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CAaucHY PROBLEM ON TwoO CHARACTERISTIC
HYPERSURFACES FOR THE EINSTEIN-VLASOV SCALAR
FIELD EQUATIONS IN TEMPORAL GAUGE

MARCEL D0SSA AND JEAN BAPTISTE PATENOU

Presented by Pierre Milman, FRSC

ABSTRACT. In this paper, we consider the initial value problem for the
Einstein-Vlasov scalar field equations in temporal gauge, where the initial
data are prescribed on two characteristic smooth intersecting hypersurfaces.
From a suitable choice of some free data, the initial data constraints’s prob-
lem is solved globally, then the evolution problem relative to the deduced
initial data is solved locally in time.

RESUME. Dans cet article, on consideére le probléme de Cauchy pour
les équations d’Einstein-Vlasov-Champ scalaire en jauge temporelle, dans
le cas ol les données initiales sont préscrites sur deux hypersurfaces ca-
ractéristiques réguliéres sécantes. A partir d’un choix judicieux de certai-
nes données indépendantes, le probleme des contraintes initiales est glo-
balement résolu, et ensuite le probléeme de ’évolution relatif aux données
initiales déduites est résolu localement dans le temps.

1. Introduction In this paper, we prove a local (in time) well-posedness
result for the characteristic Cauchy problem for the Einstein-Vlasov scalar field
equations in temporal gauge, when the data are assigned on two characteristic
intersecting smooth hypersurfaces. Indeed, in General Relativity, there are ba-
sically two types of Cauchy problem: the ordinary spacelike Cauchy problem for
the Einstein equations, and the characteristic initial value problem for these same
equations. In the first case, the system of constraints’s equations is standard,
i.e., the Hamiltonian and momentum constraints ([2], Chap. 7; [3]); they depend
only on the nature of the Einstein equations, and are independent of the choice of
the gauge and of the corresponding evolution system. In the case of the charac-
teristic Cauchy problem, the set of constraints’s equations includes the standard
constraints and additional constraints induced by the choice of the gauge, the
evolution system considered, the free data, and obviously the form of the stress-
energy momentum tensor of the matter considered. The gauge commonly used
for the characteristic Cauchy problem is the harmonic gauge; see [14] where the
Einstein equations in vacuum or perfect fluid are considered, with data assigned
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on two null intersecting smooth hypersurfaces, [7],[8],[9] for the study of the
Einstein-Yang-Mills equations with data prescribed on two intersecting smooth
hypersurfaces, [10] where various aspects of the characteristic Cauchy problem
in general relativity are reviewed, [6] for the analysis of the Cauchy problem on a
characteristic cone for the Einstein equations, and [5] where kinematic matter is
considered for the Cauchy problem on a characteristic cone, using the generalized
wave map gauge, in the important case of astrophysical studies. Another gauge
used recently by other authors is the “Double null foliation gauge” introduced for
the study of the Cauchy problem for the Einstein equations in vacuum [1],[11].
In the presence of the Vlasov field, the hierarchical method of resolution of the
constraints developed by A.D. Rendall [14] in the case of the harmonic gauge is
less suitable; this is due to some difficulties caused by the presence of all the com-
ponents of the metric in each component of the stress-energy momentum tensor
generated by the Vlasov’s matter. Such difficulties are mentioned in [5],[12],[15].
Furthermore, C. Tadmon in [15] attempted to solve this problem in harmonic co-
ordinates, but this author was forced to impose unnatural restrictive conditions
(of integral type) for the initial density of the particles on the initial hypersur-
faces. To tackle these difficulties, we opted for the temporal gauge. Following
Y. Choquet-Bruhat [3],[2], we chose the evolution system; and then highlighted
the system of constraints which are of two kinds, the usual Hamiltonian and
momentum constraints (3.5), and other constraints (3.6) due to the condition of
temporal gauge, all described in coordinates (%) (3.1), adapted to the geometry

of the initial hypersurfaces. The constraints €, — g;d_cfd Jab =0, (a,b=2,....,n),
extracted from (3.6) have their analogue in the “Double null foliation gauge” [1].
Theorem 1 of the present paper resumes in the setting of temporal gauge the
entire set of the constraints to solve from given free data, in order to prescribe
the full set of initial data for the evolution system considered, while Theorem 2
deals with the resolution of these constraints. For a suitable choice of free data,
the system of constraints (3.5)—(3.6) is solved hierarchically. The last part of the
article is devoted to the existence theorem for the Einstein-Vlasov scalar field

equations. For the sake of simplicity, we have considered C* initial data.

