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Abstract. In this paper we generalize renormalization theory for

analytic critical circle maps with a cubic critical point to the case of maps
with an arbitrary odd critical exponent by proving a quasiconformal rigidity

statement for renormalizations of such maps.

Résumé. Dans cet article on généralise la théorie de la renormalisation

pour les transformations criticales analytiques du circle à point critical
cubique au cas de transformations à exposant critical impair arbitraire, en

démontrant une affirmation de rigidité quasi-conforme.

1. Introduction Critical circle maps are, along with unimodal maps of the
interval, one of the two worked-out examples of renormalization and universal-
ity in dynamics. Renormalization theory has been developed for critical circle
maps with critical exponent n = 3. We refer the reader to [10] for a review of
the history of the subject and the summary of the main conjectures, known as
Landford’s Program. These conjectures were settled by the author in [10,11].

The purpose of this paper is to extend the renormalization theory to analytic
critical circle maps with an arbitrary odd critical exponent n ∈ 2N+1. All of the
existing proofs apply to the case of arbitrary n mutatis mutandis with a single
notable exception: a result on non-existence of invariant Beltrami differentials for
holomorphic extensions of renormalized maps (so-called holomorphic commuting
pairs) proven by de Faria in [1]. de Faria’s argument used his construction of
holomorphic commuting pairs for renormalizations of maps in the Arnold’s family

x 7→ x+ θ +
1

2π
sin(2πx)

(an archetypical family of critical circle maps with a cubic critical point). This
proof thus does not generalize to an arbitrary odd n.

In the present paper we present a different argument based on our complex a
priori bounds [8] and (for each n ∈ 2N + 1) a construction of a quasiconformaly
rigid family of Blaschke fractions which restrict to analytic homeomorphisms of
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the unit circle with a single critical point of degree n. We thus extend the result
on non-existence of invariant Beltrami differentials to the case of an arbitrary
odd n and complete the renormalization theory for this case.

We note that after this paper has appeared as a preprint, we have learned
that A. Vieira in his recent PhD thesis [7] has proposed a different approach to
constructing quasiconformally rigid model holomorphic commuting pairs based
on generalized Arnold’s maps.

The structure of the paper is as follows. In the next section §2 we make the
preliminary definitions, and describe the action of renormalization on unicriti-
cal circle maps. Our goals – the renormalization hyperbolicity results for such
maps – are stated in § 4. In § 5 we define holomorphic commuting pairs for an
arbitrary odd critical exponent n and state the main result on non-existence of
invariant Beltrami differentials (Theorem 5.4). § 6 contains the construction of
rigid Blaschke models. The proof of Theorem 5.4 is given in § 7.

2. Preliminaries

Some notations We will assume that the reader is familiar with the renormal-
ization theory of critical circle maps, and will only recall its main points briefly.
For a detailed discussion, we refer the reader to [10,11].

We use dist and diam to denote the Euclidean distance and diameter in C.
We shall say that two real numbers A and B are K-commensurable for K > 1
if K−1|A| ≤ |B| ≤ K|A|. The notation Dr(z) will stand for the Euclidean disk
with the center at z ∈ C and radius r. The unit disk D1(0) will be denoted
D. The plane (C \ R) ∪ J with the parts of the real axis not contained in the
interval J ⊂ R removed will be denoted CJ . By the circle T we understand the
affine manifold R/Z, it is naturally identified with the unit circle S1 = ∂D via
θ 7→ e2πiθ. The real translation x 7→ x+ θ projects to the rigid rotation by angle
θ, Rθ : T→ T. For two points a and b in the circle T which are not diametrically
opposite, [a, b] will denote the shorter of the two arcs connecting them. As
usual, |[a, b]| will denote the length of the arc. For two points a, b ∈ R, [a, b] will
denote the closed interval with endpoints a, b without specifying their order. The
cylinder in this paper, unless otherwise specified will mean the affine manifold
C/Z. Its equator is the circle {Im z = 0}/Z ⊂ C/Z. A topological annulus
A ⊂ C/Z will be called an equatorial annulus, or an equatorial neighborhood, if
it has a smooth boundary and contains the equator.

