two-sided sequences of (real or complex) scalars,
with convolution as product, with the standard generators 1; and 1_;.

In the general case, C) is the Banach algebra 1}(Z) (more precisely, if nec-
essary, IE\R(Z) or lic(Z)) of two-sided sequences of (real or complex) scalars
(an)nez such that

(an)\lnl)nEZ € 11 (Z)a

with norm

(@A™ ) ezl

Z |an|)\|n‘7

ne”Z

l(@n)nezllx
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again with convolution (making 1i(Z), which is contained in 1'(Z), a subalge-
bra), and again with the standard generators 1; and 1_;. The normed algebra
inequality—and in particular closure under multiplication—is seen as follows:

H(am)mEZ*(bn)HEZHA = ||( Z ambn)rEZHA

m-+n=r

= Z‘ Z Ambn|AI"!

reZ m-tn=r

Z Z |am||bn|)‘m

reZ m+n=r

= 2 lamflba A

m,n€Z

S lamlba A

m,n€z

= Z | | A Z b, |AI"!

meZ nez

IN

IN

= l(am)mezllxll(bn)nezllr-

By Theorem 5, below, K1 (Cy r) is isomorphic to Z & Z/2Z, and is generated
by the K;i-classes of either of the two canonical generators, 1; and 1_; = 11_1
in the sequence description above, together with the element —1 = —1g, while
K1 (C ) is isomorphic to Z, with generator the class of 1; (= 171).

Now, with A = 2max(||w]], [|[w™!||), with w an invertible element of the quo-
tient Banach algebra A/J as above, consider the unique contractive Banach
algebra map ¢, : B — C) taking the two canonical generators of B, renor-
malized as above to have norm A, into the two canonical generators 147 of C).
It is important to note that this map is surjective. Indeed, if according to the
description above of C) one is given an element a = (ap)nez of Cy, so that
l(an)nezll = > nez lan| A" < 400, then if x4 are the canonical generators of B
normalized to have norm A, with ¢y (z+) = 141 € C,, then the image under @y

of the element
E anx” 4+ apr_x4 + Z anT’
n<0 n>0

of B (which has norm at most 3,5 |an|A"™ +ag(A\2=1) = ||(an)nezlr +ao (A2 —
1) < +00) is equal to a € C}.
One thus has a short exact sequence
0— ker@AﬁBﬂCA%O.

This now maps into the given short exact sequence

0—>J—>A—A/J—0,
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by means of a commutative diagram, with vertical maps taking the canonical
generators 141 of C) into the given invertible element w € A/J and its inverse,
and the canonical generators x4 of B of norm A = 2max(||w||, |w™!||) into the
chosen elements of A of norm at most A in the preimages of w and w™'—and
keryy mapping into J by commutativity.

Since the Banach algebra B is contractible (the identity map connected to
the zero map by a continuous path of (contractive) endomorphisms), so that
K. (B) = 0, by the long exact sequence of real K-theory (valid of course also in
the complex case), the index map K;(Cy) — Ko(kerpy) is an isomorphism. By
the identification of K;(Cy) = K;(11(Z)) in Theorem 5 (K1(Cyr) = Z & Z/2Z,
in the real case, and K;(Cxc) = Z, in the complex case, with the class of
11 generating the direct summand Z—cf. above), any other map Ki(C)) —
Ko(kerpy), restricted (in the real case) to the direct summand Z (= Z[11]1)
must be an integral multiple of this—modulo (in the real case) the map taking
this direct summand onto the direct summand of Kg(keryy) (in the real case)
isomorphic to Z/2Z. Since the generator of K;(C)) corresponding to 1,1 € C),
maps into the Kj-class of w € A/J, it follows by naturality that the given map
on the class of w is this same integer multiple of the index map (modulo, in the
real case, the canonical, in general order-two, map K;(A/J) — Ko(J) which,
as we shall see below, is defined in generality—by varying A—in the real case
according to the criterion of naturality applied to the (unique) map of order two
Ki(Cxr) D Z[11]1 = Z/2Z C Ko(kerp,)).