2. Geometric Setting and Formulation of the Problem Let (z%) =
(2% 21, 2%), (o = 0,1,...,n; a = 2,...,n), denote the global canonical set of
coordinates of R"*1 = R? x R"~1 (n > 3). B is a compact domain of R"~!,
Y = {(2%) € R*""L 20 — |2t >0, (2%) € B}, I° = {(2*) € Y : 20 + 2! = 0},
' = {(z*) € Y : 2° — 2} = 0}. One considers in ¥ := Y x R" the Cauchy
problem for the Einstein-Vlasov scalar field system when the initial hypersurfaces
7% and 7' are null w.r.t. the prescribed initial data. This system of unknown
functions (g, p, ®) reads

(2.1) Hy: Go=Ru —2 "9 R="T,,
ap - op

2.2 H,: p® == —T¢ php’—= =0,

( ) P p axa uup p 3pl
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(2.3) Hg : ® = V’(fI)).

The Einstein equations H, describe the gravitational potential g, while the
Vlasov equation gives a statistical description of a collection of particles of rest
mass m and density p = p(x,p°, p*), which move towards the future (p° > 0) in
their mass shell P := {(z,p*) € Y x R""! /g, p'p” = —m?, p° > 0}. The wave
equation Hg for the matter field ® (of potential V') expresses the divergence free
of the stress-energy momentum tensor of matter. The terms R,,, R and G,
designate respectively the components of the Ricci tensor, the scalar curvature,
and the components of the Einstein tensor G, relative to the searched metric
g, while the T},, are the components of the stress-energy momentum tensor of
matter. The l";)l, are the Christoffel symbols of ¢ and the p* stand as the com-
ponents of the momentum of the particles with respect to the basis ( 87‘?&) of the
fiber P, := {(p®) € R"* /g, (z)p'p” = —m?, p° > 0} of P. The T, are given
by

(2.4) Tap = 0.093P — %gaﬁ(gwa@a@ + V(@)

[ZN) /
{g(p,p)=—m?} p

In this setting, we choose the temporal gauge [3], contrary to the usual harmonic
gauge [3], [5], [10],[14], [15]; i.e., we choose a zero shift and “densitize” the
lapse, requiring the time to be in wave gauge: go; = 0, I'* = ¢TI, =0, i =
1,...,m;A,6 =0,1,....,n. The metric has then the form

(2.5) g=—12(dx)* + gijd:cidxj.

One denotes by V the connection with respect to the induced metric g on Ay :
0

zv =1t.

Setting Ay = Ty + 915_72“ 9uv, and following Choquet Bruhat (see [3],[2]), one

chooses as evolution system attached to (Hy, Ho, H,), the system (Hg, Ho, H,)

where Hy is

(26) Hy : aoRij - viRjo - ijiO = 80Aij — viAjo — vino;

and its principal part is [J0pg,;. The problem considered splits thus into two
problems that are the initial data constraints’s problem and the evolution prob-
lem for the third order quasi-diagonal Leray hyperbolic system (Hg, Ho, Hp).
The first consists of studying how to prescribe a large class of initial data
(9o, ko, $0, po) on (Z = Z° UZ') x R™ and such that for any solution (g, ®, p)
of the evolution system (Hg, Ho, H,) in a neighborhood Y of T x R™ satisfying
91z = 9o» (009)jz = ko, ®|z = ¢0, piz = po, (9, P, p) is solution of the Einstein-
Vlasov scalar field equations (Hy, He, H,) in Y, where g is of the form (2.5) with
72 = (c(2%))?|g], and c is determined by the prescribed data such that ' = 0 in
Y.
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3. The Characteristic Initial Data Constraints To describe the full set
of constraints, we introduce the coordinates (y°) defined by

(3.1) y" =2+ (=), Yyt =2%a=2,...,nm=0,1;
and require the assumptions:

(3.2) (M)

m - the vector fields ﬁ is tangent to the null geodesics

generating Z™, m = 0, 1;

clearly sufficient in temporal gauge to carry out the analysis, and which are
similar to the affine parametrization conditions of [14],[6]. The components of
tensors in coordinates (y°) are equipped with a tilde “~ 7.

