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PoLyNOMIAL POWER RESIDUE SYMBOLS AND
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ABSTRACT. We establish a relation between polynomial power residue
symbols and g-resultants of F4-linear polynomials. We then establish the
q — 1-st power reciprocity law.

RESUME.  On établit une relation entre le symbole de résidu de puis-
sances en caractéristique p et le g-résultant de deux Fy-polynomes linéaire.
Alors on démontre la loi de réciprocité des puissances g — 1-émes.

1. Imtroduction The law of quadratic reciprocity, which was first proved by
Gauss, states that for distinct odd primes p and ¢,

(§> (Z) — (—1)

where (%) is the Legendre symbol. Artin [1] established a polynomial analog of

the quadratic reciprocity law, which was stated by Dedekind [5]. Schmidt [11]
proved a more general reciprocity law over function fields. Carlitz [2] rediscovered
this reciprocity law. He then gave another proof in [3,4]. For details of the
general reciprocity law over function fields, we refer to [10,12]. Schmidt [11],
Ore [9], and Hsu [7] established a relation between polynomial residue symbols
and the resultants of polynomials over finite fields, and then proved the general
reciprocity law. In this paper, we establish a relation between polynomial power
residue symbols and g-resultants of IF;-linear polynomials. We then establish the
q — 1-st power reciprocity law.

2. Preliminaries Let A = F,[T] be the polynomial ring over F,, which
denotes a finite field with g elements. Let K = F (T') denote the quotient field
of A, and let Ko, =F,((1/T')) be the completion of K at co = (1/T). We write
Cs for the completion of an algebraic closure of K,. Let A, denote the set of
all monic elements of A. We remark that the number ¢ — 1, which is the order
of the unit group of A, is analogous to 2, which is the order of the unit group of
the integer ring Z.
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2.1.  We recall the definition of the power residue symbol {%} ;- Take a posi-
tive divisor d of ¢—1. Let P € A be a monic irreducible element of degree k, and
let a € A. Then, if P does not divide a, then let {% } , be the unique element of
F, \ {0} such that

QT = {%}d (mod P).

If P divides a, then let {#} = 0. Let b = eQ1---Qs € A\ {0} (e € Fy\
{0},Q1,...,Qs € A}) be the irreducible decomposition of b. If a € A, then let

(-1}

Jj=1

2.2.  Let F be a field including F,. For wy,...,w, € F, the determinant

w1 “ee Wy,
q q
wl wn
Alwy, ..., wy) = :
1 .
q" q"
wl PR wn

is called the Moore determinant. Let 7 = z% and let F{r} be the non-
commutative ring in 7 with the commutation rule ¢7 = 7¢ (¢ € F). For each
F,-linear polynomial P(z) = 31" ja;z? € F[z], we define P(1) := >, a; 7",
which is called the 7-polynomial and belongs to F{r}. If a, # 0, then we
write deg,. P(7) = n. For f(7),9(r) € F{r} with deg, f(r) = n > 0 and
deg, g(t) = m > 0, let {w1,...,w,} and {¢1,...,¢¥n} be the F,-bases of the
roots of f(z) and g(z), respectively. Then,

A(wla"'awnvwla"wzpm)
A(wl, “e ,U}n)A(ﬂ)l, e 71/)771)

RT(f(T)’ g(T)) =

is called the g-resultant of f(7) and g(7). This is the T-analog of the resultant
of polynomials (see [6,8,12] for further details). It holds that

(2.1) Rr (f(7),9(r)) = (=1)"" R+ (9(7), f(7)),

A(wl,...7¢m) A(wl,...,wn) ’

Note that for non-zero f(7),g(r) € F{r} with deg, f(7) = 0 and deg, g(7)
=m >0, R (f(7),g(7)) can be defined as

(22) R, (f(r).g(r)) = 2
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23) R(f0)9lr) = R (o). f(7)) = ST n))

2.3, Let Dy =1and D, = [n][n—1]7---[1]7"" forn > 0, where [n] = 74" —T.
Let e(z) be the Carlitz exponential function defined by

n

. q
ex) = 5
n=0 n

which is entire over Co. By definition, it holds that de(z)/dx = €'(z) = 1.
The map e : Coo = Co is Fy-linear and surjective. The kernel L := Ker(e)
is a free A-module of rank one. It is easy to see that e(x) is L-periodic; that
is, e(x +1) = e(z) for | € L. Let ™ denote a generator of L. For each a € A,
there exists a unique Fy-polynomial p,(z) such that p,(e(z)) = e(ax). The map
p:A— Coo{r} (@ pa(7)), which is an Fy-linear ring homomorphism, is called
the Carlitz module. It is known that pr(z) = Tx + 9. Hence, p(A) is included
in K{r}. For a € A, deg, p.(7) is equal to the degree deg(a) of a.

3. The Main Theorem The following is the main theorem of this paper.

THEOREM 1. Let d be a positive divisor of ¢ — 1. For a,b € A\ {0},

qg—1

{5}, = s80a®)= ) (Re (pu(r), pu(r)

where sgn,(b) is the (¢ — 1)/d power of the leading coefficient sgn(b) of b.
This theorem yields the following reciprocity law.