Applying this argument, which required only the inequality
A > 2max(||lwl], [[w™!]]) (not equality), with arbitrarily large A > 1, adjusted
to be at least 2 max(||w]|, |w™!||) for a given invertible w in A/J, or in a matrix
algebra over A/J—or, also for the purpose of constructing the order-two natural
transformation K;(A4/J) — Ko(J) in the case of real scalars, for finitely many
(two, at least) such invertible elements—, we see that the given natural map
K;(A4/J) = Ko(J) must always—on any w—agree with some integral multiple
of the index map (modulo the order-two map in the real case)—a priori conceiv-
ably depending on the particular value of A\ used, but of course by consistency a
unique integer on a given w whenever the index map is non-zero on that w, and
indeed on finitely many such ws, and so a single integer for a whole extension
(for which the index map is non-zero), whence by the direct sum technique of
[3] a single integer overall.

5. Theorem. (i) For each A\ > 1, the complex Banach algebra
1}\(2) = li\,C(Z) = {(an)nEZ; Z |an|>‘|n‘ < +OO} y
neL

with norm (see calculation above)

(an)nezllin =D lan|A™,

nez
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has K\-group isomorphic to Z, with generator the class of 11 € 13(Z).
(ii) For each A > 1, the real Banach algebra

B&(Z) = {(an)nezi an € R, Y an| A" < 400}

with norm

l(an)nezllix = Z |an A",

nez

has K1-group isomorphic to Z&7Z/27, with generators the classes of 11 € 1} x(Z)
and —1p=-1¢ li,R(Z) (the second one of order two). ’
Proof. Ad (i). The spectrum of the complex Banach algebra I} «(Z) is the
annulus
annulus()\) := {z € C; A7 < |z| < A} c C.

By Theorem 7.15 of [4] (the case of a Banach algebra—see also [2]), the Gelfand
transform gives rise to an isomorphism from Kj (1} ~(Z)) to K;(C(annulus()))).
By homotopy equivalence of annulus(A) with anﬂulus(l) = T, and (a special
case of) Bott periodicity, K;(C(annulus(\))) is isomorphic to the group Z, with
generator the class of the inclusion map annulus(A) < C. Since the Gelfand
transform carries the element 1; of 15 (Z) into the inclusion map annulus(\) <
C (with respect to the canonical identification of annulus(A) with the spectrum
of 1 ¢(Z)), the class of this element generates the group Ky (I} ¢(Z)), as asserted.

Ad (ii). This statement is a consequence of the first statement. The canon-
ical inclusion IE\R(Z) — 1}\,@(2) is surjective at the level of K; by (i), and the
canonical map IK’R — R, (an)nez ¥ D,z @n, is clearly surjective at the level
of Ky (as K1 (R) = Z/2Z is generated by the class of —1 € R), and so it remains
to show that this canonical surjective map

Ki(3r(Z) = Z o Z/2Z

is injective.

Suppose that u is an invertible element of the matrix algebra Mk(lk’R(Z))
which maps to 1 = 15 € My (R) by evaluation at the character 1 € annulus()\),
and thus to 0 € Ky (R) = Z/27Z, and maps to 0 € Kl(li,c(z)) = Z. Let us analyze
what we can say about u following the row and column reduction argument in
the proof of surjectivity in Bott periodicity (see [1], [5]), after first approximating
u by a trigonometric polynomial, i.e., a finite sequence in 1}\7R(Z) (a truncation of
u will do) which we may still denote by u = (uy)nez, where u,, € R, n € Z, and
now u, = 0 for almost all n. Viewing u as the (finite) sum u = Y u,, 2", where
z is just a convenient notation for 1, € 13 (Z) (to recall the calculations in [1]
and [5]), and choosing m large enough that v := 2™ is a genuine polynomial in
z (ounly positive powers), expand (i.e., dilate) v to the (2k x 2k) matrix

(v )
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and apply elementary row and column operations (one of each) to remove the
highest power of z if this is the second or higher. Repeat this procedure until
the highest power of z is the first, i.e., the polynomial is linear, in Mr(li’R(Z)),

az+ (1 —a),

where a € M,.(R). (Note that the procedure does not affect the property that
the image with respect to the character 1 € annulus()) is the identity matrix,
denoted now by 1 € M,.(R). It is also important to note that the property that
all the coefficients wu,,, n € Z, of u, and so those of v, and so those of az+ (1 —a),
are real is also preserved by the matrix dilation and row-and-column operation
procedure. Of course, it is critical that this new invertible element, az + (1 — a),
is path connected (through invertibles) to the invertible element v.

