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TILINGS DEFINED BY ROOT SYSTEMS OF
KAac-MooDY ALGEBRAS

YUuAaN YAO

Presented by Eckhard Meinrenken, FRSC

ABSTRACT. For root systems of symmetrizable Kac-Moody algebras,
we study a tiling of the positive root cone of the form |J,, ¢y (1 — w)CT,
where W is the Weyl group and Ct is the fundamental chamber. We show
for general symmetrizable Kac-Moody algebras the tiles are disjoint, and
the gaps between top dimensional tiles have codimension > 2. For affine
Kac-Moody algebras we completely describe the closure [J,,cyy (1 — w)CF.

RESUME. Pour les systemes des racines d’algebres de Kac-Moody
symétriques, nous étudions un carrelage du coéne des racines positifs de
la forme J,,cyp (1 —w)CT, ot W est le groupe de Weyl et C est la cham-
bre fondamentale. Nous montrons que les carreaux sont disjoints pour les
algebres de Kac-Moody symétriques, et les lacunes entre les carreaux de di-
mension supérieure ont codimension > 2. Pour les algebres de Kac-Moody
affines, nous décrivons completement (J,,cyy (1 — w)CF.

1. Imntroduction In [5], Waldspurger discovered an interesting decomposi-
tion of the positive root cone for root systems of semisimple Lie algebras. Let
(V,1I) be a reduced root system with open Weyl chamber CT, and Weyl group
W that acts via reflections on V. Let cone(II) denote the closed convex cone
generated by the positive roots. Waldspurger proved that cone(IT) = [],, cy (1 —
w)(CT), which defines a tiling for cone(I). In [4], Meinrenken extended this
result to affine Weyl groups, where it is shown that V' =[], .y, (1 —w)D. Here
V' is the entire Euclidean space, W is the affine Weyl group, and D is the open
fundamental alcove. In [1], Bibikov and Zghoon simplified the proofs of [4,5] and
extended the result to cocompact discrete hyperbolic reflection groups.

In this note we examine a similar problem for root systems of symmetrizable
Kac-Moody algebras. We show such tilings also have image in the closed convex
cone generated by the positive roots. We also show the gaps between top dimen-
sional tiles have codimension > 2. For affine Kac-Moody algebras, we completely
characterize the union of the closed top dimensional tiles
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2. Some General Results on Kac-Moody Algebras We first look at
the results that are true for general symmetrizable Kac-Moody algebras. We
follow the conventions from Kac’s book, [3]. Let A = {a;;} be a symmetrizable
generalized Cartan matrix of size n and rank [, let the triple (b, II, f[) denote a
realization:

(1) b is a real vector space of dimension 2n — [,
(2) IT={ay,...,an} C bh*is linearly independent,
(3) I = {d1,...,d,} C b is linearly independent,
(4) (g, dj) = a4, 4,5 =1,...,n,

where IT and IT denote the root basis and the coroot basis respectively, and (,)
denotes the natural pairing between h and its dual, h*.
Let

(5) Ct:={heb* (ha;) >0},

be the open fundamental chamber. We define, for I C {1,...,n}, the faces of the
fundamental chamber C} as:

(6) Ct={heb* (ha;) >0, (ha;)=0, icl,j¢lI}.

Let cone(II) denote the closed convex cone generated by II, which is also known
as the positive root cone. W denotes the Weyl group generated by simple root
reflections of the form s,,, where for h € h*:

(7) Sar(h) = h — { h,di) .

Note that for symmetrizable Kac-Moody algebras the root system is equipped
with an non-degenerate invariant bilinear form, (, ) (see [3, Chapter 2]). If we
use this form to identify § and h* we have the identity: a; = (a,“é 5

Let

(8) S={hebh”, (ha;)=0,j=1,..,n}.

Recall from (1) that b* has dimension 2n—1[. By (2), we then have dim& = n—1.
We consider the maps, for w € W:

9) 1—w:h* = b
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Observe that the Weyl group restricts to the identity on <, so there is an induced
Weyl group action on:

(10) b ="/,
Therefore 1 — w induces a map:
(11) Ow : F;*/%%span{ﬂ}* — span {IT}.

Here we can take image to be span {II} instead of h* because of Equation (7) (or
more directly by Equation (12) below), then ¢,, becomes a map between vector
spaces of the same dimension. -

Consider the image of C* under the quotient map: C+ := CT/S. Observe
CT is a closed pointed convex polyhedral cone. Then we define the tiles Cy, :=
¢ (CT) C span {II} C h*. We say a tile is top dimensional if ¢,, is invertible.
Note since for w € W, 1 — w restricts to 0 on &, we have the equality C,, =
(1 —w)(CT) as well.

