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A POSITIVE-DEFINITE ENERGY FUNCTIONAL FOR
AXIALLY SYMMETRIC MAXWELL'S EQUATIONS ON
KERR-DE SITTER BLACK HOLE SPACETIMES

NISHANTH GUDAPATI

Presented by Niky Kamran, FRSC

ABSTRACT.  We prove that there exists a phase space of canonical
variables, for the initial value problem for axially symmetric Maxwell fields
with compactly supported initial data and propagating in Kerr-de Sitter
black hole spacetimes, such that their motion is restricted to the level sets
of a positive-definite Hamiltonian, despite the ergo-region.

RESUME.  On démontre qu’il existe un espace de phase de variables
canoniques, pour le probléme des valeurs initials pour les champs de Max-
well symétriques & donneés initiales de support compact et & propagation
dans les espaces-temps de trou noir Kerr-de Sitter, tel que leur motion est
restrainte aux ensembles de niveau d’une hamiltonienne de type positif, en
dépit de 'ergo-région.

1. Kerr-de Sitter Black Holes Consider the Kerr-de Sitter family of black

holes (M, g) :

2
A [ dt — asin®0do ¥ )
jg=—— | ———— "7 Zdr? + = do?
I=7% 1+ 8q2 ATt

sin® (1 + $a®cos?0) [ adt — (r* + a?)d¢

> 1+ %a?
where
A 2
(2a) A =r? —2mr+a® — %(r2+a2),
(2b) ¥ =r? + a®cos? 0,
A
(2¢) m=1+ §a2 cos? 6,
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0 € [0,7], & € [0,27), |a|] < m. The quartic polynomial function A(r) is
such that it admits precisely one negative root and three distinct positive roots
{ry,rc},r+ < re, which correspond to the cases of physical interest. In this work
we shall restrict to a # 0 and the regular region r < r < r.. The Kerr-de Sitter
family is a solution of Einstein’s equations in 3+1 dimensions with a positive
cosmological constant:

_ 1_ _ — _
(3) R;w - §guuR§ + Ag;w =0, A>0 (M,g),

which reduces to the Schwarzschild-de Sitter family if « = 0 and de Sitter if @ and
m = 0. The question of stability of the 341 de Sitter spacetime has been resolved
by Friedrich in a series of landmark works [18-20]. Existence and stability of
even dimensional de Sitter spacetimes in higher dimensions was proved in [1]. In
a remarkable recent breakthrough, Hintz and Vasy have resolved the nonlinear
stability of the Kerr-de Sitter black holes for small angular-momentum [25] (see
also [24]).

The evolution of their methods, developed from Melrose’s b—calculus, can be
found in the list of references therein. In this context, there were preceding re-
sults on the stability of the Kerr-de Sitter family for small angular-momentum
for various model problems. The local energy decay of the wave equation on
Schwarzschild-de Sitter is studied in [6]. Asymptotics and resonances of linear
waves on the Kerr-de Sitter metric are studied in [12,[13]. The asymptotic be-
haviour of the Klein-Gordon equation on the Kerr-de Sitter metric is studied in
[21]. Global boundedness for linear waves on Schwarzschild-de Sitter and Kerr-
de Sitter cosmologies is proved in [37]. A partial proof of nonlinear stability of
Schwarzschild-de Sitter cosmologies is discussed in [38]. The decay of Maxwell’s
equations on Schwarzschild-de Sitter metric was proved recently in [28].

The case A = 0in (|1)) and (3] corresponds to the Kerr family of black holes, the
stability of which is being pursued in a long-standing program that began soon
after their discovery. In a remarkable recent development, the linear stability of
Schwarzschild black hole spacetimes has been resolved in [8] using the Teukolsky
variables, by carrying forward the classic works in [32,/35/41,42]. The stability
of Schwarzschild using metric coefficients has been resolved in [26] and [27]. A
Morawetz estimate for the linearized gravity on Schwarzschild was proved in [4].
The decay of Maxwell’s equations on the Schwarzschild metric was proved in
[5]. Model problems for nonlinear stability of Schwarzschild are considered in
[29,/30L33].

In contrast with Schwarzschild and Schwarzschild-de Sitter (¢ = 0), an im-
portant obstacle for Kerr and Kerr-de Sitter (a # 0) is that the energy of even
the linear wave equation is not necessarily positive-definite. This is caused by
the ergo-region, which always surrounds a Kerr black hole with non-vanishing
angular-momentum. A variety of techniques are introduced to cope with this is-
sue for fields propagating on Kerr with small angular-momentum [2}(3}{10L[31}/40].

