C. R. Math. Rep. Acad. Sci. Canada Vol. 38 (1) 2016, pp. 16-35

SHARP MAXIMAL FUNCTION ESTIMATES AND
BOUNDEDNESS FOR THE TOEPLITZ TYPE OPERATOR
ASSOCIATED TO A MULTIPLIER OPERATOR
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ABSTRACT. In this paper, we establish sharp maximal function es-
timates for the Toeplitz type operator associated to a certain multiplier
operator. As an application, we obtain the boundedness of the operator on
Lebesgue, Morrey and Triebel-Lizorkin spaces.

RESUME. Dans cet article, on établit des estimations de la fonction
maximale optimale pour 'opérateur de type Toeplitz associé a un certain
opérateur multiplicateur. Comme application, nous obtenons le caractére
borné de I'opérateur sur les espaces de Lebesgue, de Morrey et de Triebel-
Lizorkin.

1. Introduction and Preliminaries As part of the development of singu-
lar integral operators (see [5][19]), their commutators have been well studied.
In [2][18], the authors prove that the commutators generated by the singular
integral operators and BMO functions are bounded on LP(R™) for 1 < p < oc.
Chanillo (see [1]) proves a similar result when singular integral operators are
replaced by the fractional integral operators. In [6][15], the boundedness for the
commutators generated by the singular integral operators and Lipschitz func-
tions on Triebel-Lizorkin and LP(R™)(1 < p < o0) spaces are obtained. In
[7][9][11], some Toeplitz type operators associated to singular integral operators
and strongly singular integral operators are introduced, and the boundedness for
the operators generated by BMO and Lipschitz functions are obtained. In this
paper, we will study the Toeplitz type operators generated by certain multiplier
operators and the Lipschitz and BMO functions.

First, let us introduce some notations. Throughout this paper, @ will denote
a cube of R™ with sides parallel to the axes. For any locally integrable function
f, the sharp maximal function of f is defined by

# T) = su L -
M) (@) = sup o /Q F@) — foldy,
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ToEPLITZ TYPE OPERATOR 17
where, and in what follows, fo = |Q|™* fQ x)dz. Tt is well-known that (see
[5][19])

MH()a) ~ sup int o [ 1£0) = el
[Ql Jq

Q>z c€C

We say that f belongs to BMO(R") if M#(f) belongs to L>(R"™) and define
||flBaro = ||M7#(f)||z. It has been known that (see [19])

I|f = fargllBMo < CE||f||Bamo-

Let

M(f)(z) = sup |Q|/ |f(y)|dy.

For 1) > 0, let M, (f)(x) = M(|f|")"/" ().
For0 <n<nand1l<r <oo,set

1 1/r
My (60) = 0 (et [ 1S0rdy)

The A, weight is defined by (see [5])

Ap{weL%ocmﬂ s (14 / w)ie ) (15 / w<x>1/<p1>dx)p1<oo}7

1< p<oo,

and
A ={we L] (R"): M(w)(z) < Cuw(z),a.e.}.
For 5 > 0 and p > 1, let FpB"’O(R”) be the homogeneous Triebel-Lizorkin

space(see [15]).
For B > 0, the Lipschitz space Lipg(R") is the space of functions f such that

[f(z) = f(y)l

ips — — g < o0
||f”L’LPﬂ zsyl;lgn |m—y\5 0
z#y

DEFINITION 1. Let ¢ be a positive, increasing function on R and there exists
a constant D > 0 such that
v(2t) < Dy(t) for t>0.

Let f be alocally integrable function on R™. Set, for 0 <n <nand 1 <p < n/n,

1/p
1
[fllLpme =  sup 7/ f(y)|Pdy )
Wllrae = 2\ @77 Jga
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where Q(z,d) = {y € R" : |z —y| < d}. The generalized fractional Morrey space
is defined by
LP2(R") = {f € Lige(R") : ||f||Lre < 00}

We write LPT?(R™) = LP?(R"™) if n = 0, which is the generalized Morrey
space. If ¢(d) = d°, § > 0, then LP¥(R"™) = LP*(R™), which is the classical
Morrey spaces (see [16][17]). If p(d) = 1, then LP¥(R"™) = LP(R™), which is the
Lebesgue spaces.

