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Sharp Maximal Function Estimates and
Boundedness for the Toeplitz Type Operator

Associated to a Multiplier Operator

Dazhao Chen

Presented by Pierre Milman, FRSC

Abstract. In this paper, we establish sharp maximal function es-

timates for the Toeplitz type operator associated to a certain multiplier
operator. As an application, we obtain the boundedness of the operator on

Lebesgue, Morrey and Triebel-Lizorkin spaces.

Résumé. Dans cet article, on établit des estimations de la fonction

maximale optimale pour l’opérateur de type Toeplitz associé à un certain

opérateur multiplicateur. Comme application, nous obtenons le caractère
borné de l’opérateur sur les espaces de Lebesgue, de Morrey et de Triebel-

Lizorkin.

1. Introduction and Preliminaries As part of the development of singu-
lar integral operators (see [5][19]), their commutators have been well studied.
In [2][18], the authors prove that the commutators generated by the singular
integral operators and BMO functions are bounded on Lp(Rn) for 1 < p < ∞.
Chanillo (see [1]) proves a similar result when singular integral operators are
replaced by the fractional integral operators. In [6][15], the boundedness for the
commutators generated by the singular integral operators and Lipschitz func-
tions on Triebel-Lizorkin and Lp(Rn)(1 < p < ∞) spaces are obtained. In
[7][9][11], some Toeplitz type operators associated to singular integral operators
and strongly singular integral operators are introduced, and the boundedness for
the operators generated by BMO and Lipschitz functions are obtained. In this
paper, we will study the Toeplitz type operators generated by certain multiplier
operators and the Lipschitz and BMO functions.

First, let us introduce some notations. Throughout this paper, Q will denote
a cube of Rn with sides parallel to the axes. For any locally integrable function
f , the sharp maximal function of f is defined by

M#(f)(x) = sup
Q3x

1

|Q|

∫
Q

|f(y)− fQ|dy,

Received by the editors on October 1, 2014; revised April 1, 2015.
AMS Subject Classification: Primary: 42B20; secondary: 42B25.
Keywords: Toeplitz type operator, multiplier operator, sharp maximal function, Morrey

space, Triebel-Lizorkin space, BMO, Lipschitz function.
© Royal Society of Canada 2016.

16



Toeplitz Type Operator 17

where, and in what follows, fQ = |Q|−1
∫
Q
f(x)dx. It is well-known that (see

[5][19])

M#(f)(x) ≈ sup
Q3x

inf
c∈C

1

|Q|

∫
Q

|f(y)− c|dy.

We say that f belongs to BMO(Rn) if M#(f) belongs to L∞(Rn) and define
||f ||BMO = ||M#(f)||L∞ . It has been known that (see [19])

||f − f2kQ||BMO ≤ Ck||f ||BMO.

Let

M(f)(x) = sup
Q3x

1

|Q|

∫
Q

|f(y)|dy.

For η > 0, let Mη(f)(x) = M(|f |η)1/η(x).
For 0 < η < n and 1 ≤ r <∞, set

Mη,r(f)(x) = sup
Q3x

(
1

|Q|1−rη/n

∫
Q

|f(y)|rdy
)1/r

.

The Ap weight is defined by (see [5])

Ap=

{
w ∈ L1

loc(R
n) : sup

Q

(
1

|Q|

∫
Q

w(x)dx

)(
1

|Q|

∫
Q

w(x)−1/(p−1)dx

)p−1
<∞

}
,

1 < p <∞,

and
A1 = {w ∈ Lploc(R

n) : M(w)(x) ≤ Cw(x), a.e.}.

For β > 0 and p > 1, let Ḟ β,∞p (Rn) be the homogeneous Triebel-Lizorkin
space(see [15]).

For β > 0, the Lipschitz space Lipβ(Rn) is the space of functions f such that

||f ||Lipβ = sup
x,y∈Rn
x 6=y

|f(x)− f(y)|
|x− y|β

<∞.

Definition 1. Let ϕ be a positive, increasing function on R+ and there exists
a constant D > 0 such that

ϕ(2t) ≤ Dϕ(t) for t ≥ 0.

Let f be a locally integrable function on Rn. Set, for 0 ≤ η < n and 1 ≤ p < n/η,

||f ||Lp,η,ϕ = sup
x∈Rn, d>0

(
1

ϕ(d)1−pη/n

∫
Q(x,d)

|f(y)|pdy

)1/p

,
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where Q(x, d) = {y ∈ Rn : |x−y| < d}. The generalized fractional Morrey space
is defined by

Lp,η,ϕ(Rn) = {f ∈ L1
loc(R

n) : ||f ||Lp,ϕ <∞}.