This leads us naturally to the question of stability of the Kerr-de Sitter family
for large, but sub-extremal, angular-momentum (|a| < m). It may be noted that
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the lack of positivity of energy (and the related superradiance effect) makes
proving the decay even more subtle for large |a|. The extraction of energy from
a sub-extremal Kerr black hole using a linear wave equation is discussed in
[17,{39], which is equivalent to the Penrose process [7]. The decay of the linear
wave equation on a sub-extremal Kerr for fixed azimuthal modes is proved in
[15,16] using spectral methods [14]. Extending these works, the decay for general
solutions of the linear wave equation is proved in the intricate and remarkable
work [11]. However, little is known about the global behaviour of nonscalar and
coupled fields propagating on Kerr or Kerr-de Sitter for large |al.

The special case of axially symmetric linear waves, propagating on the Kerr-
de Sitter spacetimes, admits a fortuitous simplification as the energy from the
energy-momentum tensor is immediately positive-definite and is thus directly
amenable to Morawetz and decay estimates (see, e.g., [2,)9] for the Kerr counter-
part). The problem becomes much more subtle even for the axially symmetric
coupled vector fields (e.g. Maxwell’s equations) propagating on Kerr-de Sitter.
Indeed the problem of positivity of total energy of axially symmetric Maxwell’s
equations on Kerr spacetimes has been an open problem for decades where, in
principle, counter-examples for positivity of energy density can be constructed.
This has recently been resolved for the full range of sub-extremal Kerr black
holes in 23] and separately in [34].

The subject of this paper is to prove equivalent results for Kerr-de Sitter
(la] < m). Analogous to |23, these results also hold for the fully coupled axially
symmetric Einstein-Maxwell perturbations of the Kerr-Newman-de Sitter space-
times, which shall be discussed rigorously in a separate article. Importantly,
in the pure Maxwell problem, the positive-definite energy we construct is natu-
rally associated to gauge-invariant quantities. In addition, without the several
technicalities of the fully coupled Einstein-Maxwell problem, the pure Maxwell
problem is more transparent.

Following [23], we shall use the Hamiltonian formulation as it provides a mech-
anism to construct a gauge-invariant notion of mass-energy for the perturbative
theory of (M, g) for the full |a] < m. Consider a Maxwell 2-form F and a vector
potential A defined on (M, g), such that F : = dA; then Maxwell’s equations are
the critical points of the variational principle:

@) SulF) =1 [ 171} g

for compactly supported variations. If we perform the ADM decomposition
(M,g) = (X,9) xR

of the metric g and the vector potential A,

(5)

g =— N?dt* + gi;(dz" + N'dt) ® (da? + N7dt)
(6) A =Aodt + Aydz®, i,j=1,2,3,



42 NISHANTH GUDAPATI

and define )
%i = §€ijk(8jAk - 8kAj),

the ADM variational principle is defined as

Tapu[As, € ::/ (Aiatei - %Ngglqij(eieﬂ' + BIBI) 4 ¢, N €I Bk
(7) — Avd; Qii)d“x
for the phase space XMax,

XMax . — f(4;,¢Y),i=1,2,3},

which results in the Maxwell field equations
(8a) O Ai =— Njiz ;¢ — i NTB* + 09, A,
(8b) 0y &" = — 0y(N 17 ' Gr; B/ ") + 0 (N€" — N'e"),

where i  is the square root of the metric determinant of (%, q). The & field can
be concisely represented in terms of the F' tensor as

. 1 ..
(9) ¢l = §e”k*ij.

The Maxwell constraint equations are

(10) 9;¢' =0, i=1,2,3.

2. Dynamics with a Positive-Definite Hamiltonian Let (M,g) be the

Kerr-de Sitter spacetime represented in , where A(r)’s positive roots are ri

and r. with (ry < r.). If we consider the ADM decomposition of ,
M=RxZX,

where 3 is Riemannian. The group SO(2) acts on (%, ) in such a way that 9,

is the associated Killing vector field. We define

(11) ¥ :=3%/S0(2).

The fixed point set of the SO(2) action on X is a union of two disjoint sets,
which we represent together as I' (‘the axes’) for brevity. It may be noted that
the fixed point set I" corresponds to |0y ||z = 0 and also a boundary of X. Finally,
we define a Lorentzian manifold with boundary M such that

M :=M/SO(2) =¥ x R.
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PROPOSITION 2.1.  Suppose (M,g) is a Kerr-de Sitter spacetime with A as in
. Then the following statements hold.