As the Morrey space may be considered as an extension of the Lebesgue
space, it is natural and important to study the boundedness of the operator on
the Morrey spaces (see [3][4][10][14]).

In this paper, we will study some multiplier operator as following (see [8][12]
20-22)).

A bounded measurable function k defined on R™ \ {0} is called a multiplier.
The multiplier operator T associated with k is defined by

T(f)(z) = k(z)f(x), for f € S(R™),

where f denotes the Fourier transform of f and S (R™) is the Schwartz test
function class. Now, we recall the definition of the class M(s,l). Denote by
|z| ~ t the fact that the value of z lies in the annulus {z € R™ : at < |z| < bt},
where 0 < a <1 < b < oo are values specified in each instance.

DEFINITION 2. Let [ > 0 be a real number and 1 < s < 2. we say that the
multiplier k satisfies the condition M(s,1), if

( / ID“k‘(f)Isd£> < CRvlel
[§l~R

for all R > 0 and multi-indices a with |a| <[, when [ is a positive integer, and,
in addition, if

E 12|

( / |D“k(£>—D“k(f—z>|Sd§> < C(Re
lEl~R

for all |z] < R/2 and all multi-indices o with |«| = [I], the integer part of I,i.e.,
[l] is the greatest integer less than or equal to I, and [ = [I] + v when [ is not an
integer.

DEFINITION 3. For a real number ZNZO and 1 < § < oo, we say that K verifies
the condition M (8,1), and write K € M (8,1), if

(/ D&K(x)gdac>
|z|~R

1

s

< CRYslal R0
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for all multi-indices |&| < [ and, in addition, if

o=

</ |DCK (z) — DK (z — z)|§dm>
|z|~R

< C(E) RE™ % if0<w< 1,

for all [z| < £, R > 0, and all multi-indices & with|d| = u, where u denotes the
largest integer strictly less than [ with [ = u + v.

Denote D(R™) = {¢ € S(R") : supp(¢) is compact} and Dy(R") = {¢ €
S(R") : ¢ € D(R"™) and ¢ vanishes in a neighbourhood of the origin}. The
following boundedness property of 7" on LP(R™) is proved by Strémberg and
Torkinsky (see [11-14]).

LEMMA 1 (see [8]). Let k€ M(s,0),1<s<2, andl> 2. Then the associated
mapping T, defined a priori for f € Do(R™), T(f)(x) = (f * K)(z), ertends to
a bounded mapping from LP(R™) into itself for 1 < p < oo and K(z) = k(x).

LEMMA 2 (see [8]). Suppose k € M(s,l), 1 < s < 2. Given 1 <35 < oo, let
r > 1 be such that £ = max{1,1—1}. Then K € M(3,1), where | =1—"2 .

LEMMA 3 (see [8]). Let 1 < s < oo, suppose that | is a positive real number
with 1 >n/r, 1/r = max{1/s,1—1/3}, and k € M(s,l). Then there is a positive
constant a, such that

1/5
</ |K($ - Z) - K(-’EQ — Z)gdz) < 02_k0(2kh)—n/§ )
Qr

Now we can define the Toeplitz type operator associated to the multiplier
operator as following.

Let b be a locally integrable function on R™ and T be the multiplier operator.
By Lemma 1, T(f)(z) = (K * f)(z) for K(z) = k(x). The Toeplitz type operator
associated to T is defined by

T, = (T"'MyIoT"? + TH* I, M TH),
k=1
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where T%! are the multiplier operator T or +I(the identity operator), T%2 and
T** are the linear operators, 7% = 1, k = 1,...,m, My(f) = bf and I, is the
fractional integral operator(0 < a < n)(see [1]).

Note that the commutator [b, T](f) = bT(f) — T'(bf) is a particular operator
of the Toeplitz type operator T,. The Toeplitz type operator T, is the non-
trivial generalizations of the commutator. It is well known that commutators
are of great interest in harmonic analysis and have been widely studied by many
authors (see [18]). The main purpose of this paper is to prove the sharp maximal
inequalities for the Toeplitz type operator Ty. As the application, we obtain the
LP-norm inequality, Morrey and Triebel-Lizorkin spaces boundedness for the
Toeplitz type operator Tj.