We write Lp,η,ϕ(Rn) = Lp,ϕ(Rn) if η = 0, which is the generalized Morrey
space. If ϕ(d) = dδ, δ > 0, then Lp,ϕ(Rn) = Lp,δ(Rn), which is the classical
Morrey spaces (see [16][17]). If ϕ(d) = 1, then Lp,ϕ(Rn) = Lp(Rn), which is the
Lebesgue spaces.

As the Morrey space may be considered as an extension of the Lebesgue
space, it is natural and important to study the boundedness of the operator on
the Morrey spaces (see [3][4][10][14]).

In this paper, we will study some multiplier operator as following (see [8][12]
[20–22]).

A bounded measurable function k defined on Rn \ {0} is called a multiplier.
The multiplier operator T associated with k is defined by

T (f)(x) = k(x)f̂(x), for f ∈ S(Rn),

where f̂ denotes the Fourier transform of f and S(Rn) is the Schwartz test
function class. Now, we recall the definition of the class M(s, l). Denote by
|x| ∼ t the fact that the value of x lies in the annulus {x ∈ Rn : at < |x| < bt},
where 0 < a ≤ 1 < b <∞ are values specified in each instance.

Definition 2. Let l ≥ 0 be a real number and 1 ≤ s ≤ 2. we say that the
multiplier k satisfies the condition M(s, l), if(∫

|ξ|∼R
|Dαk(ξ)|sdξ

) 1
s

< CRn/s−|α|

for all R > 0 and multi-indices α with |α| ≤ l, when l is a positive integer, and,
in addition, if(∫

|ξ|∼R
|Dαk(ξ)−Dαk(ξ − z)|sdξ

) 1
s

≤ C(
|z|
R

)γR
n
s−|α|

for all |z| < R/2 and all multi-indices α with |α| = [l], the integer part of l,i.e.,
[l] is the greatest integer less than or equal to l, and l = [l] + γ when l is not an
integer.

Definition 3. For a real number l̃ ≥ 0 and 1 ≤ s̃ <∞, we say that K verifies
the condition M̃(s̃, l̃), and write K ∈ M̃(s̃, l̃), if(∫

|x|∼R
|Dα̃K(x)|s̃dx

) 1
s̃

≤ CRn/s̃−n−|α̃|, R > 0
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for all multi-indices |α̃| ≤ l̃ and, in addition, if

(∫
|x|∼R

|Dα̃K(x)−Dα̃K(x− z)|s̃dx

) 1
s̃

≤ C

(
|z|
R

)v
R
n
s̃−n−u, if 0 < v < 1,

(∫
|x|∼R

|Dα̃K(x)−Dα̃K(x− z)|s̃dx

) 1
s̃

≤ C

(
|z|
R

)(
log

R

|z|

)
R
n
s̃−n−u, if v = 1,

for all |z| < R
2 , R > 0, and all multi-indices α̃ with|α̃| = u, where u denotes the

largest integer strictly less than l̃ with l̃ = u+ v.
Denote D(Rn) = {φ ∈ S(Rn) : supp(φ) is compact} and D̂0(Rn) = {φ ∈

S(Rn) : φ̂ ∈ D(Rn) and φ̂ vanishes in a neighbourhood of the origin}. The
following boundedness property of T on Lp(Rn) is proved by Strömberg and
Torkinsky (see [11-14]).

Lemma 1 (see [8]). Let k ∈M(s, l), 1 ≤ s ≤ 2, and l > n
s . Then the associated

mapping T , defined a priori for f ∈ D̂0(Rn), T (f)(x) = (f ∗K)(x), extends to
a bounded mapping from Lp(Rn) into itself for 1 < p <∞ and K(x) = ǩ(x).

Lemma 2 (see [8]). Suppose k ∈ M(s, l), 1 ≤ s ≤ 2. Given 1 ≤ s̃ < ∞, let
r ≥ 1 be such that 1

r = max{ 1s , 1−
1
s̃}. Then K ∈ M̃(s̃, l̃), where l̃ = l − n

r .

Lemma 3 (see [8]). Let 1 ≤ s < ∞, suppose that l is a positive real number
with l > n/r, 1/r = max{1/s, 1−1/s̃}, and k ∈M(s, l). Then there is a positive
constant a, such that(∫

Qk

|K(x− z)−K(xQ − z)|s̃dz
)1/s̃

≤ C2−ka(2kh)−n/s̃
′
.

Now we can define the Toeplitz type operator associated to the multiplier
operator as following.

Let b be a locally integrable function on Rn and T be the multiplier operator.
By Lemma 1, T (f)(x) = (K ∗f)(x) for K(x) = ǩ(x). The Toeplitz type operator
associated to T is defined by

Tb =

m∑
k=1

(T k,1MbIαT
k,2 + T k,3IαMbT

k,4),
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where T k,1 are the multiplier operator T or ±I(the identity operator), T k,2 and
T k,4 are the linear operators, T k,3 = ±I, k = 1, ...,m, Mb(f) = bf and Iα is the
fractional integral operator(0 < α < n)(see [1]).