THEOREM 2.1. For w € W, the tiles C,, are mutually disjoint, and they lie in
cone(II).

PROOF. The technique is from [5]. We have that if w € W is given by w =
Sa, -+--Say, as reduced expression, a simple induction shows that:

(12) (=) = 3 (i) sy o, (05,)

k=1,....,n

From [3, Chapter 3], sa;, -.-Sa;,  (as,) € cone(Il) if w is reduced. Further-
more, if h € CT,(h,aj,) > 0. In particular, this proves C,, = (1 — w)C*T C
cone(II).

To prove disjointedness, assume to the contrary that not all tiles are disjoint.
Then there are v,v’ € C*, w,w’ € W such that (1 —w)v = (1 — w')v’. Let
y = w™'w', then we have v — v/ = w(v — y(v)). Using the non-degenerate
invariant bilinear form (, ), we get:

(13) (v =0 =) = (w(o = y(), wlv - y(u'))

= (v—y), v —y)

= (v,v) + (V',v") = 2(v,y(v")).
Expanding the left hand side of Equation (13) and collecting like terms:
(14) (v,0" = y()) =0.

However, v € C'*, and from the first part of the theorem v' — y(v") € cone(II).
This contradicts (14) unless y(v') = v/, in which case y = 1 (the Weyl group acts
without stabilizer in Ct, see [3, Chapter 3]). Hence we have w = w'. O
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Recall (see [3, Chapter 5]) that a root is real if and only if it is the image
of a simple positive root (element of IT) under the action of the Weyl group. A
root is imaginary if it is not real. From [3, Chapter 5] we see that a root « is
imaginary if and only if (o, ) < 0.

PROPOSITION 2.2. Let f31,..., Bp be linearly independent real roots, then w =
s, -5, € W, and dimCy, = p.

PROOF. The fact that w € W follows from [3, Chapter 5]. The rest follows
from Equation (12) and the observation that the set {517 sg, B2, ..., 88, ...sﬂp_lﬂp}
is linearly independent. O

In [5], it is proved that for root systems of finite semisimple Lie algebras the
tiling is exact, i.e. cone(Il) =[], oy (1—w)(C*). However, we observe the result
is not true for more general symmetrizable Kac-Moody algebras. In particular,
we observe that the tiling can never cover the imaginary roots.

ProposITION 2.3. (), cannot contain any imaginary roots.

PRrROOF. For all h € CT, we have that (h — wh,h —wh) = 2(h, h — wh), using
the invariance of the bilinear form. If A — wh = 0 the conclusion holds trivially;
if h —wh # 0, then 2(h,h — wh) > 0 since h € C* and (1 — w)h € cone(I).
Hence h — wh cannot be an imaginary root. O

Recall (see [3, Chapter 4]) that Kac-Moody algebras are classified into 3 types:
finite, affine, and indefinite. We also have that Kac-Moody algebras of indefinite
type have positive imaginary roots of negative length. In particular, the above
result implies that for indefinite types not only is the tiling not surjective, but
even if we take the closure of the tiling, it still cannot cover the positive root
cone, since vectors near the imaginary roots of negative length will also have
negative length.

Example 1  The root system for the affine Kac-Moody algebra Agl) can be
obtained by adjoining a simple root to the root system of the simple Lie algebra
Ay. Its tiling is given below, with the first 200 tiles shown. It is possible to
show directly that all of the positive root cone is covered except the open half
line spanned by the imaginary root. The tiling is otherwise exact, i.e. no lower
dimensional gaps of any kind between the tiles. In other words we have cone(II)\

R+6 = HwGW Co.
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. s 1
Figure 1: Tiling of the root system Ag ),

Let W,ey denote all w € W such that C,, is top dimensional. Observe if
w € Wiy, then wte Wieg. We first observe that top dimensional tiles exist.

PROPOSITION 2.4. Let w = Sq,....Sqa, denote the Coxeter element, then C., is
top dimensional.

ProoF. We follow closely the proof in [2, section 3.16]. It suffices to show
that the fixed point set of w in h* is §. To this end, consider v € h* such that
wv = v. It follows that:

(15) Sag---SanV = Say U.

The right hand side of (15) is of the form v + c;a1, whereas the left hand side is
of the form v 4+ coas + .. + ¢y, Since II is a linear independent set, we must
have both sides are equal to v. This shows right hand side is v, hence ¢; = 0
and therefore (v, a;) = 0. We are now left with the equation:

(16) Saug--San, VU = Say¥
A similar argument shows (v,ds) = 0. Continuing in this fashion we have
(v,aj) =0, j=1,...,n, and hence v € 3. O

Next we investigate how top dimensional tiles fit together.
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PROPOSITION 2.5. Let w € Wyeq, and s; the simple reflection corresponding to
;. Then dimCys, = n — 1. Moreover, Cys, contains the i-th open face of C.,.