2. Theorems and Lemmas We shall prove the following theorems.

THEOREM 1. Let T be the multiplier operator, 0 < f < min(1,a), 1 < s < 00
and b € Lipg(R™). If Ti(g) = 0 for any g € L*(R")(1 < u < o), then there
exists a constant C > 0 such that, for any f € C§°(R"™) and & € R™,

m

M#(Ty(£))(@) < Cllbllzips Y (Mp,s (LaT"2())(&) + Mpsa,s (T (f))(@))-

k=1

THEOREM 2. Let T be the multiplier operator, 0 < 8 < 1,1 < s < oo and
b€ Lipg(R™). If T1(g9) =0 for any g € L*(R™)(1 < u < 00), then there exists a
constant C' > 0 such that, for any f € C§°(R™) and T € R™,

1
Supinfi/fo—cdw
Q9506R|Q|1+6/n Q| b( )( ) |

m

< Ollbllips y (ML TP ())(@) + Ma,o(TH(f))(3)).

k=1

THEOREM 3. Let T be the multiplier operator, 1 < s < oo and b € BMO(R"™).
If T1(g) =0 for any g € L*(R™)(1 < u < 00), then there exists a constant C > 0
such that, for any f € C§°(R™) and & € R™,

M#(Ty(f))(@) < Cllbllsaro Y (Ms(LT*?()(E) + Ma,s(T4(1))()).
k=1

THEOREM 4. Let T be the multiplier operator, 0 < f < min(l,a), 1 < p <
n/(a+pB), 1/¢g = 1/p — (o + B)/n and b € Lipg(R™). If T1i(g) = 0 for any
g € L*(R™")(1 < u < o) and T*2 and T** are the bounded operators on LP(R™)
forl<p<oo, k=1,....m, then Ty is bounded from LP(R"™) to LI(R™).
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THEOREM 5. Let T be the multiplier operator, 0 < f < 1,1 <p<n/(a+ ),
/g =1/p—(a+B)/n, 0 < D < 2" and b € Lipg(R™). If Ti(g9) = 0 for
any g € L*(R™)(1 < u < 00) and T*? and T** are the bounded operators on
LP?(R"™) for1 <p < oo, k=1,....m, then Ty is bounded from LP*+t5:%(R"™) to
L&#(R™).

THEOREM 6. Let T be the multiplier operator, 0 < 8 < min(1,a), 1 <p < n/a,
1/g=1/p—a/n and b € Lipg(R"). If T1i(g) = 0 for any g € L*(R™)(1 < u <
o0) and T2 and T** are the bounded operators on LP(R™) for 1 < p < oo,
k=1,..,m, then Ty is bounded from LP(R"™) to Ff’oo(R").

THEOREM 7. Let T be the multiplier operator, 1 <p <n/a, 1/g=1/p—a/n
and b € BMO(R"). If T1(g) =0 for any g € L*(R")(1 < u < c0) and T*? and
T+ are the bounded operators on LP(R™) for 1 <p < oo, k= 1,...,m, then T,
is bounded from LP(R™) to LY(R™).

THEOREM 8. Let T be the multiplier operator, 0 < D < 2", 1 < p < n/a,
1/¢g=1/p—a/n and b€ BMO(R"™). If T1(g) =0 for any g € L*(R™)(1 < u <
o0) and T*2 and T** are the bounded operators on LP¥(R"™) for 1 < p < oo,
k=1,..,m, then Ty is bounded from LP*¥(R"™) to L9¥(R").

COROLLARY 1. Let [b,T|(f) = bT(f) — T(bf) be the commutator generated by
the multiplier operator T and b. Then Theorems 1-8 hold for [b,T).

To prove the theorems, we need the following lemmas.