Definition 2.1. An analytic unicritical circle map is an analytic orientation
preserving homeomorphism of T with a single critical point c. To fix our ideas,
we will always place the critical point of f at 0 ∈ T. In what follows, we will
refer to such maps as critical circle maps.

The critical exponent of a critical circle map f is the degree of the critical point
0. Since f is an analytic homeomorphism of the circle, the critical exponent must
be an odd integer.
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As a homeomorphism of the circle, a critical circle map f has a well-defined
rotation number which we denote by ρ(f). It is useful to represent ρ(f) as a
finite or infinite contined fraction with positive terms

(2.1) ρ(f) =
1

r0 +
1

r1 +
1

r2 + · · ·

Further on we will abbreviate this expression as [r0, r1, r2, . . .] for typographical
convenience. Note that the numbers ri are determined uniquely if and only if ρ(f)
is irrational. In this case we shall say that ρ(f) (or f itself) is of type bounded
by B if sup ri ≤ B; it is of a periodic type if the sequence {ri} is periodic. For a
map f such that the continued fraction (2.1) contains at least m + 1 terms, we
denote {pm/qm} the best rational approximation of ρ(f) given as the truncated
continued fraction pm/qm = [r0, r1, . . . , rm−1], and set Im ≡ [0, fqm(0)]. Recall
that an iterate fk(0) is called a closest return of the critical point if the arc
[0, fk(0)] contains no iterates f i(0) with i < k. One verifies then that the
iterates {fqm(0)} are closest returns of 0.

Let us introduce some notation: suppose, W is a complex Banach space whose
elements are functions of the complex variable. Let us say that the real slice of
W is the real Banach space WR consisting of the real-symmetric elements of W .
If X is a Banach manifold modelled on W with the atlas {Ψγ} we shall say that
X is real-symmetric if Ψγ1 ◦ Ψ−1γ2 (U) ⊂ WR for any pair of indices γ1, γ2 and

any open set U ⊂ WR on which this composition is defined. The real slice of
X is then defined as the real Banach manifold XR ⊂ X given by Ψ−1γ (WR) in
a local chart Ψγ . An operator A defined on a subset of X is real-symmetric if
A(XR) ⊂ XR.

Denote π the natural projection C → C/Z. For an equatorial annulus U ⊂
C/Z let AU be the space of bounded analytic maps φ : U → C/Z continuous up
to the boundary, such that φ(T) is homotopic to T, equipped with the uniform
metric. We shall turn AU into a real-symmetric complex Banach manifold as
follows. Denote Ũ the lift π−1(U) ⊂ C. The space of functions φ̃ : Ũ → C which
are analytic, continuous up to the boundary, and 1-periodic, φ̃(z + 1) = φ̃(z),
becomes a Banach space when endowed with the sup norm. Denote that space
ÃU . For a function φ : U → C/Z denote φ̌ an arbitrarily chosen lift so that
π(φ̌(π−1(z))) = φ. Observe that φ ∈ AU if and only if φ̃ = φ̌ − Id ∈ ÃU . We
use the local homeomorphism between ÃU and AU given by

φ̃ 7→ π ◦ (φ̃+ Id) ◦ π−1

to define the atlas on AU . The coordinate change transformations are given by
φ̃(z) 7→ φ̃(z+n)+m for n,m ∈ Z, therefore with this atlas AU is a real-symmetric
complex Banach manifold.



80 Michael Yampolsky

Fix n ∈ 2N + 1. Let f : U → C/Z be an analytic critical circle map with
critical exponent n. By definition, there is a neighborhood of the equator in
which 0 is the only critical point of f . Let f̃ : Ũ → C be a lift of f . The
Argument Principle implies that for ε > 0 small enough, if g̃ ∈ ÃU is real-
analytic, and ||f̃ − g̃|| < ε, and g has the same order of the critical point as f at
0, then g = π ◦ (g̃ + Id) ◦ π−1 is a critical circle map as well.