PROOF. See also [5]. Observe & C ker(a;) C h*, hence ker(d;) descends to
H; C b~* Now 1 — ws; agrees with 1 —w on H;, thus dimC\,s, > n — 1. Thus it
suffices to show ¢,,s, has nontrivial kernel in b*. Consider a € b* \ & such that
(1 —w™1)(a) = a; (possible since w € W,.¢,). Then by direct computation we
have:

From this it follows that:
(18) (1—-ws;)(a) =a—w(a— o)
=(1—-w)a+w(a;)

=w(w 't —1)a+w(a;) = 0.

Finally, if we let EZI be the i-th open face of 6’:, observe that ¢, (6’?) =
bws, (C;7). Therefore C,,s, contains the i-th open face of C,. O

Now suppose u € W such that ¢, has corank 1, thenlet N € f;‘ span the kernel
of ¢y. Let £ € Cy be such that it is not in the image of any codimension two
(or higher) face of C+, i.e. £ ¢ ¢,(C}),|I| > 2 (possible since dimC,, = n — 1).
Then ¢, 1(¢) is an affine line [ in the direction of N.

PRrOPOSITION 2.6. The line | meets the boundary C* in at least one and at

most two distinct open codimension 1 faces. If the line | intersects C;7, let s; be
the corresponding root reflection, then us; € Wyqg4.

PRrROOF. To see the first claim, by definition of ¢ there exists r € C+ N ¢ 1€,
then since N # 0 € h* there exists some aj € IT such that (N,a}) # 0. Then
the line I(z) = r + N must meet the boundary of C* in at least one and at
most two distinct codimensional 1 faces (codimension 1 by definition of ).

For the second part (also see [5]), let us show ¢y, is invertible. First we use
the invariant bilinear form to identify b with h* and lift N to be an element
of h*, also denoted by N. Observe since I meets C;', (N,d;) # 0 and hence

(N,;) #0. Let h € h* and let b’ € h* be its image under the quotient. Assume
¢us, W' = 0, which is equivalent to us;h = h. Then s;h = uLh, so

(19) by-1 (W) =1 —=u"Hh=(1—-s)h=(h,d;)

Pairing Equation (19) with N via the billinear form, using (1 —u)(N) = 0 and
(a;, N) # 0 we get (h,q;) =0, thus ¢,-1h’' = 0, hence ¢, (h’') = 0. By definition
of N, h is proportional to N modulo §. However (h, «;) = 0 while (N, a;) # 0,
thus we conclude h € §, and A’ = 0. Therefore ¢,,5, is invertible. O
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To describe more globally how the tiles fit together, we deduce the following
proposition, following [5].

PROPOSITION 2.7. Let v € int(cone(Il)), let g € Wyeq. Consider the set S C
span {I1} defined to be:

(20) $=J 6ulC), 1122

weWw

Pick vo € Cy4 such that the line T connecting v and vo does not intersect S
(possible since S has codimension at least 2) and v — vy € cone(Il). Further
suppose that T only intersects with finitely many top dimensional tiles. Then
TcU Cu

’wEWreg Cw

Proor. We wish to use the invariant bilinear form so it is more useful to
consider our domain to be CT instead of C+. We proceed by contradiction. For
t €[0,1], let vy = (1 —t)vgp + tv. Let A < 1 denote the largest number such
that v; € U,epw,, Cuw for t € [0,A]. Since the intersection of T' with the set of
Cuw, W € Wiyeg is ﬁlnite, there exists € > 0 such that:

(21) te(MA+e)=v ¢ | Cu,
WEWrey
(22) t € (A—eA)= 3w e W, such that v, € C,.

Let f:=v—wvo and e,u € h* be such that (1 —w)e = f, (1 —w)u =va. Since T
does not intersect S, u is on a codimension 1 face of CT: i.e. there exists unique
a € II such that (a,u) = 0. By (21) and (22), (a,e) < 0. Consider o := ws,.
By Proposition 2.5, ¢, has corank 1. Let @ € C* be such that (1 —w=!)a = a.
From Proposition 2.5, (1—o)a = 0. Consider the line I(z) = u+za, by Equation
(17), for small enough z > 0, I(z) € C*. Observe we have:

(23) (@ f) = (a,e) <0.