LEMMA 4 (see [15]). For0< g <1 and 1 <p < oo, we have

Q

IRAIPVRS

1
pTaTE /Q [f(z) — foldz

Lp

1
supinfi/ f(zx) —c|dz
Q> ¢ QTP Q| (&)=

Lr

LEMMA 5 (see [5]). Let0 <p < oo and w € Ur<y<oody,. Then, for any smooth
function f for which the left-hand side is finite,

M(f)(@)Pw()de <C | M#(f)(x) w(z)dz.
R R™

LEMMA 6 (see [1][5]). Suppose that 0 < o <n, 1< s <p<nja and1l/q =
1/p—a/n. Then
Ha()lle < ClIf]Le

and

1Mo s (F)lla < ClIf| -
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LEMMA 7. Letl <p<oo,0< D < 2" Then, for any smooth function f for
which the left-hand side is finite,

|IM(£)||pre < ClM#(f)| oo

PrROOF. For any cube @ = Q(z¢,d) in R™, we know M (xg) € Ay for any cube
@ = Q(z,d) by [5]. Noticing that M (xq) < 1and M (xg)(z) < d"/(|lz—zo|—d)™
if z € Q°, by Lemma 3, we have, for f € LP¥(R"),

/ M(f)(x)Pde = / M(f) (@) xo(x)dx
, |

< [ M@rMQe)s <0 [ (@M Q)@

- (/ M#(f)(2)P M (xq)( derZ/MQ\ng N )pM(XQ)(x)diﬂ>
# P T T D ‘Q| T

(fornre o s

c(/ M#(f) pdm+Z/WQ pr’f”dy)

Cl|M#*(f) LWZQ knp(2k+ )

IN

VAN

IN

oo

ClNM#(f)ne Y (27" D) o(d)

k=0

IN

S CHM#( )”Lzﬂp‘p( )
thus
1/;0 1/p
( /M de) ( /M# de>
and
1M (Nl < ClIMF(f)]| Lo
This finishes the proof. U

LEMMA 8. Let0<a<n,0<D<2" 1<s<p<n/aandl/q=1/p—a/n.
Then
Ha(F)l|ae < C[|fl|Lroe

and
||Ma,8(f)”LW < C||f‘|[,p,rx,qz.
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The proof of the Lemma is similar to that of Lemma 7 by Lemma 6, we omit
the details.

3. Proofs of Theorems

PROOF OF THEOREM 1. It suffices to prove for f € C§°(R"™) and some con-
stant Cp, the following inequality holds:

1
ol /Q ITy(f)(&) — Col dx

m

< Ollbllips Yy (Ms,s(1aTH?(f))(E) + Mpia,s(TH(f))()).

k=1

Without loss of generality, we may assume T%! are T(k = 1,...,m). Fix a cube
Q = Q(zg,d) and Z € Q. We write, by T1(g) =0,

T,(f)(x) = Y TH'MIT*(f)(z) + Y TP I MT*(f)(x)
k=1 k=1

= Ap(®) + Bop(T) = Ap—bso (T) + Bp—boq (),

where

Ayt () = D TP Mip_py)yaq LT (f) ()
k=1

+ Z T Mb—by0)x (5 Ta T2 (f) ()
k=1

= Ai(z) + Ax(z)

and

Bytoo (@) = > TF3 My ya T4 () (@)
k=1

+ Z Tk73IaM(b—b2Q)X(2Q)c Tk,4(f) (x)
k=1

= Bl(l‘) + Bg(.’l?)
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Then
‘Q|/ ITy(f)(x) — As(x0) — Ba(xo)| dz

= h+DhLh+I3+14
For I, by Holder’s inequality and Lemma 1, we obtain
1
07 7 Mg LT )

1 . 1/s
< (@| [ AT M o L)) dx)

IN

1/s
R ([ Mo b T @)

1/s

IA

clo (| () - bnollfaT2(1)(0)) i

IA

ClQI™Y*|Ib]| Lip, [2Q1/™2Q| /5= P/m

1/s
X <|2Q|11_5/n /2Q IaT’“’Q(f)(x)lsdx>

C|lb] ‘LipBMB,S(IaTkQ(f))(i")y

IN

thus

m

1 )
hos Yo | TN Moo laTH () (@)lds
k=1

IN

CllbllLips Y Ma,s(LT"2(f))(&).