Let ε(f) be the supremum of such ε, and set

Cn
U = ∪f{π ◦ (g̃ + Id) ◦ π−1| g̃ ∈ ÃU , g̃

′(0) = −1,

g̃′′(0) = 0, . . . , g̃(n−1)(0) = 0 and ||g̃ − f̃ || < ε(f)}.

As shown in [10], the space Cn
U is a submanifold of AU .

We shall say that f is a critical cylinder map if f ∈ Cn
U for some U ⊂ C/Z.

Let us denote by (Cn
U )R the real slice of CU :

(Cn
U )R = {f ∈ Cn

U with f̄(z) = f(z̄)}

= {f ∈ AU , such that f |T is a critical circle map}.

3. Renormalization

Definition of renormalization of critical circle maps using commuting pairs. The
strong analogy with universality phenomena in statistical physics and with the
already discovered Feigenbaum-Collett-Tresser universality in unimodal maps,
led the authors of [4] and [6] to explain the existence of the universal constants
by introducing a renormalization operator acting on critical commuting pairs.
For simplicity of the exposition, we give the definitions only in the analytic case.

Definition 3.1. A critical commuting pair ζ = (η, ξ) consists of two analytic
orientation preserving interval homeomorphisms η : Iη → η(Iη), ξ : Iξ → ξ(Iξ),
where

(I) Iη = [0, ξ(0)], Iξ = [η(0), 0];
(II) Both η and ξ have analytic continuations to interval neighborhoods of their

respective domains which commute, η ◦ ξ = ξ ◦ η;
(III) ξ ◦ η(0) ∈ Iη;
(IV) η′(x) 6= 0 6= ξ′(y), for all x ∈ Iη \ {0}, and all y ∈ Iξ \ {0};
(V) η′(0) = ξ′(0) = 0.

The critical exponent n of a critical commuting pair is the order of the critical
points of η and ξ at the origin; again this number must be an odd integer.

Let f be a critical circle mapping, whose rotation number ρ has a con-
tinued fraction expansion (2.1) with at least m + 1 terms, and let pm/qm =
[r0, . . . , rm−1]. The pair of iterates fqm+1 and fqm restricted to the circle arcs
Im and Im+1 correspondingly can be viewed as a critical commuting pair in the
following way. Let f̄ be the lift of f to the real line satisfying f̄ ′(0) = 0, and



Renormalization of Unicritical Analytic Circle Maps 81

0 < f̄(0) < 1. For each m > 0 let Īm ⊂ R denote the closed interval adjacent to
zero which projects down to the interval Im. Let τ : R→ R denote the transla-
tion x 7→ x+ 1. Let η : Īm → R, ξ : Īm+1 → R be given by η ≡ τ−pm+1 ◦ f̄qm+1 ,
ξ ≡ τ−pm ◦f̄qm . Then the pair of maps (η|Īm, ξ|Īm+1) forms a critical commuting
pair corresponding to (fqm+1 |Im, fqm |Im+1). Henceforth we shall simply denote
this commuting pair by

(3.1) (fqm+1 |Im, fqm |Im+1).

This allows us to readily identify the dynamics of the above commuting pair with
that of the underlying circle map, at the cost of a minor abuse of notation.

Following [2], we say that the height χ(ζ) of a critical commuting pair ζ =
(η, ξ) is equal to r, if

0 ∈ [ηr(ξ(0)), ηr+1(ξ(0))].

If no such r exists, we set χ(ζ) = ∞, in this case the map η|Iη has a fixed
point. For a pair ζ with χ(ζ) = r < ∞ one verifies directly that the mappings
η|[0, ηr(ξ(0))] and ηr ◦ ξ|Iξ again form a commuting pair. For a commuting pair

ζ = (η, ξ) we will denote by ζ̃ the pair (η̃|Ĩη, ξ̃|Ĩξ) where tilde means rescaling
by the linear factor λ = 1

ξ(0) .