Note that the commutator [b, T ](f) = bT (f)− T (bf) is a particular operator
of the Toeplitz type operator Tb. The Toeplitz type operator Tb is the non-
trivial generalizations of the commutator. It is well known that commutators
are of great interest in harmonic analysis and have been widely studied by many
authors (see [18]). The main purpose of this paper is to prove the sharp maximal
inequalities for the Toeplitz type operator Tb. As the application, we obtain the
Lp-norm inequality, Morrey and Triebel-Lizorkin spaces boundedness for the
Toeplitz type operator Tb.

2. Theorems and Lemmas We shall prove the following theorems.

Theorem 1. Let T be the multiplier operator, 0 < β < min(1, a), 1 < s < ∞
and b ∈ Lipβ(Rn). If T1(g) = 0 for any g ∈ Lu(Rn)(1 < u < ∞), then there
exists a constant C > 0 such that, for any f ∈ C∞0 (Rn) and x̃ ∈ Rn,

M#(Tb(f))(x̃) ≤ C||b||Lipβ
m∑
k=1

(Mβ,s(IαT
k,2(f))(x̃) +Mβ+α,s(T

k,4(f))(x̃)).

Theorem 2. Let T be the multiplier operator, 0 < β < 1, 1 < s < ∞ and
b ∈ Lipβ(Rn). If T1(g) = 0 for any g ∈ Lu(Rn)(1 < u <∞), then there exists a
constant C > 0 such that, for any f ∈ C∞0 (Rn) and x̃ ∈ Rn,

sup
Q3x̃

inf
c∈R

1

|Q|1+β/n

∫
Q

|Tb(f)(x)− c| dx

≤ C||b||Lipβ
m∑
k=1

(Ms(IαT
k,2(f))(x̃) +Mα,s(T

k,4(f))(x̃)).

Theorem 3. Let T be the multiplier operator, 1 < s <∞ and b ∈ BMO(Rn).
If T1(g) = 0 for any g ∈ Lu(Rn)(1 < u <∞), then there exists a constant C > 0
such that, for any f ∈ C∞0 (Rn) and x̃ ∈ Rn,

M#(Tb(f))(x̃) ≤ C||b||BMO

m∑
k=1

(Ms(IαT
k,2(f))(x̃) +Mα,s(T

k,4(f))(x̃)).

Theorem 4. Let T be the multiplier operator, 0 < β < min(1, a), 1 < p <
n/(α + β), 1/q = 1/p − (α + β)/n and b ∈ Lipβ(Rn). If T1(g) = 0 for any
g ∈ Lu(Rn)(1 < u <∞) and T k,2 and T k,4 are the bounded operators on Lp(Rn)
for 1 < p <∞, k = 1, ...,m, then Tb is bounded from Lp(Rn) to Lq(Rn).
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Theorem 5. Let T be the multiplier operator, 0 < β < 1, 1 < p < n/(α + β),
1/q = 1/p − (α + β)/n, 0 < D < 2n and b ∈ Lipβ(Rn). If T1(g) = 0 for
any g ∈ Lu(Rn)(1 < u < ∞) and T k,2 and T k,4 are the bounded operators on
Lp,ϕ(Rn) for 1 < p <∞, k = 1, ...,m, then Tb is bounded from Lp,α+β,ϕ(Rn) to
Lq,ϕ(Rn).

Theorem 6. Let T be the multiplier operator, 0 < β < min(1, a), 1 < p < n/α,
1/q = 1/p − α/n and b ∈ Lipβ(Rn). If T1(g) = 0 for any g ∈ Lu(Rn)(1 < u <
∞) and T k,2 and T k,4 are the bounded operators on Lp(Rn) for 1 < p < ∞,
k = 1, ...,m, then Tb is bounded from Lp(Rn) to Ḟ β,∞q (Rn).

Theorem 7. Let T be the multiplier operator, 1 < p < n/α, 1/q = 1/p− α/n
and b ∈ BMO(Rn). If T1(g) = 0 for any g ∈ Lu(Rn)(1 < u <∞) and T k,2 and
T k,4 are the bounded operators on Lp(Rn) for 1 < p <∞, k = 1, ...,m, then Tb
is bounded from Lp(Rn) to Lq(Rn).

Theorem 8. Let T be the multiplier operator, 0 < D < 2n, 1 < p < n/α,
1/q = 1/p− α/n and b ∈ BMO(Rn). If T1(g) = 0 for any g ∈ Lu(Rn)(1 < u <
∞) and T k,2 and T k,4 are the bounded operators on Lp,ϕ(Rn) for 1 < p < ∞,
k = 1, ...,m, then Tb is bounded from Lp,α,ϕ(Rn) to Lq,ϕ(Rn).

Corollary 1. Let [b, T ](f) = bT (f)− T (bf) be the commutator generated by
the multiplier operator T and b. Then Theorems 1-8 hold for [b, T ].