The assumptions (M), induce that the trace on Z° and Z' of the searched
metric g has the specific form

(3.3) gizm = §01(dy0dy1 + dyldyo) + Gapdy®dy’;a,b=2, ..., n.

Correspondingly, the restrictions to Z° and Z' of the components of the Einstein
tensor and the momentum tensor in coordinates (y°) imply the constraints (3.6)
below and the following theorem.

THEOREM 1. Let (g,®,p) be any C>® solution of the evolution system
(Hg, Ho, H,) in a neighborhood V of T x R™, and let

(3.4) g = —Tz(dx0)2+§ijdxidzj;

and suppose that the temporal gauge condition is satisfied in V. One sets E/w =

Gu — Ty, €= ﬁ‘“’&w and one assumes that with respect to the metric g, the
hypotheses (My,) (3.2) and the relations

(3.5) Cran = 0,A=0,...,n;, m=0,1; m=1-—m;
~ g, ~ Jo1 ~ - OI°4T!
(36) Q:ab - ugab = 0; Qtrnm -2 Jo1 ¢ + go1 ( ) = 0;
n—1 n—1 ay™

a,b,c,d=2,....m;

are satisfied on (Z™),m = 0,1; then (g, ®, p) is a solution of the Einstein-Vlasov
scalar field equations (Hy, Ho, H,) in V.

Proor. If (g, ®,p) is a C* solution of the evolution system (Hg, Ho, H,) and
if the relations (3.4), (3.5),(3.6) are satisfied for g of the form (3.3), then on Z°

¢
(3.7) Co = Co1, €1 =Co1, € = Coay Cap = ——2Gap,
g11
~ n—1
<& = - Cor; a,b=2,...,m;
g11
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furthermore, the divergence free properties of the Einstein tensor (G,,,) and the
stress energy momentum tensor of matter (7),,) of g (3.4), imply that on Z° one
has

(38) Va€a5|10 =0, (ao(RZ] — A”) — Vﬂjo — WjCio) |Z0 = 0.
By combining the relations (3.7) and (3.8), one obtains on Z° the system
(3.9) 9" 01[Co;] + Li([€os)) = 0;

where for i = 1,...,n, L; is a linear homogeneous expression in terms of [€y;] =
€ojizo, j = 1,...,n. This system has zero data on S since the constraints (3.5)—
(3.6) are satisfied on S, and one deduces that [€y;] = 0, after that, €,, = 0 on
7 thanks to the relations (3.7). In the same way it is shown that €,, = 0 on
T'. Now, to prove that 9y€*” = 0 on Z°, one restricts to Z° the following linear
homogeneous system satisfied by the €4 in V (see [3], pages [407-414], or [13]),

(3.10) 8€” + L (€, 8,¢7) = 0
(3.11) Q€Y 4 LY (€7, 9,¢F) = 0
(3.12) 0,¢% 4+ L% (€7, 9,¢%) = 0.

By combining these restrictions, the system (3.12) restricted to Z° appears as
a homogeneous linear system of propagation equations on Z° with unknowns
the restrictions to Z° of 99¢%, i = 1,...,n. To show that this system has zero
data on S, one restricts to S the systems (3.10)—(3.11) and first deduces that
on S, 9y€% = 0, 9y¢Y = 0; after that, one uses the restrictions to S of the
properties Vo€ =0, i =1, ...,n to conclude that 9,¢% = 0 on S. One deduces
that on Z9, 0,€% = 0, i = 1,...,n and subsequently 9,¢%° = 0, 9y¢¥ = 0 on
79, thanks to the linear system (3.10)—(3.11). We remark that similar reasoning
holds on Z'. Finally €*¥ = 0 in V thanks to another linear homogeneous hyper-
bolic system in V, derived from (3.10)—(3.12) which has principal part CIg,€H”
(see [3], pages [407—414], or [13]). O

Remark 1. We emphasize that the relations (3.5) and (3.6) depend only of the
Cauchy data on Z™ for the evolution system (Hg, Ho, H,) as shown in the next
section.