Since the element az 4+ (1 — a) of M,.(1} zx(Z)) is still invertible, the spectrum
of the matrix a € M,.(R) (as in [1] and [5]), now considered as a complex matrix,
must be disjoint from the line {% +iy;y € R} C C (consider the homomorphisms
M, (I} g(Z)) — M,(C) corresponding to the characters v € T C annulus()) of
li’C(Z)—cf. below). Applying the holomorphic functional calculus to the matrix
a € M,(R) C M,(C), with respect to the holomorphic function equal to zero to
the left of the vertical line in question (through % € R), and equal to one on the
right of this line, we obtain an idempotent e, belonging in the first instance to
M,.(C), connected to a (see below) by a continuous path of elements (a;)o<i<1
with ag = a and a; = e, such that the spectrum of each a; is disjoint from the
line in question.

As amatter of fact, the invertibility of az+(1—a) € M, (1} g(Z)) C M,.(I} ¢(Z))
implies invertibility of the matrix ay + (1 — a) € M,(C) for all v € annulus(}\),
when the characters of 1}\76(2) corresponding to points of this annulus are ex-
tended to homomorphisms M, (1} ¢(Z)) — M,(C), and is in fact equivalent to
this. To see this, note first that an element of M, (1} z(Z)) is invertible if and
only if it is invertible in Mr(l}\ﬂ(Z))—indeed, an element of any real (unital)
algebra is invertible if and only if it is invertible in the complexification. (If x
has inverse y + iz then zy + izz = yx + izx, whence xy = yx = 1.) Next, an
element of M,.(1} ¢(Z)) is invertible if and only if its determinant is invertible as
an element of the commutative algebra 1} ~(Z), and of course this is true as well
for an element of M,.(C), as it is, in fact, for an element of a matrix algebra over
any commutative ring with unit. Finally, by standard (Gelfand) commutative
complex Banach algebra theory, an element is invertible if and only if its value
on any character is invertible, i.e., is a non-zero complex number. It remains
to note that for any homomorphism between commutative (unital) rings, the
canonical extension to a homomorphism between matrix rings commutes with
the operation of taking the determinant.

Now let us calculate, very much as in the proof of Bott periodicity ([1], [5]),
what it means in terms of the spectrum of the matrix a € M, (C) that the matrix
ay+ (1 —a) = (y—1)a+ 1 is invertible for all v € annulus(A). The spectrum
of (y —1)a+1 is of course (y — 1)Sp(a) + 1, and saying that the point 0 € C is
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excluded from this for all v € annulus()) just says that Sp(a) is disjoint from the
set {—1/(v —1);v € annulus(A)}, or, in other words, that it is contained in the
union of two disjoint open discs of radius /(A% — 1), symmetrically situated with
respect to the z-axis, and also with respect to the point % € C, with boundary
points 1(1+ X) and A\/(1+ \), on either side of this point—thus, one containing
the point 0 € C and the other the point 1 € C.