To prove the theorems, we need the following lemmas.

Lemma 4 (see [15]). For 0 < β < 1 and 1 < p <∞, we have

||f ||Ḟβ,∞p
≈

∣∣∣∣∣∣∣∣sup
Q3·

1

|Q|1+β/n

∫
Q

|f(x)− fQ|dx
∣∣∣∣∣∣∣∣
Lp

≈
∣∣∣∣∣∣∣∣sup
Q3·

inf
c

1

|Q|1+β/n

∫
Q

|f(x)− c|dx
∣∣∣∣∣∣∣∣
Lp

.

Lemma 5 (see [5]). Let 0 < p <∞ and w ∈ ∪1≤r<∞Ar. Then, for any smooth
function f for which the left-hand side is finite,∫

Rn
M(f)(x)pw(x)dx ≤ C

∫
Rn

M#(f)(x)pw(x)dx.

Lemma 6 (see [1][5]). Suppose that 0 < α < n, 1 ≤ s < p < n/α and 1/q =
1/p− α/n. Then

||Iα(f)||Lq ≤ C||f ||Lp

and
||Mα,s(f)||Lq ≤ C||f ||Lp .
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Lemma 7. Let 1 < p < ∞, 0 < D < 2n. Then, for any smooth function f for
which the left-hand side is finite,

||M(f)||Lp,ϕ ≤ C||M#(f)||Lp,ϕ .

Proof. For any cube Q = Q(x0, d) in Rn, we know M(χQ) ∈ A1 for any cube
Q = Q(x, d) by [5]. Noticing that M(χQ) ≤ 1 and M(χQ)(x) ≤ dn/(|x−x0|−d)n

if x ∈ Qc, by Lemma 3, we have, for f ∈ Lp,ϕ(Rn),∫
Q

M(f)(x)pdx =

∫
Rn

M(f)(x)pχQ(x)dx

≤
∫
Rn

M(f)(x)pM(χQ)(x)dx ≤ C
∫
Rn

M#(f)(x)|pM(χQ)(x)dx

= C

(∫
Q

M#(f)(x)pM(χQ)(x)dx+

∞∑
k=0

∫
2k+1Q\2kQ

M#(f)(x)pM(χQ)(x)dx

)

≤ C

(∫
Q

M#(f)(x)pdx+

∞∑
k=0

∫
2k+1Q\2kQ

M#(f)(x)p
|Q|

|2k+1Q|
dx

)

≤ C

(∫
Q

M#(f)(x)pdx+

∞∑
k=0

∫
2k+1Q

M#(f)(x)p2−kndy

)

≤ C||M#(f)||pLp,ϕ
∞∑
k=0

2−knϕ(2k+1d)

≤ C||M#(f)||pLp,ϕ
∞∑
k=0

(2−nD)kϕ(d)

≤ C||M#(f)||pLp,ϕϕ(d),

thus (
1

ϕ(d)

∫
Q

M(f)(x)pdx

)1/p

≤ C
(

1

ϕ(d)

∫
Q

M#(f)(x)pdx

)1/p

and
||M(f)||Lp,ϕ ≤ C||M#(f)||Lp,ϕ .

This finishes the proof. �

Lemma 8. Let 0 < α < n, 0 < D < 2n, 1 ≤ s < p < n/α and 1/q = 1/p−α/n.
Then

||Iα(f)||Lq,ϕ ≤ C||f ||Lp,α,ϕ

and
||Mα,s(f)||Lr,ϕ ≤ C||f ||Lp,α,ϕ .
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The proof of the Lemma is similar to that of Lemma 7 by Lemma 6, we omit
the details.

3. Proofs of Theorems

Proof of Theorem 1. It suffices to prove for f ∈ C∞0 (Rn) and some con-
stant C0, the following inequality holds:

1

|Q|

∫
Q

|Tb(f)(x)− C0| dx

≤ C||b||Lipβ
m∑
k=1

(Mβ,s(IαT
k,2(f))(x̃) +Mβ+α,s(T

k,4(f))(x̃)).

Without loss of generality, we may assume T k,1 are T (k = 1, ...,m). Fix a cube
Q = Q(x0, d) and x̃ ∈ Q. We write, by T1(g) = 0,

Tb(f)(x) =

m∑
k=1

T k,1MbIαT
k,2(f)(x) +

m∑
k=1

T k,3IαMbT
k,4(f)(x)

= Ab(x) +Bb(x) = Ab−b2Q(x) +Bb−b2Q(x),

where

Ab−b2Q(x) =

m∑
k=1

T k,1M(b−b2Q)χ2Q
IαT

k,2(f)(x)

+

m∑
k=1

T k,1M(b−b2Q)χ(2Q)c
IαT

k,2(f)(x)

= A1(x) +A2(x)

and

Bb−b2Q(x) =

m∑
k=1

T k,3IαM(b−b2Q)χ2Q
T k,4(f)(x)

+

m∑
k=1

T k,3IαM(b−b2Q)χ(2Q)c
T k,4(f)(x)

= B1(x) +B2(x).
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Then

1

|Q|

∫
Q

|Tb(f)(x)−A2(x0)−B2(x0)| dx

≤ 1

|Q|

∫
Q

|A1(x)|dx+
1

|Q|

∫
Q

|A2(x)−A2(x0)|dx

+
1

|Q|

∫
Q

|B1(x)|dx+
1

|Q|

∫
Q

|B2(x)−B2(x0)|dx

= I1 + I2 + I3 + I4.