Definition 3.2. The renormalization of a critical commuting pair ζ = (η, ξ)
is the commuting pair

Rζ = (η̃r ◦ ξ|Ĩξ, η̃| ˜[0, ηr(ξ(0))]).

The non-rescaled pair (ηr ◦ ξ|Iξ, η|[0, ηr(ξ(0))]) will be referred to as the pre-
renormalization pRζ of the commuting pair ζ = (η, ξ).

For a pair ζ we define its rotation number ρ(ζ) ∈ [0, 1] to be equal to the
continued fraction [r0, r1, . . .] where ri = χ(Riζ). In this definition 1/∞ is
understood as 0, hence a rotation number is rational if and only if only finitely
many renormalizations of ζ are defined; if χ(ζ) =∞, ρ(ζ) = 0.
For ρ = [r0, r1, . . .] ∈ [0, 1] let us set

G(ρ) = [r1, r2, . . .] =

{
1

ρ

}
,

where {x} denotes the fractional part of a real number x (G is usually referred
to as the Gauss map). As follows from the definition,

ρ(Rζ) = G(ρ(ζ))

for a real commuting pair ζ with ρ(ζ) 6= 0.
The renormalization of the real commuting pair (3.1), associated to some

critical circle map f , is the rescaled pair (f̃qm+2 |Ĩm+1, f̃qm+1 |Ĩm+2). Thus for a
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given critical circle map f the renormalization operator recovers the (rescaled)
sequence of the first return maps:

{(f̃qi+1 |Ĩi, f̃qi |Ĩi+1)}∞i=1.

The space of critical commuting pairs modulo affine conjugacy will be denoted
by C; its subset consisting of pairs ζ with χ(ζ) = r with r ∈ N ∪ {∞} will be
denoted by Sr. For each n ∈ 2N+1 the subspaces of pairs with critical exponent
n will be denoted by Cn and Snr respectively.

Let C0([0, 1]) be the Banach space of continuous functions of the interval [0, 1]
with the uniform norm. We identify a pair ζ ∈ Cn with a point in

C0([0, 1])× C0([0, 1])× R>0

via

ζ = (η, ξ) −→
(

1

ξ(0)
η(ξ(0)x),

1

η(0)
ξ(η(0)x),

η(0)

ξ(0)

)
.

This induces a metric on Cn, which we will call the C0-metric.
Renormalization is a transformation

R : Cn \ Sn∞ → Cn.

It is not difficult to show that this transformation is injective on each Snr :

Proposition 3.1 ([9]). Let r 6=∞. Then the map R : Snr → Cn is one-to-one.

Renormalization of maps of the cylinder. The cylinder renormalization operator
Rcyl was introduced in [10] as a more natural way to renormalize analytic critical
circle maps. It has two crucial advantages: the operator acts on maps themselves,
rather than their conjugacy classes; and extends to an analytic operator in the
Banach manifold Cn

U of analytic critical circle maps defined in some equatorial
neighborhood U ⊂ C/Z. We briefly recall the definition ofRcyl below, the reader
is directed to [10,11] for the detailed exposition.

First note that in [10] we constructed a closed equivalence relation denoted
∼conf between analytic commuting pairs with the property that if ζ1∼conf ζ2 and
χ(ζ1) = χ(ζ2), then the analytic extensions of the commuting pairs are conjugate
in a specific neighborhood of the interval of definition by a conformal change of
coordinates. In particular, ρ(ζ1) = ρ(ζ2).

Furthermore, as we have shown, there exist an open set Ω ⊂ Cn and N ∈ N
such that for every ζ ∈ Cn with ρ(ζ) /∈ Q the renormalizations Rkζ ∈ Ω for
all k larger than some k0 = k0(ζ) such that the following holds. For any N -
times renormalizable ζ ∈ Ω we have RNζ ∈ Ω, and if ζ1, ζ2 are two N -times
renormalizable pairs in Ω with ζ1∼conf ζ2, then

RNζ1∼confRNζ2.
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This last property implies, in particular, that periodic orbits of RN project to
the quotient space.