1. The metric g can be represented in Weyl-Papapetrou form:
(12) g=e g+ eNa?,

where ® = dop + A, dx¥, v =0,1,2, g is the Lorentzian metric of M.
2. There exists an auziliary (scalar) potential w,

w: (Mg =R

such that (y,w)satisfies the ‘shifted’ wave maps equation:
1
(13a) Ogvy + ief‘wg”‘ﬁaawagw + Ae™?7 =0

(13b) Ogw — 4e *7g*9,wdsy =0, on (M,g)\T,

we shall refer to w as the gravitational twist potential.
3. There exists a 3+1 decomposition of (M,g) such that it is smoothly foliated
by 8D Riemannian maximal hypersurfaces.

ProoOF. For proofs of statements 1 and 2 above, see |22]; the system is
coupled to 2+1 Einstein equations. The fact that the expansion parameter A
decouples from the Einstein equations and appears as the forcing term of
will play a crucial role in our problem. For the convenience of the reader, we
shall provide the construction of the scalar potential w below. The Einstein field
equations imply that the 1-form G such that

(14) T = 674“’6W5g5°‘Ga,

where € is the volume form of the metric g and ¥, := 9, A, — 0L A, 1, v, 0,0 =
0,1,2, is closed. Therefore, by the Poincaré Lemma, G = dw, where w is the

gravitational twist potential.
For (3), consider the ADM decompositon of (),

(15) g = —N?dt* + g;j(dz" + N'dt) ® (dz’ + N’dt), i,j=1,2,3.

Subsequently, if V() is the (intrinsic) covariant derivative of (X,q), then it
follows that

(16) vl((j)NZ = Oa (ita (jt)a vt € Rv

which holds for all ¢ in view of the t-translational symmetry of (M,g) in .
Furthermore, consider the ADM decomposition of (M, g),

(17) g = —N2dt* + qup(dz® + N°dt) ® (dzb + Ndt), a,b=1,2.
We also have

(18) Va(q)Na = 07 (Zta qt)7 Vt S R.
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It follows from the definition of w that
(19) Og Ao + Ne_476abﬂquc80w =0.

The explicit expression of Kerr-de Sitter spacetime in the ‘Weyl-Papapetrou’
form is as follows:

-2 2 2
_9, IIAsIn" ¢ PRI (Ee Wdr2 N Ele_lvd02>

JKkds = —¢€ (1 2a2)i A
2
a(—2mr — 2a%(r? 4 a?)(1 + cos? 9))
20 +e2 [ do+ 3 dt | .
(20) ¢ ( ¢ —a?sin? A + TI(r2 + a2)2

Reading off various components of the Weyl-Papapetrou form, we have

_ sin® §(—a?sin® OA +I1(r? + a?)?)

21 2y ,
(21a) ¢ S(1+ 2a2)?
(IIA)2 sin @
21b N=—"——,
( ) (1 + %GQ)Q
_ _Ag200.2 2 2
(21¢) Ay :a( 2mr — 3a*(r* 4+ a®)(1 + cos 0))7

—a?sin? A + TI(r2 + a2)2
1 1
I\ 2 A\?
-1 a b_ 2 2
(21d) g qapdz® @ dz _<A> dr= + (H) de=,

where [ig is the square root of the metric determinant of (£, ¢). We are interested
in the initial value problem of Maxwell’s equations with axial symmetry.
We assume that the axially symmetric F' tensor is derivable from an axially
symmetric vector potential A.

In view of the fact that the Kerr-de Sitter spacetime is also axially symmetric,
let us construct a new phase space X. Firstly, consider a twist potential

A:(M,g) >R

such that A := Ay, so that B¢ = g\ and 9,8 = 0,a,b = 1,2. It follows
from the Maxwell constraint equations 0,E® = 0 and the Poincaré Lemma that
there exists a twist potential

n: (Mg —R

such that & = ¢*9,n. Likewise, it follows from the variational principle that
the conjugate momenta u and v defined as

(22) u:=B" v:.:=-¢€
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form the dynamical canonical pairs with 7 and A respectively. Thus we define
the phase space X as

X = {()\,1)), (U,U)}“

Maxwell’s equations , can be transformed into the phase space X and locally
represented as

(23a) o = Ne27ﬂq_1u, O\ = NeQ"’/lq_lv,
(23b) Opu = 8b(Nﬂqq“be*278an) + Nﬂqq“befﬁaaw@b)\,
(23¢) O = 81,(Nﬂqqabe_278a)\) — Nﬂqq“be_‘haaw@bn.