4. The Choice of Free Data and Construction of the Full Set of Initial
Data for the Evolution System (Hg, Hs,H,) To proceed to the choice of
the free data from which the full set of initial data of the evolution system
(Hg, He, H,) can be determined, it is necessary to give a complete description of
the constraints (3.5)—(3.6) in terms of the Cauchy data of the evolution system
(Hy, Hp, H,). Indeed, setting

~ ~ 09w
(41) goijzo = 07 Yab|T0 = @aba q)|IO = (ba p|zo = fa 1/’;w = a;o )

a _
——, dp’ = dp*...dp",

O = G
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the Hamiltonian constraint 611 = 0 and the momentum constraints Ela =0, a=
2, ...,n, reduce on I respectively to the following partial differential relations of
the Cauchy data (0,04, 111, £, @) respectively (6, Oup, £, ¢, V1), i =1,...,n,
of the evolution system (Hg, Ho, H,), i.e.:

OLD1O Y11 + 2001 (0%°0104) + 0 (00,044) (09°010c) — 20100°°0,0
¢ 191V/18](m? + ©.,5"p")

R (p')?

(4.2) = 4(819)° -2 dp's

ISELE! O.q — 010 0,0
g + L0070 =l 1 W10l gy g ) 940
20 20
1
SOOGD | 52,0 00.0%9,0) + L0,(00.0) - 020,01,

—0%(8,0)(0,Opa) — g@d%cb(al@ba)(ac@de)

+g@de@d)(81@db)(aa®ec + 866611 - 866110)

£10]1/10](m?2 + 0.app") O’
7)? @)

4.3) = 20 <al</>aa¢+ /

The constraint 610 = 0 is in turn a partial differential relation of the Cauchy
data (0,0u, £, @, V14, Yap), i =1,...,n, a,b=2,....,n, of the evolution system
(Hg, Hop, H,) which, by setting x = Oy, reads

1 . 1
ox + §(®Ld81®cd - %)X — 09,1y, + Q@Cd@ab@(%@cb — 0:Oap) 14

9 9

+600%92, 1n (0| + 5eabab(ecdaaeml) — 5eabac [0°4(20,0pa — 04Oup)]
1 ab abd Tc ~d abTc

+54© (V10016 4 0a00,0) + 0T TG, — (9, In|0| + T'4.)O%Te,

9
¢ OVIOIm? + 0"’ -,
= P

n p

(14) = (000000 + V() +2 [

with fgb = 160d(8a@bd + OOud — 04Oup), a,b,c,d =2, ...,n.

-2

~ ~cd
For the constraints’s equations €., — gn_ﬁfd:c?ab =0,(a,b,c,d = 2,...,n), ex-

tracted from (3.6), they are also partial differential relations of the Cauchy data
(0,04, £, &, V15, Yap), (i=1,...,n, a,b=2,...,n), of the system (Hg, Hg, H,),
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le.:

1 1
Ohtbay + 5 <(—¢9“ +0%9,0.7)6568 — 5(@“31@6&5;} + @edaleeb5g)) Ved

0
_§6c (0°Y(0pOda + 9aOab — 9aOus))

1
+§@Cd¢1d(ab@m + 04Ocp — 0:Opq)

1 0
5 Oth1a — Butn) + 037, 1n 6] + 50,(0°0,0.0)

1
+@¢1a(21/11b — Oy0)

-~ 0 ~ o~
+T4 1, + 581@,1;,;( —0(9.1n 0] +T2.)T,

R(nfl) _ @cdfcd

(45) = ——— 0+ Tu; abcde, f=2,.m

(e ~ 9 1 "