THEOREM 2 (g — 1-st power reciprocity law). Let d be a positive divisor of ¢—1.
For relatively prime a,b € A\ {0}, it holds that

a

—1
{9} O L ()5t den(a) des(b) gy, () deB g (p)~ dox(@).
bla d
ProoOF. Using (2.1), we have
egla a 1
sgna®)™ {2} = (B (), pu())

_ (_1)‘%1 deg(a) deg(b) (R'r (pa(T),pb(T)))T

= (—1)"7 des(a)desb)gop  (g)des(d) {b} .
@) a
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4. Proof of Theorem 1 Let {4} = {%}q_l. Because {%}d = {%}(qil)/d,
it suffices to prove that

a —aegla
(4.1) {3} = sen®) R, (py(r), pa(r))
Let (%) denote the right-hand side of (4.1).

4.1.  First, we prove that if aj,as,b € A\ {0}, it holds that

a10a2 ai a2

(1.2 (%5) = (5) (%)

When ajas and b are not relatively prime, let P be an irreducible element of
A such that P divides ajas and b. We take an Fg-basis 7i,...,n of the roots
of pp(x), and extend this to generate the Fy-bases wi,...,w, and ¥1,...,9¥n
of the roots of py(z) and pg,q,(x), respectively. Then, by definition, we have
R (pb(7), Paya, (1)) = 0, which implies that (“%2) = 0. Because P divides a;
or ag, a similar argument yields that (a—bl) =0 or (%2) = 0. When ajas and b
are relatively prime, let wq,...,w, be an Fy-basis of the roots of py(x). Then,
Pas(W1), - .., Pay (wy,) is also an Fy-basis of the roots of py(x). Then, using (2.2),
we have

- A(Pa a (wl)a"'vpa a (’an))
_ __1\degbdegaiaz 102 102
Rr(pb(T)apmaz(T)) ( 1) A(w17~~~7wn)

_ (_1)degbdeg ay A(pal (paz (wl))7 -5 Pay (paz (wn)))
A(pa2 (w1)7 <5 Pas (wn))

A(pa (wl)a"'7pa (wn))
-1 degbdeg asz 2 2
X( ) A(wlv"'7wn)

= RT (pb(T), Pay (T))R‘r (pb(T)v Pasy (T))

By combining this with the fact that

Sgn(b)—deg(ala2) — Sgn(b)—deg(al)sgn(b)—deg(az)7
we obtain (4.2).

4.2.  Next, we prove that if a € A\ {0} and if b = eQ1---Qs € A\ {0}
(e € Fy \ {0}, Q1,...,Qs € A}) is the irreducible decomposition of b, then

(4.3) (%) H (SJ) .

By combining (2.2) with the argument presented in Subsection 4.1, it holds for

a,by,by € A\ {0} that
() = () (5):
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For € € F, \ {0}, using (2.3) to obtain that

a

<7) = sgn(e)” 8@ . gon(e)dosl@) =1
€

Thus, we have proved (4.3).

4.8.  Finally, we prove that for distinct monic irreducible P, Q € A,

5

To do so, we will require the following lemma.

LEMMA 3 ([6], Corollary 1.3.7). It holds that

n
A(wi, ..., wy) :H H (wi + €i_1wi—1 + -+ -+ eqwy).

=1 617...,61716]17(1

Let
{w1 = e(T/Q), w2 = e(FT/Q), ..., wn, = e(FT" ' /Q)}
and

{11 = e(7/P), b2 = e(FT/P), ..., b = e(@T™ '/ P)}

be the Fy-bases of the roots of pg(x) and pp(x), respectively. Then, using
Lemma 3, we have that R-(pg(7), pp(7)) can be written as

n
H H (w; + €i—1wi—1 + -+ eqwr + QY1+ + (ntm)
=1 €1,..,€i—1,(1,0--,Cm EFyg

(Cls"'aCm)?i(O,“.,O)

I[I II {e@M/Q) +e@N/P)}
MeA, NeA\{0}
deg M <n deg N<m

= II II Il {e@M/Q) —ece(mN/P)}

MeA, NeAp ecFq\{0}
deg M <n deg N<m

- 11 T1I { (FM/Q)*™ e(ﬁN/P)‘H}.
MeA, NeAy
deg M <n deg N<m
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Now, we recall that

pr@) = J] (@—e@N/P))
NecA
deg N<m

= z H H (x — ee (TN/P))
NEA, eeF,\{0}
deg N<m

= =z H (xq_l—e(ﬁN/P)q_l).
NeAL
deg N<m

By substituting = e (7M/Q) into the above polynomial, we obtain that

e (FPM/Q)
R:(pq(7),pp(T)) = — =i
pQ(T), pp dMl%+ S GAT)Q)

To complete the proof, we require the following lemma.

LEMMA 4 (Carlitz [3], (10.04)). For distinct irreducible P,Q € A, it holds that

Py e (FPM/Q)
laf- A @
deg M<n

By applying Lemma 4, (4.4) is proved. O
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