For the initial value problem of , we assume that the axially symmetric F’
tensor has smooth and compactly supported initial data in a t = ¢y initial data
slice (2o, go). Define initial data in X as

(24) ID := {(/\0711,0)7(7’]0,’00)}7 (ZO;C]O)~

In this work, we shall assume that the initial data is compactly supported, strictly
within the interior of X3, i.e., Supp(ID) C 3. As a consequence, in the computa-
tions the boundary terms vanish at both the horizons. It may be noted that the
global propagation of regularity of the Maxwell field F' in the domain of outer
communications of the Kerr-de Sitter metric (M, g) is standard. As a conse-
quence, we have the following prescribed behaviour on the axes I' of the quotient
space (X, q) :

(25a) O0sA=0,0,m =0, on T,
(25b) 0zA=0,0;m=0, on T,
(25¢) OA=0,0m=0, on I, VteR,

where d; and Oy are the derivatives tangential and normal to the axes I' respec-
tively. In view of it may be noted that

¢ =0, B'=0, on I.

It follows from that one can choose A,n such that they are (uniformly)
0 along I'. In principle, our Hamiltonian framework allows for the Coulomb
type conserved charges; however, the behaviour at the axes is chosen only for
convenience in functional analysis arguments. We now state the main theorem
of the paper.

THEOREM 2.2.  Suppose F is the electromagnetic Faraday tensor with Lo, F' =
0, £s,A = 0, propagating on the Kerr-de Sitter black holes with |a] < m and
further suppose that F' € C™ (X, do) with Supp(ID) C Xy. Then the following
statements hold for the initial value problem of F on Kerr-de Sitter (M, g)
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1. There exists a positive-definite Hamiltonian HA" for the dynamics of the
canonical pairs in the phase space X = {(\,u), (n,v)} i.e.,

(26a) D, -H* =9, D, HY = -9u,
(26b) D, - HAM =9\, Dy-H = -9,

where D is the (variational) directional derivative in the phase-space X .

2. There exits a divergence-free spacetime vector density J such that its flux
through t-constant hypersurfaces is positive-definite.

3. There exists a canonical transformation U : (X, HA®) — (X, H) to a
‘reqularized’ phase space

where,
Ai=e '\, np:i=eTn, u:=¢cu, v:=cv,

such that the corresponding Hamiltonian HT9 is positive-definite.

PrROOF. The ADM Hamiltonian energy, re-expressed in the phase space X and
using , consecutively transforms as follows:

H :/2 (%N,&qflezv(u2 +0?%) + %Nﬂqqabed'y(aan@bn + 0aA0p)
- AoeabaanabA) &z
N /2 (%Nﬂq_lez”(u2 +0%) + %Nﬂqqabe‘”(@an&n + DA N)

(27) + Ne*Mﬂqq“baaw@bn/\) d*x
where the —ve®9yn + ue™® I\ terms drop out. Now consider the quantity
I: ziN e igq"" ((aX — 20027) (ObX — 2X057) + (9an — 200a7)(06n — 200y))

+ %Ne_%’ﬂqq“b((aan + )\6_278aw)(0b17 + )\6_2781,(4))

+ (09X — 1e 27 0w) (Op\ — 7767273[)60)) - %Nefzyﬂqq“b(ﬁa)\ab)\ + 0anOpm).-
We have,

1
I =Ne i, (0ay0py + Ze“*”BGw@bw)()\Q +n?)

1 1
(28) — Ne*hﬂqq“b()\ﬁafyab)\ + 10y yOpm — 5)\67273(1&)657] + ine*%&w&,)\).
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Recall the wave map system satisfied by (v,w):

1
(29a) 8;,(Nﬂqqab&ﬂ) + §Nﬂqe_47qab8aw6bw + NjigAe™? =0,
(29b) (N jigq®e™*0,w) =0.