For I1, by Hölder’s inequality and Lemma 1, we obtain

1

|Q|

∫
Q

|T k,1M(b−b2Q)χ2Q
IαT

k,2(f)(x)|dx

≤
(

1

|Q|

∫
Rn
|T k,1M(b−b2Q)χ2Q

IαT
k,2(f)(x)|sdx

)1/s

≤ C|Q|−1/s
(∫

Rn
|M(b−b2Q)χ2Q

IαT
k,2(f)(x)|sdx

)1/s

≤ C|Q|−1/s
(∫

2Q

(|b(x)− b2Q||IαT k,2(f)(x)|)sdx
)1/s

≤ C|Q|−1/s||b||Lipβ |2Q|β/n|2Q|1/s−β/n

×
(

1

|2Q|1−sβ/n

∫
2Q

|IαT k,2(f)(x)|sdx
)1/s

≤ C||b||LipβMβ,s(IαT
k,2(f))(x̃),

thus

I1 ≤
m∑
k=1

1

|Q|

∫
Rn
|T k,1M(b−b2Q)χ2Q

IαT
k,2(f)(x)|dx

≤ C||b||Lipβ
m∑
k=1

Mβ,s(IαT
k,2(f))(x̃).
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For I2, we get, for x ∈ Q,

|T k,1M(b−b2Q)χ(2Q)c
IαT

k,2(f)(x)− T k,1M(b−b2Q)χ(2Q)c
IαT

k,2(f)(x0)|

≤
∫
(2Q)c

|b(y)− b2Q||K(x− y)−K(x0 − y)||IαT k,2(f)(y)|dy

≤ C

∞∑
j=1

∫
2jd≤|y−x0|<2j+1d

||b||Lipβ (2j+1d)β |K(x− y)−K(x0 − y)|

×|IαT k,2(f)(y)|dy

≤ C||b||Lipβ
∞∑
j=1

(2jd)β

(∫
|y−x0|<2j+1d

|IαT k,2(f)(y)|sdy

)1/s

×

(∫
2jd≤|y−x0|<2j+1d

|K(x− y)−K(x0 − y)|s
′
dy

)1/s′

≤ C||b||Lipβ
∞∑
j=1

2j(β−a)
(

1

|2j+1Q|1−sβ/n

∫
2j+1Q

|IαT k,2(f)(y)|sdy
)1/s

≤ C||b||LipβMβ,s(IαT
k,2(f))(x̃),

thus

I2 ≤ 1

|Q|

∫
Q

m∑
k=1

|T k,1M(b−b2Q)χ(2Q)c
IαT

k,2(f)(x)

−T k,1M(b−b2Q)χ(2Q)c
IαT

k,2(f)(x0)|dx

≤ C||b||Lipβ
m∑
k=1

Mβ,s(IαT
k,2(f))(x̃).
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Similarly, by Lemma 6, for 1/r = 1/s− α/n,

I3 ≤
m∑
k=1

(
1

|Q|

∫
Rn
|IαM(b−b2Q)χ2Q

T k,4(f)(x)|rdx
)1/r

≤ C

m∑
k=1

|Q|−1/r
(∫

2Q

(|b(x)− b2Q||T k,4(f)(x)|)sdx
)1/s

≤ C||b||Lipβ
m∑
k=1

|Q|−1/r|2Q|β/n|2Q|1/s−(β+α)/n

×
(

1

|2Q|1−s(β+α)/n

∫
2Q

|T k,4(f)(x)|sdx
)1/s

≤ C||b||Lipβ
m∑
k=1

Mβ+α,s(T
k,4(f))(x̃),

I4 ≤
m∑
k=1

1

|Q|

∫
Q

∫
(2Q)c

|b(y)− b2Q|
∣∣∣∣ 1

|x− y|n−α
− 1

|x0 − y|n−α

∣∣∣∣
×|T k,4(f)(y)|dydx

≤ C

m∑
k=1

∞∑
j=1

||b||Lipβ |2j+1Q|β/n
∫
2jd≤|y−x0|<2j+1d

d

|x0 − y|n−α+1

×|T k,4(f)(y)|dy

≤ C||b||Lipβ
m∑
k=1

∞∑
j=1

(2jd)βd(2jd)−n+α−1(2jd)n(1−1/s)(2jd)n/s−β−α

×
(

1

|2j+1Q|1−s(β+α)/n

∫
2j+1Q

|T k,4(f)(y)|sdy
)1/s

≤ C||b||Lipβ
m∑
k=1

Mβ+α,s(T
k,4(f))(x̃)

∞∑
j=1

2−j

≤ C||b||Lipβ
m∑
k=1

Mβ+α,s(T
k,4(f))(x̃).

