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Abstract. Let Ck,ω
b (Rn) be the Banach space of Ck functions on Rn

bounded together with all derivatives of order ≤ k and with derivatives of

order k having moduli of continuity majorated by c · ω, c ∈ R+, for some

ω ∈ C(R+). Let Ck,ω
b (S) := Ck,ω

b (Rn)|S be the trace space to a closed

subset S ⊂ Rn. The geometric predual Gk,ω
b (S) of Ck,ω

b (S) is the minimal

closed subspace of the dual
(
Ck,ω

b (Rn)
)∗

containing evaluation functionals

of points in S. We study geometric properties of spaces Gk,ω
b (S) and their

relations to the classical Whitney problems on the characterization of trace

spaces of Ck functions on Rn.

Résumé. Soit Ck,ω
b (Rn) l’espace de Banach des fonctions Ck sur Rn

bornées avec toutes leurs dérivées d’ordre jusqu’à k et avec les dérivées

d’ordre k ayant des modules de continuité majorés par c · ω, c ∈ R+, pour

quelque ω ∈ C(R+). Soit Ck,ω
b (S) := Ck,ω

b (Rn)|S l’espace de trace à un

fermé S ⊂ Rn. Le predual géométrique Gk,ω
b (S) de Ck,ω

b (S) est le sous-

espace minimal fermé du dual
(
Ck,ω

b (Rn)
)∗

contenant les fonctionnelles
d’évaluation aux points de S. Nous étudions les propriétés géométriques des

espaces Gk,ω
b (S) et leur relation avec les problèmes classiques de Whitney

sur la caractérisation des espaces de trace des fonctions Ck sur Rn

1. Formulation of Main Results

1.1. Geometric preduals of Ck,ω spaces In what follows we use the standard
notation of Differential Analysis. In particular, α = (α1, . . . , αn) ∈ Zn+ denotes
a multi-index and |α| :=

∑n
i=1 αi. Also, for x = (x1, . . . , xn) ∈ Rn,

(1.1) xα :=

n∏
i=1

xαi
i and Dα :=

n∏
i=1

Dαi
i , where Di :=

∂

∂xi
.

Let ω be a nonnegative function on (0,∞) (referred to as modulus of conti-
nuity) satisfying the following conditions:
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(i) ω(t) and
t

ω(t)
are nondecreasing functions on (0,∞);

(ii) lim
t→0+

ω(t) = 0.

Definition 1.1. Ck,ωb (Rn) is the Banach subspace of functions f ∈ Ck(Rn)
with norm

(1.2) ‖f‖Ck,ω
b (Rn) := max

(
‖f‖Ck

b (Rn), |f |Ck,ω
b (Rn)

)
,

where

(1.3) ‖f‖Ck
b (Rn) := max

|α|≤k

{
sup
x∈Rn

|Dαf(x)|
}

and

(1.4) |f |Ck,ω
b (Rn) := max

|α|=k

{
sup

x,y∈Rn, x 6=y

|Dαf(x)−Dαf(y)|
ω(‖x− y‖)

}
.

Here ‖ · ‖ is the Euclidean norm of Rn.

If S ⊂ Rn is a closed subset, then by Ck,ωb (S) we denote the trace space of

functions g ∈ Ck,ωb (Rn)|S equipped with the quotient norm

(1.5) ‖g‖Ck,ω
b (S) := inf{‖g̃‖Ck,ω

b (Rn) : g̃ ∈ Ck,ωb (Rn), g̃|S = g}.

Let
(
Ck,ωb (Rn)

)∗
be the dual of Ck,ωb (Rn). Clearly, each evaluation functional

δ0x at x ∈ Rn (i.e., δ0x(f) := f(x), f ∈ Ck,ωb (Rn)) belongs to
(
Ck,ωb (Rn)

)∗
and has

norm one. By Gk,ωb (S) ⊂
(
Ck,ωb (Rn)

)∗
we denote the minimal closed subspace

containing all δ0x, x ∈ S.