(n-1) — cd _9XxX 1 g Y

R = 0 Rcd 0 + 20 (@ 81®Cd ) )X
_0"0utbny

7+ 0%, In 4|
1 1
+@ecd@ab(28a@cb — 0.04)114 + 5@abab(@Cflaaecd)

1
—i@ab@cd(zaa@bd — 040up)

1 -~ - -
(4.6) +@@“b(w1aw1b + 0a00,0) + ©T3,. g, — (0 In (0] + T'G,)0%T;
~ 1 2 [ 0P
T = 0,09 — §®ab (9 {ayo} (019) + 0004 + V(¢))
— et
R™ p

~ ~ =0, ™1
The last constraint €gg—2 Tf“ll ¢+901 B(F&;’[,F ) —0isa partial differential relation
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comprising all the Cauchy data of the evolution system (Hg, He, H,), i.e.:
1

2(2 + 01 1n|0))2po1 + alx - 7@%1@ 0+~ (adedC)a 0
+9®¢da 6 — @° Y1ptne + @Cbabea 0 — 1/}11 + g@cbfgdabe

Iy P
2 20 4

0191 —

*5(31 In(0)11 — g(GCbalecb)wll +

Y1010
20

0 ([o2] - b2 0™T,
(4.8) = 2([@0} —2/Rnf|9|3\/|®\p1 dﬁ) —(RD 42—,

n—1

0
— 0%y gih1g + §@ac@bd(81@ab)¢cd

We note that a similar description of the constraints (3.5)—(3.6) (for m = 1) in
terms of the Cauchy data (0, O, ¥, , ¥,,. ¢, f) on I' x R™ of the evolution
system (Hg, Hp, H,) is also valid, where:

- Gy
o = Py

(4.9) 0 :=go1z1, Oup = Javzt, ¢ 1= @1, f1=pi1n, ¥

The free data The free data making possible the resolution of the constraints
(3.5)-(3.6) comprise:

(a) C* functions Y.p = Yar(y° — y*, y*) where the vup = Yap(zt, 2%) are C®
functions of the variables x',2® that make up a symmetric positive definite
matrix satisfying ”y“b Nap ‘ > 0;

(b) smooth functions (6, ¢) on Z% and f on Z° x R™ (respectively (8, ¢) on Z*,
and fon Z! xR™) and such that 6, 6 are negative, f (respectively f) is non negative
of compact support contained in {p! > ¢; > 0} (respectively {p° > ¢y > 0}) for
a mass m # 0; and for the zero mass the support of f (respectively f) is contained
in {p* >c1 >0, >0 _,(p*)?* > cb > 0} (respectively {p° > co >0, Y0, (p*)? >
cg > 0}), besides that, Supp(f) N (S x R™) = &, Supp(f) N (S x R") = &; and
one has compatibilities relations

(4.10) =0, =9, onS,f=Ffon S xR"

THEOREM 2. Given the free data as described above by (a)-(b), then, there ex-
ists a unique global solution (0, ©Oup, Y1y, Yap, ¢, f) on I° x R™ and
(0, Oapy ¥, ¥, &5 f) 00 TI' x R™) of the initial data constraints (3.5)—(3.6)
for the FEinstein-Vlasov scalar field equations.

PRrOOF. We concentrate on the case of Z° x R™ and an analogous scheme holds
on Z' x R™ .

Given the free data (a)—(b), one solves the constraints . Indeed, for the
case of Z% let set Oap(y' ") = Yab(—y",y*), Oup(¥’,y*) = Yar(y°,y"); then
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\@abal Oub| > 0, and 117 solves algebraically the Hamiltonian constraint 611 =0
as described by (4.2). The other constraints (4.3)—(4.8) are hierarchical linear
ordinary differential equations of the variable y! depending smoothly on the
parameters y*, a = 2,...,n. They are solved hierarchically via the theory of
ordinary differential systems, using the initial conditions