Since f € cone(Il), by Equation (23), for large enough z, I(x) must exit C*.
Then [(x) must meet another codimension 1 face of CT, defined by 8 € II, at
v’ € CT and that (8,a) < 0. Define w’ = ws,sg, by Proposition 2.6, w' € Wi..

Let ¢’ € b* be such that (1 —w')e’ = f. Let ¢ = 2((%?), a simple computation
shows that (1 —w'~1)(ca) = 8. We compute:

(24) (8.¢) = ((1=w' ™) (ca),e')
=c(a, f) > 0.

To see ¢(a, f) > 0, we have already observed that ¢ < 0, then use Equation (23).
Hence, by Equation (24), for y > 0 small enough v + ye/ € C* and
(1 —w')(u' + ye') = vaty, contrary to the definition of A. O
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3. Affine Kac-Moody Algebras In this section we characterize the closed
top dimensional tiles in affine Kac-Moody algebras. We prove the following
theorem:

THEOREM 3.1.  Cone(II) \R16 = U, e Cu-

In order to prove this theorem we introduce some notation. Let II={aq,...,a, }
be the underlying root basis. Recall from [3, Chapter 6], by using distinguished
elements A and § = " a;c;, a; € Zy, we can decompose the h* for the affine
Kac-Moody algebra as:

(25) b* =b* ® RA + RS

where a* = span {aq, ..., }. Let .= {a1,...,a,}, then the pair (E*,ﬁ) is the
root system of a finite simple Lie algebra. The invariant form restricted to h* is
an inner product. We also have the following relations satisfied by the invariant
form:

(26) (0,a;) =0, j=1,...,n
(A oj)=0,7=1,...,n

(6,0)=0

(A,A)=0

(6,A) =1

Let W denote the finite Weyl group of root system (6*, ﬁ) Then W = W x M ,
where M is defined by a W invariant lattice M C h* (see [3, Chapter 6]). For
a € M, as element in the lattice, we define the group element ¢, € M as:

(27) to(z) =2+ (0,2)a — ((z,oz) + %\042(5,@)5, T € bh*.

The semi-direct product structure is given as t,,q) = wtaw ™! for w € W, to €
M. Since M is W invariant, it follows that every element of the Weyl group W
can be written as wt,, with w € W, ty € M. In light of previous notation, here
& = RY, span{Il} = h* ® RS. For the purpose of the rest of this section it is
more convenient to define C+ := C* N f?‘ @ RA, a pointed convex polyhedral
cone such that Cy, = (1 — w)(a)

Since C is a pointed convex polyhedral cone it can be written as the convex
hull of its 1 dimensional faces. We claim that each of its one dimentional faces
can be writen in the form Ry (v 4+ A), v € h*. If not, suppose a 1 dimensional
face takes the form R v, v € h*. Then there is some i € {0,...,n} such that
(v,04) > 0 and (v,a;) = 0, j # 4. But this contradicts the fact (0, v) = 0. Hence
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all codimension 1 faces take the form Ry (v + A), v € h*. Thus C* admits the
following description:

(28) C+ = hull{R (v; + A), j = 0,...,n, v; € h*},

where hull{ } denotes convex hull.

PROOF. We first show the interior of cone(II) \ R4d is covered by the closed
top dimensional tiles. From Proposition 2.7, it suffices to prove the following:
(29) If T is a line segment in int(cone(IT)) that does not intersect

R, 4, then T only intersects finitely many top dimensional tiles.
We consider the maps 1 —w : E* O RA — H* @O RS, w € Wyeq. Let Hs denote

the § = 1 hyperplane in h/;‘ @ RS. We will consider intersections of C,, with Hs.
We also project T onto this hyperplane via:

(30) T=

where 75(x) denotes the § component of = € b* ® RS. Since T € int(cone(II)),
7ms(T) # 0. Hence T intersects Cy N Hg if and only if T intersects with C,,.
We also note by construction Tisa compact continuous curve that does not go
through the origin of Hs, where we identify Hs with H*

To describe of Cy, N Hy, recall from Equation (28):

(31) C+ =hull{Ry (v; + A), j =0,...,n, v; € h*},
Then it follows that:
(32) Cw = hull{R, (1 — wota)(v; + A), j=0,....,n, v; € h*},
where w = wgty, wo € ﬁ/\, to € M. Let us then consider:
(33) (1 —wota)(v; + A) = (1 — wota)v; + (1 —wota)A
= (1 — wo)v; — wolar) + ((uj, a) + %|a|2>(5

If 775((1 —wota)(v; —|—A)) # 0,forj =0, ...,n, then C, N Hs are polytopes that
are described by:

(1 —wo)v; — wo(a)
((vj, @) + 3]e]?)