Theorem 1.2. The restriction map to the set {δ0s : s ∈ S} ⊂ Gk,ωb (S) deter-

mines an isometric isomorphism between the dual of Gk,ωb (S) and Ck,ωb (S).

In what follows, Gk,ωb (S) will be referred to as the geometric predual of

Ck,ωb (S). In the present paper we study some properties of these spaces. The
subject is closely related to the classical Whitney problems, see [23, 24], asking
about the characterization of trace spaces of Ck functions on Rn (see survey [12]
and book [2] and references therein for recent developments in the area). Some of
the main results of the theory can be reformulated in terms of certain geometric
characteristics of spaces Gk,ωb (S), see Sections 1.2 and 1.3.
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1.2. Finiteness Principle For Ck,ωb (S) this principle was conjectured by
Yu. Brudnyi and P. Shvartsman in the 1980s in the following form (cf. [12,
p. 210]).

Finiteness Principle. To decide whether a given f : S → R, S ⊂ Rn,
extends to a function F ∈ Ck,ωb (Rn), it is enough to look at all restrictions
f |S′ , where S′ ⊂ S is an arbitrary d-element subset. Here d is an integer
constant depending only on k and n.

More precisely, if f |S′ extends to a function FS
′ ∈ Ck,ωb (Rn) of norm at most

1 (for each S′ ⊂ S with at most d elements), then f extends to a function

F ∈ Ck,ωb (Rn), whose norm is bounded by a constant depending only on k and
n.

For k = 0 (the Lipschitz case) the McShane extension theorem [20] implies
the Finiteness Principle with the optimal constant d = 2. Also, for n = 1 the
Finiteness Principle is valid with the optimal constant d = k + 2. The result is
essentially due to Merrien [19].

In the multidimensional case the Finiteness Principle was proved by Yu. Brud-
nyi and Shvartsman for k = 1 with the optimal constant d = 3 · 2n−1, see [5].
In the early 2000s the Finiteness Principle was proved by C. Fefferman for all
k and n for regular moduli of continuity ω (i.e., ω(1) = 1), see [10]. The upper

bound for the constant d in the Fefferman proof was reduced later to d = 2(k+n
k )

by Bierstone and P. Milman [4] and independently and by a different method by
Shvartsman [22]. The obtained results (and the Finiteness Principle in general)
admit the following reformulation in terms of geometric characteristics of closed
unit balls Bk,ωb (S) of Gk,ωb (S). Specifically, let Bk,ωb (S;m) ⊂ Bk,ωb (S), m ∈ N,
be the balanced closed convex hull of the union of all finite-dimensional balls
Bk,ωb (S′) ⊂ Gk,ωb (S′), S′ ⊂ S, cardS′ ≤ m.

Theorem 1.3. There exist constants d ∈ N and c ∈ (1,∞) such that

Bk,ωb (S; d) ⊂ Bk,ωb (S) ⊂ c ·Bk,ωb (S; d).

Here for k = 0, d = 2 (- optimal) and c = 1, for n = 1, d = k + 2 (- optimal)
and c depends on k only, for k = 1, d = 3 · 2n−1 (- optimal) and c depends on k

and n only, and for k ≥ 2, d = 2(k+n
k ) and c = c̃

ω(1) , where c̃ depends on k and

n only.

1.3. Complementability of spaces Gk,ω
b (S) We begin with a result describing

bounded linear operators on Gk,ωb (Rn). To this end, for a Banach space X by

Ck,ωb (Rn;X) we denote the Banach space of X-valued Ck functions on Rn with
norm defined similarly to that of Definition 1.1 with absolute values replaced by
norms ‖ · ‖X in X. Let L

(
X1;X2

)
stand for the Banach space of bounded linear

operators between Banach spaces X1 and X2 equipped with the operator norm.