k=1
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For I, we get, for z € Q,

T My )y e Ta T2 (F) (@) = T M0 )5 20y Ta T2 (F) (0) |
< /( | 1o0) = bagllK (e =) = K = )T (7))
2 c
<oy [ bl (74K (@ ) = Ko~ )
j=1 2id<|y—zo|<2it1d
X752 () (y)|dy
0o 1/s
< Olliin, S (270)° ( / | IIaT’“’Z(f)(y)Isdy>
J=1 ly—zo|<29+1d
1/s
X (/ |K(z —y) K(xoy)lsldy>
27d<|y—xo|<2it+1d
[} 1 1/s
. jB—=a) ( k,2 s
< Clblen, 32 (g [ T 0wy )
< C‘|b||Li17/iMB,S(IaTk,Q(f))(j%

thus

1 m
I < w'/Z|Tk’1M(b—b2Q)X<2Q)CIaTk’2(f)(5U)
Q=1
_Tk71M(b—sz)X(2Q)cIaTk’z(f) (l’o)|d$
< OlbllLips Y Mp (1T (1)) (&)

k=1
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Similarly, by Lemma 6, for 1/r =1/s — a/n,

(1 k4 Hr
s 3 (i [ Mo T )

k:l R‘n

IN

m 1/s
=1/r x) — by k.4 2N dx
c3 1 @£Mbwwmmw

IN

C||b]|Lips Z Q=Y 208/ 2|+ (B+e)/n
k=1

1 . 1/s
" (|2an1s«?wn/n/QQi”“4<f)0xn i)

Cllbl|Lips > Mpsas(TH())(@),

k=1

IN

1 1
|z —y|"m  fxe —y[mm

il
Iy < — b(y) — b
4 I;|Q| . (QQ)C\ (y) — baq|

x| T(f) (y)|dyda

< c wuwmm/ S —
kzzljz::l i 23 d<|y—mo|<2i+1d [To — y[m 7 H
x| TH4(f) (y)ldy
< ClbllLip, Y D (2d)d(21d) ot (21 aynA= 1) (9T g/ Fme
k=1j=1
1 k,4 e
Sy S
x (|2j+1Q|1s(/3+a)/n /2j+1Q T W) dy)
< Olbllnips O Mpsas(TEA(H)(@) D277
k=1 j=1
< Clbllipy Y Mpyas(TH(£))(E).

k=1

These complete the proof of Theorem 1.
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PROOF OF THEOREM 2. It suffices to prove for f € C§°(R") and some con-
stant Cp, the following inequality holds:

1
PR /Q T (f)(z) — Co| dx

< CHbHLim Z(MS(IaTk’2(f))(‘%) + Ma,S(TkA(f))(f))'

k=1

Without loss of generality, we may assume T%! are T(k = 1,...,m). Fix a cube
Q = Q(zo,d) and & € Q. Similar to the proof of Theorem 1, we have

G . () = Aafeo) = Batoo)l ds

1 1
< WL/QMNT/)WCU‘FW/QAz(x)—Az(foﬂdx

1 / 1
+— L _[B (x)dx+7/ |B(z) — Ba(ao)|d
|Q‘1+5/” o 1 | |Q|1+5/n 0 2 2 O|

= Ji+Jo+ I3+ Js

By using the same argument as in the proof of Theorem 1, we get, for 1/r =
1/s —a/n,

IA

o m 1 . 1/s
5o< o Z(IQI [ T M g T dm)
k:l Rn

IN

m 1/s
—B/n —1/s x) — by o k,2 2N dx
cRy il (/mubm baol I.TH2(£)( >|>d>

QI Y 1QIT 1Bl Lipa 2@ Q1

k=1

(o [ ) |IaTk72<f><x>|de)l/s

O”b”LZI)B Z M, (IaTkQ(f))(i')a

k=1

IN

IN
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IN
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m 1 o0
RN b(y) b
; Q| sz:; 2 d<|y—wo|<2i+1d ?