(34) CwﬂH(;:hull{ ,vjer%7j:07...7n}cﬂgf:vf?ﬂ.
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Note because of the quadratic term of || in 75((1 — wota)(vj + A)), for large
enough || the term 75 ((1—wota)(vj+A)) will be nonzero. Hence there are only
finitely many C.,, where Cy, N Hy is not a polytope. As we have identified Hs with
H*, Hj; inherits an inner product from H* The points of the form %
in Hy that describes the convex hull of C\,, N Hy in (34) have distance from the
origin proportional to ﬁ This means as |«| becomes arbitrarily large, these
polytopes converge to the origin.

To complete our proof of (29) suppose for sake of contradiction T passes
through infinite number of top dimensional tiles {C’wl,C’wz, }, then for large

NHs,C N

N+1 WN +2
Hs, } We decompose each w; as w; = wo,ts,. Since there are infinite number

enough N, T passes through infinite number of polytopes {C’w

of polytopes and W is a finite group, the o; in the lattice M have arbitrary large
norms, hence a subsequence of these polytopes must converge to 0 in Hs. Since
T is compact continuous curve that intersects {Cuy., N Hy, Cuyy N Hs, ...}, it
must go through the origin of Hy, contrary to our assumptions. This concludes
the proof of (29).

Now that we have shown the tiles cover the interior of cone(IT) \ R4, we
consider the boundary. Suppose z € 9(cone(Il)) and x # 0 (the case z = 0 is
covered by w = 1). Since the interior of cone(II) \ R.4 is covered by closed top
dimensional tiles, there exists sequence:

(35) {xn € 0711)717 Wy, € Wreg}

such that z, — . The proof of (29) then demonstrates that the collection
{C’wn} can only contain finitely many distinct tiles, for otherwise there would
exist a infinite subsequence of {C,,, } of top dimensional tiles whose intersection
with Hys converges to origin of Hs, and the fact x,, — = would imply = = 0 in
h* @ RJ, contrary to our assumptions. Using once again x,, — x, we see x must
be on the closure of a top dimensional tile.

We have shown that:

(36) cone(IN) \ R 6 C | J Cu C cone(TD).
weWw

To conclude our proof of Theorem 3.1 it suffices to show that R§ ¢ C,, for any
w € W. This is accomplished by the next proposition.
O

PROPOSITION 3.2. Let A€ CT,w € W. Then (1 —w)\ # kd unless k = 0.

PrROOF. We induct on I(w), where I(w) denotes the length of w (see [3, Chapter
3)).
Recall that the tiles Cy, lie on @ := span{ao,...,an}. Observe for affine
Kac-Moody root systems the only vectors on ) whose magnitude are zero are
multiples of 4. The case I(w) = 1 is clear, now suppose our hypothesis holds for
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all w € W such that [(w) < N. Consider w’ = ws,, such that [(w) = N and
l(w) =N+ 1. For A € C*, consider:

(37) (1 —w)A=X—wsq,, (M)
2(}\70@')
=A- w()\ - (on, ) ai>
N —w 2()\,0[1' wl
=(1 A+ (on, ) ().

Now for sake of contradiction suppose (1 — w’')A = kd, k # 0, then we have:

(38) ((1 — W)\ (1 - w'))\) —0.

By the invariance of the bilinear form, Equation (38) is equivalent to:

(viy )

(39) ((1 — WA, )\) - ((1 —w)A, /\> G (w(ai), A)
0

Since w’ is reduced, w(a;) € cone(I) (see [3, Chapter 3]). Since A € C¥,
every term on the right hand side of Equation (39) is > 0, hence they are all 0.
This implies ((1—w)A, (1—w)A) = 2((1—w)A,A) = 0. By induction hypothesis,
(1—w)(A) = 0, which combined with the last line of (37), implies that (1—w")A =

%w(ai), contradicting our initial assumption that (1—w’)A = ké, k #0. O

Remark Observe that the proof of Proposition 3.2 actually gives us something
slightly stronger: if A € C+, then ((1 —w)A, (1 —w)X) > 0.

Example 2 We show the computation for two examples, the affine Kac-Moody
algebras Aél) and 02(1). We plot the intersection of all tiles with the hyperplane
Hs, ie. [[,ew Cw N Hs. The polytopes are top dimensional tiles, the lines are
codimension 1 tiles and the dots represent codimensional 2 tiles. In this note
we only concerned ourselves with closed top dimensional tiles. It is an open
question whether or not we can replace the right hand side of Theorem 3.1 with

HwGW Cw‘
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Figure 2: Tiling of the root system Aél)

Figure 3: Tiling of the root system 02(1)
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