Theorem 1.4. The restriction map to the set {δ0x : x ∈ Rn} ⊂ Gk,ωb (Rn) de-

termines an isometric isomorphism between L
(
Gk,ωb (Rn);X

)
and Ck,ωb (Rn;X).
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Let qS : Ck,ωb (Rn)→ Ck,ωb (S) be the quotient map induced by the restriction

of functions on Rn to S. A right inverse T ∈ L(Ck,ωb (S);Ck,ωb (Rn)) for qS (i.e.,
qS ◦ T = id) is called a linear extension operator. The set of such operators is

denoted by Ext(Ck,ωb (S);Ck,ωb (Rn)).

Definition 1.5. An operator T ∈ Ext(Ck,ωb (S);Ck,ωb (Rn)) has depth d ∈ N if

for all x ∈ Rn and f ∈ Ck,ωb (S),

(1.6) (Tf)(x) =

d∑
i=1

λxi · f(yxi ),

where yxi ∈ S and λxi depend only on x.

Linear extension operators of finite depth exist. For k = 0 (the Lipschitz case)
the Whitney-Glaeser linear extension operators C0,ω

b (S) → C0,ω
b (Rn), see [15],

have depth d depending on n only and norms bounded by a constant depending
on n only. In the 1990s bounded linear extension operators C1,ω

b (S)→ C1,ω
b (Rn)

of depth d depending on n only with norms bounded by a constant depend-
ing on n only were constructed by Yu. Brudnyi and Shvartsman [6]. Recently
bounded linear extensions operators of depth d depending on k and n only were
constructed by Luli [18] for all spaces Ck,ωb (S); their norms are bounded by C

ω(1) ,

where C ∈ (1,∞) is a constant depending on k and n only. (Earlier such exten-
sion operators were constructed for finite sets S by C. Fefferman [11, Th. 8].)

In the following result we identify (Gk,ωb (S))∗ with Ck,ωb (S) by means of the
isometric isomorphism of Theorem 1.2.

Theorem 1.6. For each T ∈ Ext(Ck,ωb (S);Ck,ωb (Rn)) of finite depth there ex-

ists a bounded linear projection P : Gk,ωb (Rn)→ Gk,ωb (S) whose adjoint P ∗ = T .

Remark 1.7. It is easily seen that if T has depth d and is defined by (1.6),
then

p(x) := P (δ0x) =

d∑
i=1

λxi · δ0yxi for all x ∈ Rn.

Moreover, p ∈ Ck,ωb (Rn;Gk,ωb (S)) and has norm equal to ‖T‖ by Theorem 1.4.

1.4. Approximation property Recall that a Banach space X is said to have the
approximation property, if, for every compact set K ⊂ X and every ε > 0, there
exists an operator T : X → X of finite rank so that ‖Tx − x‖ ≤ ε for every
x ∈ K.

Although it is strongly believed that the class of spaces with the approximation
property includes practically all spaces which appear naturally in analysis, it is
not known yet even for the space H∞ of bounded holomorphic functions on the
open unit disk. The first example of a space which fails to have the approximation
property was constructed by Enflo [9]. Since Enflo’s work several other examples
of such spaces were constructed, for the references see, e.g., [17].
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A Banach space has the λ-approximation property, 1 ≤ λ < ∞, if it has the
approximation property with the approximating finite rank operators of norm
≤ λ. A Banach space is said to have the bounded approximation property, if it
has the λ-approximation property for some λ. If λ = 1, then the space is said to
have the metric approximation property.

Every Banach spaces with a basis has the bounded approximation property.
Also, it is known that the approximation property does not imply the bounded
approximation property, see [13]. It was established by Pe lczyński [21] that a
separable Banach space has the bounded approximation property if and only if
it is isomorphic to a complemented subspace of a separable Banach space with
a basis.