*|K (2 = y) = K(zo = y)|[LT"*(f)(y)|dyda

ClbllnslQ "> 0 [ S
k=1 Qj=1

1/s
( [ faT“(f)(y)de)
ly—0l<2i+1d

1/s
x ( / K(z —y) - K(zo - y>|8’dy>
21 d<|y—mo|<2i+1d

ClIbl|Lips 222 ” ( 21Q)]

k=1j=1 2HQ

k,2 s e
(L T™=(f)(y)|*dy

Cllbl| Lips ZM LT*2(f))(2),

J3

IA

IN

IA

IN

k=1

1/r
Qr ‘”"Z(@ [ Mg T )0

m

1/s
ClQI=m=ry (/QQ(V?(Q«“) - b2Q|Tk’4(f)($)|)sd$>

k=1

m
Cl[bl[2ips 3 1QI2/m= 1T |2Q P 7 Q| /5= o/n

k=1

1 1/s
X (|2Q|1_9a/n /zQ |Tk’4(f)(=’17)|5d95>

O| ‘b”LipB Z Ma,s(TkA(f))(i)v

k=1
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1 1
Jio< QA / / _
4 | ‘ Z 20 y|nfo¢ |£U0 _ y|n,a
x|[THA(f) (y)|dyda
< C|Q|f6/n 116]] i |2J+1Q‘5/n/ o d
kzzljg1 e 2id<|y—mo|<2it+ld ‘-TO — y|n—04+1
x[T54(f)(y)|dy
< Clbllnip, YD d7P (2 d)Pd(27d) e (27 d) -1 i gyn/e e
k=1 j=1
1 k4 /s
- Tk sq
% (|2J+1Q1sa/n /2H1Q| ()] y)
< Cllbllipy Y Mo s(TH4(f))(&) Y 20~
k=1 ;
< C||b||LlP5 ZMQ,‘;(T]CA(‘]C))(SE)
k=1
These complete the proof of Theorem 2. 0

PROOF OF THEOREM 3. It suffices to prove for f € C§°(R™) and some
constant Cp, the following inequality holds:

< C||b||BMOZ M (I T (f))(@) + Ma s (TH())(@)).
k=1

Without loss of generality, we may assume T%! are T'(k = 1,...,m). Fix a cube
Q = Q(z0,d) and & € Q. Similar to the proof of Theorem 1, we have

‘Q|/ ITy(f)(x) — As(w0) — Ba(ao)| da

As(z)— A
< |Q|/| |dm+|Q|/| 2(2) — As(ao)|da

|Bl |d£L'+ / |BQ BQ $0)|d$
"lal / QI
= L1+ Ly+ L3+ Ly
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By using the same argument as in the proof of Theorem 1, we get, for 1 < r; < s,

1 <ro,rg <oowith 1/ro+1/rs+1/s=1,1< p < min(s,n/a) with 1/ry =
1/p—a/n,

Ly

IN

m 1 r U
(@| / T8 Mp—ba)xa La T2 (f) ()] 1da:>
k=1

IN

1/r1
CZ QI ( / (Ib(a) - b2Q||faTk~r2<f><z>|>“dx>

> (a0 / IIaTk’Z(f)(x)sdw>l/s
=\ 12Q] Jaq

(s—r1)/sr1
(|2Q|/ _b2Q|ST1/(3 rl)dx>

C|[bl|Bro Z M (1,T"(f))(Z),

k=1

IN

IN

m 1 oo
Ly < — b(y) — bool|| K (x — y) — K (2o —
© 1;|Q/Q;/2jdéy—xol<2j+1dl(y> 20| [K(z —y) (0 =)l
><IIf,éT’“’Q(f)(y)Idydx
1/r2
: IQ/ (/Q “‘bQQ'zdy)
1/s
I,7%2 Sd)
([ T nwiay
1/r3
(/ | | |K<xy>K<zoy>|’”3dy> ds
27d<|y—xo|<2it1d
1/s
b J 1,72 Sd)
< HBMO/;;J (|21+1Q| 2+1Q| () w)*dy
< Clbllsmo Y Mo(ITH()(®),

k=1
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1/’[‘4

IN

(1
s Y (g L Mo e T D@

k=1

m

1/p
oIy (/QQ(V?(w) - szllTkA(f)(x)l)pdfﬂ)

k=1

IN

IN

1 I ) (s—p)/ps
C —/ b(x) — by |Pe/'57P dx)
5 (s -

m
k=1

1/s
(g [, T @)