The cylinder renormalization operator defined in [10] is a real-symmetric an-
alytic operator Rcyl from an open subset R of Cn

U to Cn
U (thus Rcyl maps an

open subset of
Mn ≡ (Cn

U )R

into Mn), such that the following holds. There exists N ∈ N such that the
operator Rcyl changes the rotation number by shifting its continued fraction
expansion N terms to the left.

For every r 6=∞ there is a canonical homeomorphism onto the image

Snr ∩ Ω/∼conf ιr
−→Mn

such that ρ(ιr(ζ)) = ρ(R(ζ)), and

ιr ◦ RN ≡ Rcyl ◦ ιq

whenever both sides are defined.
Every map f in R posesses a domain Cf called a fundamental crescent, which

is bounded by two simple curves l and fqN (l) which meet at two endpoints p1,
p2, which are repelling fixed points of the iterate fqN . Moreover, the quotient
of Cf ∪ fqN (Cf ) \ {p1, p2} by the iterate fqN is conformally isomorphic to C/Z.
The first return map Rf of Cf under this isomorphism becomes Rcylf .

4. Statement of the Results In this note we extend the general renor-
malization hyperbolicity results [9,11] to the case of unicritical circle maps with
an arbitrary critical exponent n ∈ 2N + 1. Before formulating our results let us
make some further notation. Let Σ be the space of bi-infinite sequence of natural
numbers, and denote by σ : Σ→ Σ the shift on this space:

σ : (ri)
∞
−∞ 7→ (ri+1)∞−∞.

Let us also complement the natural numbers with the symbol ∞ with the con-
ventions ∞+ x =∞, 1/∞ = 0; and denote by Σ̄ the space (N ∪ {∞})Z, and by
Σ̄+ the space (N∪{∞})N. Our first theorem is a generalization of [9] to the case
of an arbitrary n ∈ 2N + 1:

Theorem 4.1 (Renormalization horseshoe). Let n ∈ 2N + 1. There exists
an R-invariant set I ⊂ Cn consisting of critical commuting pairs with critical
exponent n with irrational rotation numbers which has the following properties.
The action of R on I is topologically conjugate to the two-sided shift σ : Σ→ Σ:

i ◦ R ◦ i−1 = σ

and if ζ = i−1(. . . , r−k, . . . , r−1, r0, r1, . . . , rk, . . .) then ρ(ζ) = [r0, r1, . . . , rk, . . .].
The set I is pre-compact, its closure A ⊂ Cn is the horseshoe attractor for the
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renormalization. That is, for any ζ ∈ Cn with irrational rotation number we
have

Rmζ → A.

Moreover, for any two pairs ζ, ζ ′ ∈ Cn with ρ(ζ) = ρ(ζ ′) we have

dist(Rmζ,Rmζ ′)→ 0.

Furthermore,

Theorem 4.2 (Hyperbolicity of renormalization). For each ζ ∈ Snr ∩ R
we denote î(ζ) ≡ ir(ζ) ∈Mn. The set

Î ≡ î(I) ⊂Mn

is uniformly hyperbolic for the analytic operator Rcyl, with one-dimensional un-
stable direction.

The proofs of the above theorems for an arbitrary n ∈ 2N + 1 are identical to
the case n = 3 except for a single missing piece, whose proof in [1] uses the
value n = 3 in an essential way. We proceed to make the relevant definitions
and formulate our main result, which completes the proofs of Theorems 4.1 and
4.2 in the case of a general odd n, in the next section.