B’Vab a/}/ab 8Q 89
¢ab|S:71 ;Qb = T a1 ,Z/Jol\s:io » Youus — A1 0
Ozl |s’ —abls oxl |s s IS Oyl s
(4.11) Vs = 0, ¥,1s =0;
one obtains a unique global solution (Y14, %ab, Yo01),a,b =2,...,n . Concretely,
one considers the momentum constraint €p; = 0 described in (4.4) and the
~ gcd

constraints Zg, = Cap — ng:fdﬁab = 0 described in (4.5) for (a,b) # (2,2) since
(Zap), (a,b = 2,...,n), is a traceless tensor. One can first solve the constraint
(4.4) of unknown x = ©®1,,. After that one solves the constraints (4.5) of

unknowns ., for (a,b) # (2,2) provided 9o takes the value 9s = &(X —
Z @ab¢ab)7 and where @“bﬁab = R(»-1) equals —2% since 601 =0is
(a,b)#(2,2)
satisfied. That Zss = 0 is also satisfied with 9o = &(X — Z O®1hyy)
(a,b)#(2,2)

follows from the traceless property of (Z,;). For the outgoing derivative [88—;%}
which appears in the constraints (4.5), (4.8), it is obtained by solving, using
the initial datum [g—;;} s = %(O,yaL the propagation equation obtained by

restricting the equation Hg to Z°. At least the constraint (4.8) determines
Vo1 O

5. Resolution of the Evolution System (Hg, He, H,)

THEOREM 3. Given the free data v = (Va5) on R™, (0, ¢) on I°, and f on
IO x R™ (respectively (8, ¢) onI', and f on T' x R"™); as described in Section 4.
Then, there exists a unique (4-tuple) (V,g,®,p) such that: V is a neighborhood
of S inY = {(y*) € R /y® >0, y' > 0}; g is a Lorentzian metric on V of
the form

(5.1) g= —ﬂ(daco)2 + gijdatda’; g = (9i5);

(9,P,p) is a C™ solution of the Einstein-Vlasov scalar field equations in V x
{(p*) € R"" /g,ptp” = —m?, p° > 0} with p of compact support; and go1|z0 =
0, goilzr = 0,9wlo = Yao(—¥"4"), Jaslr = Y (¥°,y"), @0 = &, P =
@, pizoxe,) = Fipzixe,) =1

SKETCH OF THE PROOF. (See Appendix A for a more extended version of the
proof.) Let us denote by (g, ko, po, ¢o) the solution of the initial data constraints
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problem as constructed in Section 4, from the free data. To solve for the initial
data (gg, ko, po, ¢o), the evolution system (Hg, Ho, H,) in the domain ¥ :=Y x
R™, we first proceed to the unique determination of the restrictions to the initial
hypersurfaces Z° and Z" of the derivatives of all order of the possible C* solution
(g, ®,p). Then, by using some variants of Borel’s classical lemma and some
arguments of domain of dependence, we can transform the evolution problem
into a spacelike Cauchy problem (P) for a third order hyperbolic system of
unknown (h, f, A) defined in the domain Q7 = Q x R™, with zero initial data
on the spacelike hypersurface Ag, where for T'> 0, 0 <t < T,

Q= {(=%) e R”“/O <20 <t |x’| < K(2t— xo); i=1,2,..,n},
(52) Ay = un{a®=7}, 0<7<t,

with K > 1 large enough and suppose that the hypersurfaces
(5.3) H' = {(*) e R"™/ 2" = K(2t —2°), 0< 2 <t,i=1,2,...,n}

are spacelike with respect to the constructed metric

(5.4) oo = —'f{jl'wx%? + Goggdada?

The linearized C* problem (P;) associated to (P) is solved by applying the
Leray’s theory of hyperbolic systems and the classical method of characteristics.

Let s the smallest integer such that s > % + 2, there exists a suitable weighted
Sobolev space £° ((AZT) of order s, in which one can develop a fixed point method
based on some energy estimates established for the C* solution of the linearized
problem (P;), and which leads to a unique solution (h, f, A) € £°(Qr) of the
problem (P), for T > 0 small enough. Then the C* regularity of this solu-
tion (h, f, A) is established by showing by induction on m and some classical
arguments [4], that (h, f,A) € EM(Qy) for every m > s, and finally by using
the Sobolev embedding theorem. The evolution system (Hg, H,, Hg) thus has a
unique C* solution (g, p, ®) for the deduced initial data (gg, ko, po, ¢0)- O