Next, for Banach spaces X,Y by F(X,Y ) ⊂ L(X,Y ) we denote the subspace
of linear bounded operators of finite rank X → Y . Let us consider the trace
mapping V from the projective tensor product Y ∗⊗̂πX → F(X,Y )∗ defined by

(V u)(T ) = trace(Tu), where u ∈ Y ∗⊗̂πX, T ∈ F(X,Y ),

that is, if u =
∑∞
n=1 y

∗
n ⊗ xn, then (V u)(T ) =

∑∞
n=1 y

∗
n(Txn).

It is easy to see that ‖V u‖ ≤ ‖u‖π. The λ-bounded approximation property
of X is equivalent to the fact that ‖u‖π ≤ λ‖V u‖ for all Banach spaces Y . This
well-known result (see, e.g., [7, page 193]) is essentially due to Grothendieck [14].

Our result concerning spaces Gk,ωb (S) reads as follows.

Theorem 1.8. (1) Spaces Gk,ωb (Rn) have the λ-approximation property with
λ = λ(k, n, ω) := 1 + C · lim

t→∞
1
ω(t) , where C depends on k and n only.

(2) All the other spaces Gk,ωb (S) have the λ-approximation property with
λ = C ′ · λ(1, n, ω), where C ′ is a constant depending on n only, if k = 0, 1,

and with λ = C′′·λ(k,n,ω)
ω(1) , where C ′′ is a constant depending on k and n

only, if k ≥ 2.

If limt→∞ ω(t) =∞, then (1) implies that the corresponding space Gk,ωb (Rn)
has the metric approximation property. In case limt→∞ ω(t) <∞, one can define
the new modulus of continuity ω̃ (cf. properties (i) and (ii) in its definition) by
the formula

ω̃(t) = max{ω(t), t}, t ∈ (0,∞).

It is easily seen that spaces Ck,ωb (Rn) and Ck,ω̃b (Rn) are isomorphic. Thus

Gk,ωb (Rn) is isomorphic to space Gk,ω̃b (Rn) having the metric approximation
property. However, the distortion of this isomorphism depends on ω. So, in
general, it is not clear whether Gk,ωb (Rn) itself has the metric approximation
property.

In fact, in some cases spaces Gk,ωb (S) still have the metric approximation
property. E.g., by the classical result of Grothendieck [14, Ch. I], separable dual
spaces with the approximation property have the metric approximation property.
The class of such spaces Gk,ωb (S) is studied in the next section.
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Remark 1.9. It is not known, even for the case k = 0, whether all spaces
Ck,ωb (Rn) have the approximation property (for some results in this direction for
k = 0 see, e.g., [16]).

At the end of this section we formulate a result describing the structure of
operators in L(Gk,ωb (Rn);X), where X is a separable Banach space with the

λ-approximation property. In particular, it can be applied to X = Gk,ωb (S) and

λ := λ(S, k, n, ω) the constant of the approximation property for Gk,ωb (S) of
Theorem 1.8 (2).

Theorem 1.10. There exists the family of norm one vectors {vj}j∈N ⊂ X and

given H ∈ L(Gk,ωb (Rn);X) the family of functions {hj}j∈N ⊂ Ck,ωb (Rn) of norms
≤ 32 · λ2 · ‖H‖ such that for all x ∈ Rn, α ∈ Zn+, |α| ≤ k,

(1.7) H(δαx ) =

∞∑
j=1

Dαhj(x) · vj

(convergence in X).

Remark 1.11. If X = Gk,ωb (S) and H ∈ L(Gk,ωb (Rn);Gk,ωb (S)) is a projection

onto Gk,ωb (S), then in addition to (1.7) we have

(1.8) δ0x =

∞∑
j=1

hj(x) · vj for all x ∈ S.

In this case, the adjoint H∗ of H belongs to Ext(Ck,ωb (S);Ck,ωb (Rn)) and for all

x ∈ Rn, α ∈ Zn+, |α| ≤ k, the extension H∗f of f ∈ Ck,ωb (S) satisfies

(1.9) Dα(H∗f)(x) :=

∞∑
j=1

Dαhj(x) · f(vj).