5. Holomorphic Commuting Pairs and the Statement of the Main
Result De Faria [1] introduced holomorphic commuting pairs to apply Sulli-
van’s Riemann surface laminations technique to renormalization of critical circle
maps. They are suitably defined holomorphic extensions of critical commuting
pairs. Below we generalize the definition of [1] to the case of an arbitrary odd
critical exponent n ∈ 2N + 1 in a straightforward fashion. A critical commuting
pair ζ = (η|Iη , ξ|Iξ) ∈ Cn extends to a holomorphic commuting pair H if there
exist four simply-connected R-symmetric quasidisks ∆, D, U , V such that

• D̄, Ū , V̄ ⊂ ∆, Ū ∩ V̄ = {0}; U \D, V \D, D \ U , and D \ V are nonempty
connected and simply-connected regions;

• denoting IU ≡ U ∩ R, IV ≡ V ∩ R, ID ≡ D ∩ R we have IU ⊃ Iη, IV ⊃ Iξ;
• the sets U ∩H, V ∩H, and D ∩H are Jordan domains;
• the maps η and ξ extend analytically to the domains U and V respectively,

so that η : U → (∆ \ R) ∪ η(IU ) and ξ : V → (∆ \ R) ∪ ξ(IV ) are onto and
univalent;

• ν ≡ η ◦ ξ analytically contniues to an n-fold branch covering ν : D → (∆ \
R) ∪ ν(ID) with a unique critical point at zero.

We shall call ζ the commuting pair underlying H, and write ζ ≡ ζH. The domain
D ∪ U ∪ V of a holomorphic commuting pair H will be denoted Ω or ΩH, the
range ∆ will be sometimes denoted ∆H.
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We can associate to H a piecewise-defined holomorphic map SH : Ω→ ∆:

SH(z) =

 η(z), if z ∈ U ;
ξ(z), if z ∈ V ;
ν(z), if z ∈ Ω \ (U ∪ V ).

,

which de Faria [1] called the shadow of H. Note that SH and H share the same
orbits as sets. The filled Julia set K(H) is the set of points in Ω which do not
escape Ω under the iteration of SH; the Julia set J(H) = ∂K(H).

Denote Hn the space of holomorphic commuting pairs with critical exponent
n. It can be naturally endowed with Carathéodory topology (cf. [9]).

It is easy to see directly from the definition (cf. [1]) that:

Proposition 5.1. Let ζ be a commuting pair with χ(ζ) < ∞. Suppose ζ is
a restriction of a holomorphic commuting pair H, that is ζ = ζH. Then there
exists a holomorphic commuting pair G with range ∆H, such that ζG = Rζ.

A standard pull-back argument (cf. [1, 8]) gives:

Theorem 5.2. Suppose H1 and H2 are two holomorphic commuting pairs with
the same critical exponent n and the same irrational rotation number

ρ(ζH1
) = ρ(ζH2

) /∈ Q.

Then H1 and H2 are quasiconformally conjugate.

We let the modulus of a holomorphic commuting pair H, which we denote by
mod(H) to be the modulus of the largest annulus A ⊂ ∆, which separates C \∆
from Ω.

Definition 5.1. For µ ∈ (0, 1) let Hn(µ) ⊂ Hn denote the space of holomor-
phic commuting pairs H : ΩH → ∆H, with the following properties:

• mod(H) ≥ µ;
• |Iη| = 1, |Iξ| ≥ µ and |η−1(0)| ≥ µ;
• dist(η(0), ∂VH)/ diamVH ≥ µ and dist(ξ(0), ∂UH)/ diamUH ≥ µ;
• the domains ∆H, UH ∩H, VH ∩H and DH ∩H are (1/µ)-quasidisks.
• diam(∆H) ≤ 1/µ;

We say that a real commuting pair ζ = (η, ξ) with an irrational rotation number
has complex a priori bounds, if there exists µ > 0 such that all renormalizations
of ζ = (η, ξ) extend to holomorphic commuting pairs in Hn(µ). The existense
of complex a priori bounds is a key analytic issue of renormalization theory:

Theorem 5.3. There exist universal constants µ = µ(n) > 0 and K = K(n) >
1 such that the following holds. Let ζ ∈ Cn be a critical commuting pair with an
irrational rotation number. Then there exists N = N(ζ) (which can be chosen
uniformly in families of analytic pairs compact in the sense of Carathéodory
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topology, cf. [9]) such that for all m ≥ N the commuting pair Rmζ extends to
a holomorphic commuting pair Hm : Ωm → ∆m in Hn(µ). The range ∆m is a
Euclidean disk.