Appendix A Sketch of the Proof of Theorem 3 Given the full initial
data (gg, ko, po, o) as constructed, in Section 4, as the solution of the initial
data constraints’s problem, we consider now the characteristic Cauchy problem

Hg . 80Rij — ﬁiRjo — ﬁjRio = 60Aij — ﬁiAjo — ﬁino, in Y,

. o 1 dp __ .
H,: p*5h — FLVp“p”ani =0, in P,

(A1) P
Hy: 0,8 =V'(d), inY,

(gv 80@7 12 Q)\I = (§07 kO) L0, ¢)0)
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A first step towards the solving of the problem ‘P consists to determine uniquely,
by induction on k € N, the functions ¢*) defined as the trace on the initial

hypersurface Z of the derivatives ( ((m%k, (g:o)k, (gz(f; ) of the possible C*° so-
lution (g, p, ®) of the problem P. Using subsequently some variants of Borel’s

classical lemma, we can construct an auxiliary function w = (¢ = (pi5), 0, k) €
k k k

C>®(Qr x R") s.t. ((gmﬂfsk, (510%“ (38$u'§k>/1 = ¢® for every k € N, where, for

0<t<T, 0<7<t, Q, A;aredefined in (5.2). The function w verifies thus on

7 the evolution system (Hg, H,, Hp) and its derivatives of all orders. Introducmg

now the new unknown v = u—w = (h A, f) withh =g—p, f=p—0,A=d—x,
we can transform the problem P into a zero initial data characteristic Cauchy
problem P; in P, which is of the form

HE : §AVDAyaoﬁij = ﬁij(x,Daﬁlk,DB}: DQ/T), |OZ‘ S 27
a2 pd TP 2L+ P+ Ly0=0, Z= (7. PY)
. 1
HZ: gAVDAVA:F(xHDﬁhlkaWA% |6|§13 |7|§1

(O5h, 05 f.05A) )z = (0), VK EN;
where

N o] =g + a1 + ... + ay,

a = (a07a1a"'7an) €
ol

(920)70 (Bt)or . (m)an

DO(

Lz denotes the Lie-derivative w.r.t. Z = (p”, ﬁl) with

PRV A L G B T R
ﬁ{) = |’Y| \/J] 7@1 = pla Pl = _Fi\ypApV7
]

9]

Gij = hij+ i, 9= (3ij), Goo = Bl ¥ = (Yab),a,b=2,...,n.

The characteristic Cauchy problem P; is then extended to an ordinary spacelike
Cauchy problem (P) in Q7 x R™ with zero initial data on the the spacelike
hypersurface Ay, i.e.:

Hy, 'g“’\”D,\,,aohij = ﬁij + 75 in Qp

Hy : p 2L +PZ in Q7 x R"
A3) (P ?

Hy gAVD)\l,A = F +re in Qp

(6(()1]7’) .f7 Aa a0‘4)/1\0 = Oa qc {0a172})
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The unknowns functions are h;;, A, f; the C* functions r;;, 74, are defined by

0, if (@) € Y
Tij = _~
! —Fy;(2°,0,...,0), if (z%) € Qp — Y,

0, if (z¥) €Y
(A4) e = -
—F(z%,0,...,0), if (z*) € Qr - Y,
0, if (z*,p°) € P
(A.5) r= ( )
Lz,0(z%,0,...,0), if (%) € (Qr x R™) =P,

where Zj is deduced of Z by imposing h= 0.
Now, for given C* functions h = (hsj), A on Qr, f on Q7 x R™ such that

U= (vij = pij + ﬁij) is properly riemannian on 7, and for

—M dz®)? + v;dxtda?
1l ’

v =
we consider the linear problem
(A.6)
H}ll : U)‘V(IQ)D)\Uaoh‘j == Fij + Tij = Gij in QT
(Pl) H]lc /*| 4/m?2 +vup ipJ 8]‘ _;'_nggb + ﬁz g}{t =—Lzo+7r in QrxR"