These complete the proof of Theorem 1. �



Toeplitz Type Operator 27

Proof of Theorem 2. It suffices to prove for f ∈ C∞0 (Rn) and some con-
stant C0, the following inequality holds:

1

|Q|1+β/n

∫
Q

|Tb(f)(x)− C0| dx

≤ C||b||Lipβ
m∑
k=1

(Ms(IαT
k,2(f))(x̃) +Mα,s(T

k,4(f))(x̃)).

Without loss of generality, we may assume T k,1 are T (k = 1, ...,m). Fix a cube
Q = Q(x0, d) and x̃ ∈ Q. Similar to the proof of Theorem 1, we have

1

|Q|1+β/n

∫
Q

|Tb(f)(x)−A2(x0)−B2(x0)| dx

≤ 1

|Q|1+β/n

∫
Q

|A1(x)|dx+
1

|Q|1+β/n

∫
Q

|A2(x)−A2(x0)|dx

+
1

|Q|1+β/n

∫
Q

|B1(x)|dx+
1

|Q|1+β/n

∫
Q

|B2(x)−B2(x0)|dx

= J1 + J2 + J3 + J4.

By using the same argument as in the proof of Theorem 1, we get, for 1/r =
1/s− α/n,

J1 ≤ |Q|−β/n
m∑
k=1

(
1

|Q|

∫
Rn
|T k,1M(b−b2Q)χ2Q

IαT
k,2(f)(x)|sdx

)1/s

≤ C|Q|−β/n
m∑
k=1

|Q|−1/s
(∫

2Q

(|b(x)− b2Q||IαT k,2(f)(x)|)sdx
)1/s

≤ C|Q|−β/n
m∑
k=1

|Q|−1/s||b||Lipβ |2Q|β/n|Q|1/s

×
(

1

|2Q|

∫
2Q

|IαT k,2(f)(x)|sdx
)1/s

≤ C||b||Lipβ
m∑
k=1

Ms(IαT
k,2(f))(x̃),
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J2 ≤ |Q|−β/n
m∑
k=1

1

|Q|

∫
Q

∞∑
j=1

∫
2jd≤|y−x0|<2j+1d

|b(y)− b2Q|

×|K(x− y)−K(x0 − y)||IαT k,2(f)(y)|dydx

≤ C||b||Lipβ |Q|−β/n
m∑
k=1

1

|Q|

∫
Q

∞∑
j=1

|2j+1Q|β/n

×

(∫
|y−x0|<2j+1d

|IαT k,2(f)(y)|sdy

)1/s

×

(∫
2jd≤|y−x0|<2j+1d

|K(x− y)−K(x0 − y)|s
′
dy

)1/s′

≤ C||b||Lipβ
m∑
k=1

∞∑
j=1

2−jβ
(

1

|2j+1Q|

∫
2j+1Q

|IαT k,2(f)(y)|sdy
)1/s

≤ C||b||Lipβ
m∑
k=1

Ms(IαT
k,2(f))(x̃),

J3 ≤ |Q|−β/n
m∑
k=1

(
1

|Q|

∫
Rn
|IαM(b−b2Q)χ2Q

T k,4(f)(x)|rdx
)1/r

≤ C|Q|−β/n−1/r
m∑
k=1

(∫
2Q

(|b(x)− b2Q||T k,4(f)(x)|)sdx
)1/s

≤ C||b||Lipβ
m∑
k=1

|Q|−β/n−1/r|2Q|β/n|Q|1/s−α/n

×
(

1

|2Q|1−sα/n

∫
2Q

|T k,4(f)(x)|sdx
)1/s

≤ C||b||Lipβ
m∑
k=1

Mα,s(T
k,4(f))(x̃),
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J4 ≤ |Q|−β/n−1
m∑
k=1

∫
Q

∫
(2Q)c

|b(y)− b2Q|
∣∣∣∣ 1

|x− y|n−α
− 1

|x0 − y|n−α

∣∣∣∣
×|T k,4(f)(y)|dydx

≤ C|Q|−β/n
m∑
k=1

∞∑
j=1

||b||Lipβ |2j+1Q|β/n
∫
2jd≤|y−x0|<2j+1d

d

|x0 − y|n−α+1

×|T k,4(f)(y)|dy

≤ C||b||Lipβ
m∑
k=1

∞∑
j=1

d−β(2jd)βd(2jd)−n+α−1(2jd)n(1−1/s)(2jd)n/s−α

×
(

1

|2j+1Q|1−sα/n

∫
2j+1Q

|T k,4(f)(y)|sdy
)1/s

≤ C||b||Lipβ
m∑
k=1

Mα,s(T
k,4(f))(x̃)

∞∑
j=1

2j(β−1)

≤ C||b||Lipβ
m∑
k=1

Mα,s(T
k,4(f))(x̃).