1.5. Preduals of Gk,ω
b (S) spaces Let Ck,ω0 (Rn) be the subspace of functions

f ∈ Ck,ωb (Rn) such that

(i) for all α ∈ Zn+, 0 ≤ |α| ≤ k,

lim
‖x‖→∞

Dαf(x) = 0;

(ii) for all α ∈ Zn+, |α| = k,

lim
‖x−y‖→0

Dαf(x)−Dαf(y)

ω(‖x− y‖)
= 0.
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It is easily seen that Ck,ω0 (Rn) equipped with the norm induced from Ck,ωb (Rn) is

a Banach space. By Ck,ω0 (S) we denote the trace of Ck,ω0 (Rn) to a closed subset
S ⊂ Rn equipped with the trace norm.

If limt→0+
t

ω(t) > 0 (see condition (i) for ω in Section 1.1), then clearly, the

corresponding space Ck,ω0 (Rn) is trivial. Thus we may naturally assume that ω
satisfies the condition

(1.10) lim
t→0+

t

ω(t)
= 0.

In the sequel, the weak∗ topology of Ck,ωb (S) is defined by means of functionals

in Gk,ωb (S) ⊂
(
Ck,ωb (Rn)

)∗
.

Theorem 1.12. Suppose ω satisfies condition (1.10).

(1) Space
(
Ck,ω0 (Rn)

)∗
is isomorphic to Gk,ωb (Rn), isometrically if lim

t→∞
ω(t) =

∞.
(2) If there exists a weak∗ continuous operator T ∈ Ext(Ck,ωb (S);Ck,ωb (Rn))

such that T
(
Ck,ω0 (S)

)
⊂ Ck,ω0 (Rn), then

(
Ck,ω0 (S)

)∗
is isomorphic to

Gk,ωb (S).

From the first part of the theorem we obtain (for ω satisfying (1.10)):

Corollary 1.13. The space of C∞ functions with compact supports on Rn is
dense in Ck,ω0 (Rn). In particular, all spaces Ck,ω0 (S) are separable.

It is not clear whether the condition of the second part of the theorem is valid
for all spaces Ck,ωb (S) with ω subject to (1.10). Here we describe a class of sets
S satisfying this condition. By Pk,n we denote the space of real polynomials on
Rn of degree k, and by Qr(x) ⊂ Rn the closed cube centered at x of sidelength
2r.

Definition 1.14. A point x of a subset S ⊂ Rn is said to be weak k-Markov if

lim
r→0

{
sup

p∈Pk,n\0

(
supQr(x) |p|

supQr(x)∩S |p|

)}
<∞.

A closed set S ⊂ Rn is said to be weak k-Markov if it contains a dense subset
of weak k-Markov points.

The class of weak k-Markov sets, denoted by Mar∗k(Rn), was introduced and
studied by Yu. Brudnyi and the author, see [1, 3]. It contains, in particular,
the closure of any open set, the Ahlfors p-regular compact subsets of Rn with
p > n− 1, a wide class of fractals of arbitrary positive Hausdorff measure, direct
products

∏l
j=1 Sj , where Sj ∈ Mar∗k(Rnj ), 1 ≤ j ≤ l, n =

∑l
j=1 nj , and closures

of unions of any combination of such sets. Solutions of the Whitney problems
(see Sections 1.2 and 1.3 above) for sets in Mar∗k(Rn) are relatively simple, see
[1].

We prove the following result.
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Theorem 1.15. Let S′ ∈ Mar∗k(Rn) and ω satisfy (1.10). Suppose H : Rn →
Rn is a differentiable map such that

(a) the entries of its Jacobian matrix belong to Ck−1,ωo

b (Rn), where ωo satisfies

(1.11) lim
t→0+

ωo(t)

ω(t)
= 0;

(b) the map H|S′ : S′ → S =: H(S′) is a proper retraction.1

Then the condition of Theorem 1.12 holds for Ck,ωb (S). Thus Gk,ωb (S) is

isomorphic to
(
Ck,ω0 (S)

)∗
and so Gk,ωb (S) and Ck,ω0 (S) have the metric approx-

imation property.