Now consider the quantity:
(30) IT : :%Bb (=Nfigq® e dawn) — Nfigg® e 9,7 (n* + A?)) .
We have
II=— %(Nﬂqq“be_‘”aawabn)\ + Ay (N figq™ e ™ 0uw)
+ Nﬂqqabe_478aw8b)\n)
(PN G0N+ 7P) — 2T Nigg 0 (2 + )

— 26" Nigq™9ay(AOpA + n0pn))

1
= = 5 (Niigg™e™10,00mA + Nigq"e ™ 0,y M)

1 1
— 5(6_2”(—§Nﬂq6_47q“b8aw3bw — NjigAe )

—2¢7 N jigq"* 0av07) (N + 0°) — € 7> Nigq® 0ary(AOsA + ndyn).
Consequently,
1
(31) I—1II= —§(A2 + 0 Ae ™ Njig + Njigq®e 0,0y,

as the Jwdn term occurs in both I and IT with opposite signs. Therefore, using
I-II, we can transform the Hamiltonian energy into the following manifestly
positive form:

1 1
HAL ::/Z <§N627ﬂ;1(u2 + vg) + §ANﬂq€74v()\2 + 772)

1
+ ZJ\Ie—%qqab((aaA — 2X0,7)(Op X — 200p7)

+ (9an — 200a7) (361 — 20067))

[y

+ = Ne 7 [14q" ((0an + Ae ™27 0w) (91 + Ae 27 Opw)

W

(32) 4 (OaX — e 270w) (Op\ — 776_2786w)))d2x.
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The aforementioned transformation of the original ADM Hamiltonian into a
positive form in is motivated by the construction of the Robinson’s identity
[36], but now adapted to our problem. Crucially, we need to prove that the
Hamiltonian structure of the equations is retained.

Consider a (variational) 1-parameter flow of a generic phase point P in the
phase space X, parametrized by s. We shall denote the components of the
variation at P with respect to this flow as
(33) W :=D-u(P), v :=D-v(P), N :=D-XP), 1 :=D- -n(P).
Consider D,, - HA® and D,, - H**; we have

D, - HAM' = NeQVﬂq_lu and D, - HAY = NeQ'Yﬂ;lv,

respectively. The quantities Dy - HA* and D, -H Alt are more difficult. From
[32), D, - HM and Dy - HA have the following types of terms:

e 1st order Ondn’ and ONIN:

Ne > [igq* .m0y’ =0p(Ne > igq"*0ann’) — 0y(Ne 7 figq® Oyn)n’
and

Ne 2 [1,q" 0, AN =0p(Ne 2 figq™ 0, AN) — Op(Ne 7 f1,q" 0, \) N

e 1st order On'Ow and N dw:

1 Ay @ 1 Ay @ 1 Cdv— @
5)\N€ M f,q"° 00 Opw zab(g)\Ne M igq™0uwn’) — 8b(§)\Ne M ligq ™ Opw)n’
and

1 1 1
—5N6747ﬂqqabn8a)\/8bw =— iab(nNefhﬁqq“baaw)\') + iab(nNefMﬂqqab@aw))\';
* mixed type 1'dn, ndn’ and NOX, AON:

— Ne ™ figq" 0andeyn’ — Ne™ > figq" ndan Oy

= —Ne " 4q"° 0anOvyn’ — 0u(Ne™ > figq™ ndayn’) + Op(Ne™ > figq* ndyy)n’
and

— Ne 271,q" N 0,00y — Ne™ 2V [igq"* Nou N Opry
= — Ne 27 i,q"" N 0s Ny — Op(e > Nigq®™ Aoy N') + Oy (e ™2V N jigq®® Nopy) N';
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e (Oth order:

1 1
(34) 2(Nfige ™27 q" 0,70y + inqe—%“baawabw + §ANﬂq6_47)7717’
and

1 1
(35) 2(Njige™ 2 q™ 0,0y + ZNﬁqe*GVq“baawﬁbw + §ANﬁqe*4W))\)\/.

Combining all the above, while using the system again, we recover the full
set of field equations:

D, -H Al — _ 8b(Ne_27ﬂqq“b8bn) — Nﬁqq“be_‘waawab)\
(36) = — Otu

Dy - HAt = — ab(Ne*Mﬁqqabab)\) + Nﬂqqabe*‘”@awabn
(37) = — aﬂ).

Now let us turn to Part 2. Define the energy density €A of the Hamiltonian
HA such that

(38) HM = / eMt d?x,
by

Now define v = N ﬂq_lv andu := N ﬂ;lu. We shall construct the divergence-free
vector density from the time derivative of the density €A of the Hamiltonian
HA The purpose of calculating the time derivative of the energy density is to
obtain a pure spatial divergence. Therefore, we collect the terms with v and @
and their spatial derivatives (9,7, d,u) separately, both of which occur. Tt turns
out that these terms combine to form a pure patial divergence, if we use the

background field equations. Explicitly, we have the following terms in %EA“:
1

(39) aa@(iNﬁqq“b@@b)\ —ne” 2 Oyw — 209pN))

and

1
(40) 3aﬂ(§Nﬂqqab(28b77 + e P Hw — 2n0yy)),
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where the terms with v and u are
1
ﬁ(gNe_%ﬂqq“b(—aaw(ab)\ —ne” P 0pw) + 26270,y (9pn + Ae T Ow)))