These complete the proof of Theorem 2. �

Proof of Theorem 3. It suffices to prove for f ∈ C∞0 (Rn) and some
constant C0, the following inequality holds:

1

|Q|

∫
Q

|Tb(f)(x)− C0| dx

≤ C||b||BMO

m∑
k=1

(Ms(IαT
k,2(f))(x̃) +Mα,s(T

k,4(f))(x̃)).

Without loss of generality, we may assume T k,1 are T (k = 1, ...,m). Fix a cube
Q = Q(x0, d) and x̃ ∈ Q. Similar to the proof of Theorem 1, we have

1

|Q|

∫
Q

|Tb(f)(x)−A2(x0)−B2(x0)| dx

≤ 1

|Q|

∫
Q

|A1(x)|dx+
1

|Q|

∫
Q

|A2(x)−A2(x0)|dx

+
1

|Q|

∫
Q

|B1(x)|dx+
1

|Q|

∫
Q

|B2(x)−B2(x0)|dx

= L1 + L2 + L3 + L4.
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By using the same argument as in the proof of Theorem 1, we get, for 1 < r1 < s,
1 < r2, r3 < ∞ with 1/r2 + 1/r3 + 1/s = 1, 1 < p < min(s, n/α) with 1/r4 =
1/p− α/n,

L1 ≤
m∑
k=1

(
1

|Q|

∫
Rn
|T k,1M(b−b2Q)χ2Q

IαT
k,2(f)(x)|r1dx

)1/r1

≤ C

m∑
k=1

|Q|−1/r
(∫

2Q

(|b(x)− b2Q||IαT k,2(f)(x)|)r1dx
)1/r1

≤ C

m∑
k=1

(
1

|2Q|

∫
2Q

|IαT k,2(f)(x)|sdx
)1/s

×
(

1

|2Q|

∫
2Q

|b(x)− b2Q|sr1/(s−r1)dx
)(s−r1)/sr1

≤ C||b||BMO

m∑
k=1

Ms(IαT
k,2(f))(x̃),

L2 ≤
m∑
k=1

1

|Q|

∫
Q

∞∑
j=1

∫
2jd≤|y−x0|<2j+1d

|b(y)− b2Q||K(x− y)−K(x0 − y)|

×|IαT k,2(f)(y)|dydx

≤
m∑
k=1

C

|Q|

∫
Q

∞∑
j=1

(∫
2j+1Q

|b(y)− b2Q|r2dy
)1/r2

×
(∫

2j+1Q

|IαT k,2(f)(y)|sdy
)1/s

×

(∫
2jd≤|y−x0|<2j+1d

|K(x− y)−K(x0 − y)|r3dy

)1/r3

dx

≤ C||b||BMO

m∑
k=1

∞∑
j=1

j2−j
(

1

|2j+1Q|

∫
2j+1Q

|IαT k,2(f)(y)|sdy
)1/s

≤ C||b||BMO

m∑
k=1

Ms(IαT
k,2(f))(x̃),
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L3 ≤
m∑
k=1

(
1

|Q|

∫
Rn
|IαM(b−b2Q)χ2Q

T k,4(f)(x)|r4dx
)1/r4

≤ C|Q|−1/r2
m∑
k=1

(∫
2Q

(|b(x)− b2Q||T k,4(f)(x)|)pdx
)1/p

≤ C

m∑
k=1

(
1

|2Q|

∫
2Q

|b(x)− b2Q|ps/(s−p)dx
)(s−p)/ps

×
(

1

|2Q|1−sα/n

∫
2Q

|T k,4(f)(x)|sdx
)1/s

≤ C||b||BMO

m∑
k=1

Mα,s(T
k,4(f))(x̃),

L4 ≤ |Q|−1
m∑
k=1

∫
Q

∫
(2Q)c

|b(y)− b2Q|
∣∣∣∣ 1

|x− y|n−α
− 1

|x0 − y|n−α

∣∣∣∣
×|T k,4(f)(y)|dydx

≤ C

m∑
k=1

∞∑
j=1

∫
2jd≤|y−x0|<2j+1d

|b(y)− b2Q|
d

|x0 − y|n−α+1
|T k,4(f)(y)|dy

≤ C

m∑
k=1

∞∑
j=1

d(2jd)−n+α−1(2jd)n(1−1/s)(2jd)n/s−α

×
(

1

|2j+1Q|

∫
2j+1Q

|b(y)− b2Q|s
′
dy

)1/s′

×
(

1

|2j+1Q|1−sα/n

∫
2j+1Q

|T k,4(f)(y)|sdy
)1/s

≤ C||b||BMO

m∑
k=1

Mα,s(T
k,4(f))(x̃)

∞∑
j=1

j2−j

≤ C||b||BMO

m∑
k=1

Mα,s(T
k,4(f))(x̃).