Hili ( )D)\VA—F-‘y-Tq)EJ iIlQT
(83}1’7 fa A7 a0‘4)//\0 :07 qc {071a2})

where the C*° functions ﬁi, G = (Gij = ﬁij + Tz‘j), J = F +re, —Lzo+T
are taken for the metric v = (voo,T = (v45)), the function A, and the function
]? which is supposed of compact support. Thanks to the Leray theory of hy-
perbolic systems applied for the equations H!, HY, and the classical method of
characteristics applied for the equation H }, one has:

LEMMA 1. The hypotheses are those of the theorem, then, for given C* func-
tions h = (h; i), A on Qr, f on Qp x R", the linear problem (P;) has a unique
C*™ solution deﬁned on Qr x R™, with support contained in' Y x R™.

Now, to obtain a C* solution for the nonlinear problem (P), we consider a
framework of weighted Sobolev spaces in order to apply a fixed point method.
Given T' > 0 and K > 1 large enough as indicated above, considering €;, A; as
defined in (5.2), one sets for 0 <t < T*:

(A.7) P o= {(z%p°) € Q x R /v, plp” = —m?}.
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One denotes by C§°(€;) the space of restrictions to Q; of C* functions defined
in a neighborhood of §; and by C§°(P;) the space of restrictions to P; of C*
functions with compact support in a neighborhood of P;.

Let s € N. For a function v = (vy) defined in a neighborhood of Qr, for a
function f defined in a neighborhood of Pr, we introduce the norms

lollZeay = ZZ/A | DY *dz, || 17 (s, xrn)

I |a|<s

Z / (p°) 2+ 18D+ D2 gB £ 2da dp;
A

lal+|B8|<s Y AR

where for o € N1, 3 € N7,

Degs Hlal+18]
TP (9x0)e0 (9xl)er .. (Dzm)on (Opl)Pr (Op2)P2...(Opn)Bn
de’ = dat..dz", dp:=dp'..dp", dz = dz dx’;

and denote by E*(§);) (respectively E*(P;) ) the closure of C§°(€2;) (respectively
C§°(Py)) w.r.t. the norms

vl Es ) = sup [[vllusa,), IfllEsp) == sup [|fllrsa, xrn)-
0<r<t 0<r<t

LEMMA 2. For every solution (h, f, A) € C§°(Qr) x C°(r x R™) x C5° (1) of
the linearized problem (Py), one has for s > & +2, t €]0,T]:

[fllespy < C —Lzo+rlespy-t

Wy < [ (R + Rl n, b
[hllzs) < Z2l|GllEs-2(0,)-t;

AWy < [ { Rl + Rl
lAl g0y < Zs||J|lga-1(0,)- t;

Zs, Zs are constants depending only of T and some intrinsic constants.
Now we consider the map

n(n+1)

L : (C5°(Qr)) X C(Qr x R™) x C3°(Qr)

n(n+1)

= (C° ()" 7 xCF(Qr x R™) x C3°(Qr)
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where (h, f, A) is the unique solution of the linearized problem (P;) associated
to (P) for the given functions (h = (hy;), f, A); let s denote the smallest integer

n(n+1)

such that s > & +2; set: £ = (E*(Qr)) 2 x E°(Qr x R") x E*(Qr).
Therefore L extends to a map L’ defined similarly and mapping £° into itself:

n(n+1)

L& = (B5(Qr) 2 x E(Qr x R") x E*(Qr)

n(n+1)

&5 = (B5(Q7)) "5 x B*(Qr x R") x E*(Qy)

-~

(}; = (/h\,”),‘}/c\,A) = (h7f7 A)

Using the energy estimates above, one shows that there exist T, > 0 small
enough and R > 0 large enough and suppose that L’ is a contraction map from
the closed ball B(0, R) of the Banach space £ into itself. L' admits a fixed point
which is the desired solution of (P). The C* regularity of this solution (h, f, A)
is established by showing by induction on m and some classical arguments [4],
that (h, f, A) € E™(Qr x R™) for every m > s, and finally by using the Sobolev
embedding theorem. The support of this solution is in the domain above Z. The
evolution system (Hg, Hp, H,) thus has a unique C* solution (g; ®,p) for the
given C*° initial data.
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