Furthermore, let ζ1 and ζ2 be two critical commuting pairs with the same
irrational rotation number and the same critical exponent n. There exists M
(which again can be chosen uniformly in compact families) such that for all
m ≥ M the renormalizations Rmζ1, Rmζ2 extend to holomorphic commuting
pairs Hm1 , Hm2 which are K-quasiconformally conjugate.

We first proved this theorem in [8] for commuting pairs ζ in an Epstein class Es
and n = 3. Our proof was later adapted by de Faria and de Melo [3] to the case
of a non-Epstein critical commuting pair and n = 3. The proof extends mutatis
mutandis to the case of an arbitrary n.

We are now ready to formulate our main result:

Theorem 5.4 (Main Result). Let H ∈ Hn and ρ(ζH) /∈ Q. Then every R-
symmetric, SH-invariant Beltrami differential µ entirely supported on K(H) is
trivial.

Theorems 4.1 and 4.2 follow from the above statement immediately, as the re-
mainder of their proof for n = 3 works for an arbitrary odd value of n. The
proof of Theorem 5.4 will occupy the rest of the paper.

6. Blaschke Models Recall that the subgroup of Aut(Ĉ) which preserves
the unit circle S1 consists of Möbius transformations of the form

(6.1) f(z) = e2πiθ
z + a

1 + āz
, where a ∈ C \ S1 and θ ∈ R.

A Blaschke fraction is a rational function obtained as a product of finitely many
terms of the form (6.1); it is called a Blaschke product if a ∈ D in each of these
terms.

We note the following standard fact:

Theorem 6.1. Suppose a rational map B(z) preserves the unit circle S1. Then
it is a Blaschke fraction. If it preserves the unit disk D then it is a Blaschke
product.

We claim:

Theorem 6.2. Let m ∈ N and set n = 2m+ 1. There exists a unique Blaschke
fraction Bn(z) of degree n with the following properties:

(1) Bn(1) = 1 and 1 is a critical point of Bn with multiplicity n;
(2) Bn(0) = 0, Bn(∞) = ∞, and Bn(z) has critical points at 0 and ∞, both

with multiplicity m+ 1;
(3) Bn(z) has no critical points other than 0, 1, and ∞;
(4) The restriction Bn : S1 → S1 is a homeomorphism.
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Proof. Let us set

P (z) =

m∑
k=0

(
n
k

)
zn−k.

The Binomial Formula gives:

(z − 1)n = P (z)−Q(z), where Q(z) = znP

(
1

z

)
.

We set

Bn(z) =
P (z)

Q(z)
.

An elementary estimate shows that Q(1) 6= 0; hence, Bn(z) − 1 has a zero of
degree n. By construction, Bn has a critical point of order m+1 at infinity (and,
by symmetry) at 0, and both of them are fixed. It has no other critical points
by Riemann-Hurwitz theorem.

We claim that Bn is a Blaschke fraction. Indeed, for each non-zero real root
c of P (z) the denominator has a factor z( 1

z − c) so that

z − c
z( 1
z − c)

=
z − c
1− cz

is a term of the form (6.1). For each pair of complex roots α, ᾱ, combining
with the corresponding factors in the denominator, we obtain a product of two
Möbius maps of the form (6.1):

(z − α)(z − ᾱ)

z2( 1
z − α)( 1

z − ᾱ)
.