Remark 1.16. (1) In addition to weak k-Markov sets S ⊂ Rn, Theorem 1.15
is valid, e.g., for a compact subset S of a Ck+1-manifold M ⊂ Rn such
that the base of the topology of S consists of relatively open subsets of
Hausdorff dimension > dimM − 1. Indeed, in this case there exist tubular
open neighbourhoods UM ⊂ VM ⊂ Rn ofM such that cl(UM ) ⊂ VM together
with a Ck+1 retraction r : UM →M . Then, due to the hypothesis for S, the
base of topology of S′ := r−1(S)∩ cl(UM ) consists of relatively open subsets
of Hausdorff dimension > n − 1 and so S′ ∈ Mar∗p(Rn) for all p ∈ N, see,
e.g., [3, page 536]. Moreover, it is easily seen that r|S′ is the restriction to S′

of a map H ∈ Ck+1
b (Rn;Rn). Decreasing VM , if necessary, we may assume

that S′ is compact, and so the triple (H,S′, S) satisfies the hypothesis of
the theorem.

(2) Under conditions of Theorem 1.15, Ck,ωb (S) is isomorphic to the second dual

of Ck,ω0 (S).

Proofs of results of the paper are presented in arXiv:1607.04824.

References

1. A. Brudnyi and Yu. Brudnyi, Traces of functions of the class Ck on weakly Markov
subsets of Rn, St. Petersburg Math. J. 23 (2012), no. 1, 39–56.

2. A. Brudnyi and Yu. Brudnyi, Methods of Geometric Analysis in extension and trace
problems, Volume II, Monographs in Mathematics, Vol. 102, 103, Springer, Basel,
2012.

3. A. Brudnyi, Differential calculus on topological spaces with weak Markov structure I,
Rev. Mat. Iberoam. 31 (2015), no. 2, 531–574.

4. E. Bierstone and P. Milman, Cm norms of finite sets and Cm extension criteria, Duke
Math. J. 137 (2007), 118–134.

5. Y. Brudnyi and P. Shvartsman, Generalizations of Whitney’s extension theorem, Int.
Math. Research Notices 3 (1994), 129–139.

6. Y. Brudnyi and P. Shvartsman, The Whitney problem of existence of a linear
extension operator, J. Geom. Anal. 7 (4) (1997) 515–574.

7. A. Defant and K. Floret, Tensor norms and operator ideals, Mathematics Studies
176, 1993.

1I.e., S ⊂ S′ and H|S′ (x) = x for all x ∈ S, and for each compact K ⊂ S its preimage
(H|S′ )−1(K) is compact.



On Properties of Geometric Preduals of Ck,ω Spaces 141

8. N. Dunford and J. T. Schwartz, Linear operators: General theory, Interscience
Publishers, 1958.

9. P. Enflo, A counterexample to the approximation property in Banach spaces, Acta
Math. 130 (1973), 309–317.

10. C. Fefferman, A generalized sharp Whitney theorem for jets, Revista Matematica
Iberoamericana 21, No. 2 (2005), 577–688.

11. C. Fefferman, Extension of Cm,ω-smooth functions by linear operators, Rev. Mat.
Iberoamericana 25 (1) (2009) 1–48.

12. C. Fefferman, Whitney’s extension problems and interpolation of data, Bull. Amer.
Math. Soc. 46 (2) (2009), 207–220.

13. T. Figiel and W. B. Johnson, The approximation property does not imply the
bounded approximation property, Proc. Amer. Math. Soc. 41 (1) (1973), 197–199.

14. A. Grothendieck, Produits tensoriels topologiques et espaces nucléaires, Mem. Amer.
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