This completes the proof of Theorem 3. �
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Proof of Theorem 4. Choose 1 < s < p in Theorem 1 and set 1/r =
1/p− α/n. We have, by Lemmas 5 and 6,

||Tb(f)||Lq ≤ ‖M(Tb(f))‖Lq ≤ C‖M#(Tb(f))‖Lq

≤ C||b||Lipβ
m∑
k=1

(‖Mβ,s(IαT
k,2(f))‖Lq + ‖Mβ+α,s(T

k,4(f))‖Lq )

≤ C||b||Lipβ
m∑
k=1

(‖IαT k,2(f)‖Lr + ‖T k,4(f)‖Lp)

≤ C||b||Lipβ
m∑
k=1

(‖T k,2(f)‖Lp + ‖f‖Lp)

≤ C||b||Lipβ‖f‖Lp .

This completes the proof of the theorem. �

Proof of Theorem 5. Choose 1 < s < p in Theorem 1 and set
1/r = 1/p− α/n. We have, by Lemmas 7 and 8,

||Tb(f)||Lq,ϕ ≤ ‖M(Tb(f))‖Lq,ϕ ≤ C‖M#(Tb(f))‖Lq,ϕ

≤ C||b||Lipβ
m∑
k=1

(‖Mβ,s(IαT
k,2(f))‖Lq,ϕ + ‖Mβ+α,s(T

k,4(f))‖Lq,ϕ)

≤ C||b||Lipβ
m∑
k=1

(‖IαT k,2(f)‖Lr,β,ϕ + ‖T k,4(f)‖Lp,α+β,ϕ)

≤ C||b||Lipβ
m∑
k=1

(‖T k,2(f)‖Lp,α+β,ϕ + ‖f‖Lp,α+β,ϕ)

≤ C||b||Lipβ‖f‖Lp,α+β,ϕ .

This completes the proof of the theorem. �
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Proof of Theorem 6. Choose 1 < s < p in Theorem 2. We have, by Lem-
mas 4 and 6,

||Tb(f)||Ḟβ,∞q
≤ C

∣∣∣∣∣∣∣∣sup
Q3·

1

|Q|1+β/n

∫
Q

|Tb(f)(x)− C0| dx
∣∣∣∣∣∣∣∣
Lq

≤ C||b||Lipβ
m∑
k=1

(‖Ms(IαT
k,2(f))‖Lq + ‖Mα,s(T

k,4(f))‖Lq )

≤ C||b||Lipβ
m∑
k=1

(‖IαT k,2(f)‖Lq + ‖T k,4(f)‖Lp)

≤ C||b||Lipβ
m∑
k=1

(‖T k,2(f)‖Lp + ‖f‖Lp)

≤ C||b||Lipβ ||f ||Lp .

This completes the proof of the theorem. �

Proof of Theorem 7. Choose 1 < s < p in Theorem 3, we have, by
Lemmas 5 and 6,

||Tb(f)||Lq ≤ ‖M(Tb(f))‖Lq ≤ C‖M#(Tb(f))‖Lq

≤ C||b||BMO

m∑
k=1

(‖Ms(IαT
k,2(f))‖Lq + ‖Mα,s(T

k,4(f))‖Lq )

≤ C||b||BMO

m∑
k=1

(‖IαT k,2(f)‖Lq + ‖T k,4(f)‖Lp)

≤ C||b||BMO

m∑
k=1

(‖T k,2(f)‖Lp + ‖f‖Lp)

≤ C||b||BMO‖f‖Lp .

This completes the proof of the theorem. �
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Proof of Theorem 8. Choose 1 < s < p in Theorem 3, we have, by Lemmas
7 and 8,

||Tb(f)||Lq,ϕ ≤ ‖M(Tb(f))‖Lq,ϕ ≤ C‖M#(Tb(f))‖Lq,ϕ

≤ C||b||BMO

m∑
k=1

(‖Ms(IαT
k,2(f))‖Lq,ϕ + ‖Mα,s(T

k,4(f))‖Lq,ϕ)

≤ C||b||BMO

m∑
k=1

(‖IαT k,2(f)‖Lq,ϕ + ‖T k,4(f)‖Lp,α,ϕ)

≤ C||b||BMO

m∑
k=1

(‖T k,2(f)‖Lp,α,ϕ + ‖f‖Lp,α,ϕ)

≤ C||b||BMO‖f‖Lp,α,ϕ .

This completes the proof of the theorem. �
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