(41)  + ae® (9p(Nfigq®®e ™27 0yn) + Niigq®*e ™ 0uwdp\ + NXe i, A)

i(%Ne_QVﬂqq“b(aaw(abn + AeT20w) + 26270, 7(OpA — ne” 1 Ow)))

(42) 4+ 5e®(0p(NJigq™e 20, \) — Nfigq® e 0gwdyn + Nne™ i, A)

which, in view of the system , can be transformed to

1
(43) ﬂab(Nﬂqqab(ﬁan — §ne_276aw — A0pY))
and

1
(44) aab(Nﬂqqab(aan + 5/\6_2ﬂy8aw - 778117))7

respectively. Therefore, the time derivative of €AY can be transformed into a
pure spatial divergence:

Denrn_ 0
ot b
+

1
ON[igq™ (Oa) — 57767276(100 — \0,7))

1
(aNFigq™ (Dan + 5 A€ ot — 10a7)

0 1, _
:w (UNQqab(aan + 5)\6 278(1‘*) - naa'Y)

(45) + oN2q (O ) — %nefz”’aaw R a0)
which can be transformed into a divergence-free vector density
(46) J 1= J'0, + Jb0,

where

Jt . — Al

1 1
Jb = — uN2qab((9an + 5)\6727({%&] —n047) — szq“b(aa)\ - inefzvé)aw — A0u).
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For Part 3, consider the regularized phase space X := {(\,v), (n,u)}
yi=e Ty, ni=en, w:=cu, v:=c"v
To construct a regularized Hamiltonian H®8, we shall use further identities:
1 —2v5 0
TNV gq" ((9aX = 20007) (96 = 22057 + (0 — 200a7) (9o — 200y7))
1
+ ZNe_QVﬂqq“b ((Dam + Ae™270,w) (Opn + Ae 1 Opw)
+ (O — nefz“’@aw)(ﬁl,/\ — ne*2“’8bw))
1 a
= 7 Nitgq™ ((9ad — A7) (96 — A0yy) + (061 — 10a) (o1 — 1OyY))
1 _ _
+ ZNﬁqq“b((aaﬂ +n0.y + Ae 27&;@1)(8@ + 00y + Ae 2 Pyw))
1
t+ N gd™ ((Qad + May = e 00w) (0A + A0y — ne™ " 0pw))
= LN (0uA — 21e0,0) (B0A — ~ne7D
= SNAE(0ad — e T0W) (O — Sne I 0)
1., 1.
+ (aaﬂ + §Ae 'Yaaw)(abﬂ—i- §Ae ’Yabw))
1 —  ab 1 —4 2 2
+ §Nﬂqq (OaYOyy + 1€ T0qwpw) (A" +17),
where the Owdy terms cancel. Thus, the energy HA!* can be transformed into

1 1
s s [ (3N 2 +0%) 4 VAR 0% + )

1

T3

1
Niigq™ (@aydy + 3o~ 0,w0dw) (X + 1)

1 1 1
+ iNﬂqqab((aaA — iﬂefzﬁf@aw)(ﬁbg — 5ﬂ67273bw)

1 1
+ (9am + 5&6_27%(@(5@ + 536_278bw)))d2x.
(47)

Analogously to the calculations for HA, we recover the field equations for the
regularized phase space X:

(482) D, -H®E =0y, D, H™& = —0u,

(48b) D,-H%® =0;\, D,-H"% = -0,
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where D is the usual (variational) directional derivative in X. Likewise, if we
define the energy density £R¢& such that

(49) HRes — / gRee g2y
b

and time differentiate, using the system we get:

—E&heE = 7(N q bu(a 7]+ —\e 0 (A)) + qu b’l}(a A— —ne 0 (U))
Ot Hb U \Va 24 a Y\UaA 2 a )

which results in a vector field density
(51) Jhee . = (JReg)tg, 4 (JR°E)bg,,
where

(JRegyt —gReg

1 1
(52) (JReg)b =— quabg(aaﬂ + 5&67278(1&]) - N2qabg(6aA — 5@37276@(,0),

which is also divergence free. The advantage of recasting in the (X, HR¢®)

framework is that it has better behaviour on the axes and the horizon than
(X,H Alt). O
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