The point is that, not only is the spectrum of a contained in the union of these
two discs (an open neighbourhood of the set {0,1}), but also, the spectrum of
a; is contained in this open set for each ¢ € [0,1], where a; = fi(a) with f; the
holomorphic function on this open set agreeing with the identity function when
t = 0, and equal to 0 and 1 on the two discs respectively when ¢ = 1, in particular
0 at 0 and 1 at 1, and equal to the weighted average (1 —t)fo +tf1 of fo and f;
for ¢ in between 0 and 1. (The function fy takes this open set onto itself, f; takes
it onto the subset {0,1}, and f; takes it onto the subset obtained by shrinking
each disc by the factor 1—t, the first about the point 0 and the second about the
point 1.) The spectral mapping theorem for the holomorphic functional calculus
in a complex Banach algebra says that the spectrum of a; = f:(a) is equal to
the set f;(Sp(a)), and so a subset of the union of the two discs. Hence, by
the equivalence pointed out above, the matrix a;y + (1 — ay), with v € T, is
invertible in M,.(C) for every ¢ € [0, 1], and, again as observed above, it follows
that the element a;z + (1 — a¢) of Mr(l}\c(Z)) (our colloquial expression for
atly + (1 — at)1p) is invertible for every t € [0,1], and so ¢t — a;z + (1 — a;) is a
continuous path of invertible elements connecting a to 1 in the complex Banach
algebra M,.(I} «(Z)).

The crucial step—allowing us to conclude the proof—is now to observe that,
by symmetry (with respect to complex conjugation), since a is a real matrix
(i.e, a € M,.(R) C M,.(C)), also a; is a real matrix for every ¢t € [0,1]—and
so atz + (1 — a;) belongs to the real Banach algebra, Mr(li,R(Z)) for every t,
and, in particular, is an invertible element of this Banach algebra, and so the
invertible element az + (1 — a) of M,.(I} z(Z) is connected by a continuous path
of invertible elements in this algebra to the invertible element a1z + (1 — a1),
where a1 € M, (R) is an idempotent matrix. L

(The symmetry argument is that, as @ = a and f;(z) = fi(Z) for each t € [0, 1],
the complex line integral

o) = 5 [ £ =0

where T" is a curve equal—except for orientation—to its complex conjugate, is
invariant under complex conjugation.)

The original invertible element © = 2z~ ™wv now gives rise to the same class
in Kl(l}\vR(Z)) as a1z + (1 — ay). Since the class of a1z + (1 — aq1) in K; of the
complex Banach algebra I} «(Z) (which is Z, generated by the class of z = 1,) is
just the rank of the idempotent matrix a1, and so the K;-class of v is also this
rank—and since the class of u in K1(1§\7C(Z)) is by assumption zero—, it follows
that the rank of aq is m.
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Since u = 2~ ™wv, u has the same class in K; (l}\)R(Z)) as ayz+(1,—a1)+agz~t €
Mr+m(1}\,R(Z)), where as is the idempotent 1,, orthogonal to 1, in M, 1., (R)—
with M,.(R) viewed as the upper left-hand r x r corner of M, 1, (R). We are thus
reduced to looking at the 2m x 2m matrix a;z+as2z~ ! in Mzm(liR(Z)), where a;
and ay are two orthogonal equivalent idempotents (of rank m) with sum 1 = 1,,;
in block matrix form the matrix ((Z) 291 ), which since ((1) 291) can be rotated

continuously to (Zal (13) is path connected through invertibles to (3 ?)(zal ‘13) =

(69) € My (15 g(Z)). This shows that u is trivial in Ki (1} g(Z)), as asserted.

Acknowledgements. The author’s research was supported by an NSERC
Discovery Grant. He is indebted to The Fields Institute for its support, in
many ways, over the years, for research in operator algebras. He would like
to thank Bhishan Jacelon, Zhuang Niu, and N. Christopher Phillips for helpful
conversations.

REFERENCES

M. F. Atiyah, K-Theory, W.A. Benjamin, New York, 1967.

A. M. Davis, Homotopy in Fréchet algebras, Proc. London Math. Soc. 23 (1971),

31-52.

3. G. A. Elliott, Uniqueness of the index map in Banach algebra K-theory, C. R. Math.
Rep. Acad. Sci. Canada 36 (2014), 93-96.

4. N. C. Phillips, K-theory of Fréchet algebras, Internat. J. Math. 2 (1991), 77-129.

5. M. Rgrdam, F. Larsen, and N. J. Laustsen, An Introduction to K-theory for

C*-algebras, Cambridge University Press, Cambridge, 2000.

N =

Department of Mathematics, University of Toronto, Toronto, Canada M5S 2E4
e-mail: elliott@math.toronto.edu