Claim (4) follows by considerations of topological degree.
Finally, let us prove the uniqueness of Bn. Suppose F (z) is a Blaschke fraction

with the same properties. Note that F (z) − 1 has a zero of order n at 1. Since
degF = n,

F (z)− 1 =
(z − 1)n

G(z)
,

where G(z) is a polynomial and G(1) 6= 0. Moreover, considerations of branching
order at∞ imply that degG = m. Denote Ḡ(z) the polynomial G(z̄). Using the
symmetry

F (z) =

(
F

(
1

z̄

))−1
,

we obtain

(z − 1)n +G(z)

G(z)
=

znḠ

(
1

z

)
(1− z)n + znḠ

(
1

z

) .
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Hence,

znḠ

(
1

z

)
−G(z) = (z − 1)n.

Note that the first polynomial on the left-hand side has powers of z from m+ 1
to n, and the second one (that is, G(z)) has powers of z from 0 to m. Thus,
G ≡ Q and the proof is complete. �

7. Proof of the Main Result Fix α ∈ 2N + 1. Let B = Bn from Theo-
rem 6.2 with n = α. By standard considerations of continuity and monotonicity
of the rotation number, for every irrational ρ ∈ T there exists a unique θ ∈ T
such that setting

Bρ ≡ e2πiθB, we have ρ(Bρ|S1) = ρ.

For ease of reference, let us formulate:

Proposition 7.1. Suppose Bρ is as above, and let G be any other Blaschke
fraction with critical points at 0, 1, ∞, which is topologically conjugate to Bρ on

Ĉ. Then
G = Bρ.

By Theorem 5.3, there exists N ∈ N such that for all m ≥ N and ρ /∈ Q, the
renormalizationRmBρ extends to a holomorphic commuting pairH in Hn(µ(n)).

Theorem 7.2. Suppose H is a holomorphic commuting pair as above. Then
every Beltrami differential µ which is S1-symmetric, invariant under SH satisfies

µ = 0 a.e. on K(H).

Proof. Let µ1 be the Beltrami differential which is given by µ on K(H), and
the trivial differential σ0 elsewhere on ∆H. By invariance of K(H), we have

S∗Hµ1 = µ1 a.e.

Note that K(H) = J(H) (cf. [9]). Extend µ1 by the dynamics of Bρ to a
Bρ-invariant, S1-symmetric Beltrami differential supported on

∪k≥0B−kρ (K(H)) = J(Bρ)

(the equality is implied by the standard properties of Julia sets, cf. e.g. [5]).

Complete it to a Bρ-invariant Beltrami diffential λ1 in Ĉ by setting it equal to
σ0 on the complement of the Julia set of Bρ. For t ∈ [0, 1], set

λt = tλ1,

so that λ0 = σ0. By Ahlfors-Bers-Boyarski Theorem, there exists a unique
solution ψt : Ĉ→ Ĉ of the Beltrami equation

ψ∗t σ0 = λt
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which fixes the points 0, 1, and ∞ and continuously depends on t. By S1-
symmetry, the rational map

G ≡ ψt ◦Bρ ◦ ψ−1t

is a Blaschke fraction. By Proposition 7.1,

G = Bρ.

Hence, for every t and m, the map ψt permutes the discrete set B−mρ (1). Since
ψ0 = Id and ψt continuously depends on t, ψt fixes the points in each B−mρ (1).
By the standard properties of Julia sets,

∪m≥0B−mρ (1) = J(Bρ).

Hence, for all t ∈ [0, 1],
ψt|J(Bρ) = Id.

By Bers Sewing Lemma,
∂̄ψt = tλ1 = 0 a.e.

�

We now conclude:

Proof of Theorem 5.4. By Complex Bounds, there exist ρ /∈ Q and k ∈ N
such that the renormalization Rk(Bρ) extends to a holomorphic commuting pair
G which is K-quasiconformally conjugate to H. Denote ψ such a conjugacy. The
claim will follow from the above result if we can show that ∂̄ψ = 0 a.e. on K(H).
Indeed, assume the contrary. Then (ψ−1)∗σ0 is a non-trivial invariant Beltrami
differential on K(G), which contradicts Theorem 7.2. �
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