Clbllzaro Y Ma,o(TH(f))(),

k=1

IN

L4 S Q -1 / / b Y) — b2 _
@ ; Q (2Q>c| ) = bl jz—y[r o oo —y|r
X |[T54(f)(y)|dyda
m (o] d
< C / b(y) — bag|—— o |TE4(£)(y)|dy
1;; 2jd§\?!*¢0|<2j+1d| ) 2Q‘|330—y\"_0‘+1| ()
< oY Y d@iay et (a)ras ) (i gynleme
k=1j=1
1 , 1/s’
X | ———— b —b s d
<|23+1Q| zle (y) — bag] y)
1 d 1/s
- ", “d
% (|2]+1Q|13a/n /21+1Q| ()] y)
<

CllbllBaro Y Mas(THA(£))(&) Y 277
j=1

k=1

< Clbllao Y Mao(TH(£))(E).

k=1

This completes the proof of Theorem 3.
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PROOF OF THEOREM 4. Choose 1 < s < p in Theorem 1 and set 1/r =
1/p — a/n. We have, by Lemmas 5 and 6,

Ty (f)l[ze < M (To(f))llze < CIM*(To(£))]l2a

Cllbllzips Y (IMp,s LaT*2())llzs + | Mpa,s(TH(f)) 1)

<
k=1
< Cllbllzips Y (T2l + 1T ()l ze)
k=1
< Ollbllzips Y UT**(Hlee + [1f 120)
k=1
< CllblLips | f ]| o
This completes the proof of the theorem. O

PROOF OF THEOREM 5. Choose 1 < s < p in Theorem 1 and set
1/r =1/p — a/n. We have, by Lemmas 7 and 8,

1Ty ()lar < IM(To(f))l|zos < CIMHF(To(f))l|za

m

< Clbllzipy S (IMps (LT ()| o + [ Mpsas (T ()l o)
k=1

< Obllzips (TP ()l prsie + [T oasone)
k=1

< Clbllzips S T2 pnasoce + I1f || oo
k=1

< ClbllLips If | oo

This completes the proof of the theorem. O
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PROOF OF THEOREM 6. Choose 1 < s < p in Theorem 2. We have, by Lem-
mas 4 and 6,

Tl < C

s o [ D))~ Col

La

Cllbllzips Y (IMo(LT*2(f))l| 2o + [|Ma,s(TH*(f)) ] 21)

<
k=1
< ClbllLipy D (HaT*? (F)llza + 1T ()]s
k=1
< Cllbllzips Y UT**(H)llze + 11 fllze)
k=1
< ClIbl]Lips |1.f1] 2o
This completes the proof of the theorem. O

PROOF OF THEOREM 7. Choose 1 < s < p in Theorem 3, we have, by
Lemmas 5 and 6,

1T (f)llLe < IM(To(f))llza < CIM#(To(f))2a

Clbllsaro D (IMo(LaTH* (M)llza + 1Mo, (TH(£))]| o)

<
k=1

< Clbllsvo Y (IHaT*? ()l + IT5* ()] r)
k=1

< Clpllsmo Y _(IT**(Hllee + 1fllze)
k=1

< Clbllsmoll fllLe-

This completes the proof of the theorem. O
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PROOF OF THEOREM 8. Choose 1 < s < pin Theorem 3, we have, by Lemmas
7 and 8,

ITo()lzar < IM(To(f))l|Los < CIMH(To(f))llLo

Clbllsao Y (IMo(LaTH*(P)llae + [1Mas (T4 (F)) | zore)

<
k=1
< Clbllsro S (LT () lpee + [T (f)l|zres)
k=1
< Olbllsao S (IT*2 (e + [ fllLnes)
k=1
< ClbllBmollflleee.
This completes the proof of the theorem. O
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