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LAPLACIANS FOR DERIVED GRAPHS OF REGULAR
KAHLER GRAPHS

YAERMAIMAITI TUERXUNMAIMAITI AND TOSHIAKI ADACHI

Presented by Pierre Milman, FRSC

ABSTRACT. We consider (p, q)-step adjacency on a Kéhler graph which
is compounded from a principal graph and an auxiliary graph. We attach
probabilistic weights to (p, g)-step paths so that these paths show trajecto-
ries under the influence of a magnetic field of strength ¢/p on this graph.
We study eigenvalues of Laplacians corresponding to (p, q)-step paths on
some regular Kéhler graphs and give examples of pairs of regular Kéhler
graphs whose Laplacians for arbitrary pairs (p, q) of positive integers have
the same eigenvalues.

RESUME.  On considére la relation de contiguité & un pas (p,q) pres
sur un graphe kahlerien qui se constitue d’un graphe principal et un graphe
auxiliaire. On attache des poids probabilistiques aux sentiers dans un
tel graphe composés de pas (p,q) de sorte que ces sentiers montrent des
trajectoires sous l'influence d’un champs magnétique de force g/p sur le
graphe. On étudie le spectre de I'opérateur laplacien correspondant aux
sentiers aux pas (p, q) sur certains graphes kéhleriens regulieres. On donne
un example de deux graphes différents dont les opérateurs laplaciens ont le
méme spectre pour toute paire (p, q).

1. Introduction A graph is said to be Kdhler if its set of edges consists of
principal edges and auxiliary edges. This means that a Kahler graph is a graph
which is compounded from two graphs having the same set of vertices; one is a
principal graph and the other is an auxiliary graph. Such graphs were introduced
by the second author in [1] to give a discrete model of a Riemannian manifold
admitting a magnetic field. A magnetic field is a closed 2-form on a Riemannian
manifold and is a generalization of static magnetic fields on a Euclidean 3-space.
He studied some properties of trajectories, which are motions of charged particles
under the action of a magnetic field, from a classical point of view by comparing
them with geodesics (see [2| and its references). On a graph we usually regard
paths, which are chains of edges, as geodesics. Therefore, he intend to give a
notion of trajectories for a magnetic field on some graphs.
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For ordinary graphs, their eigenvalues of adjacency operators have been stud-
ied to characterize or to show some properties of graphs (see [4], for example).
For Kéhler graphs the authors studied Laplacians in [10] which are generating
operators of random walks having principal edges and auxiliary edges alterna-
tively. They gave examples of isospectral pairs of Kéahler graphs. Since paths
where principal edges and auxiliary edges appear can alternatively be regarded
as trajectories for a magnetic field of strength 1, we are interested in paths
where p-principal edges and g-auxiliary edges appear alternatively and that can
be regarded as trajectories for a magnetic field of strength ¢/p. In this paper
we study (p, ¢)-Laplacians corresponding to such paths on some special kind of
regular Kahler graphs, and give examples of pairs of finite regular K&hler graphs
whose (p, ¢)-Laplacians have the same eigenvalues.

2. Bicolored Paths and Derived Graphs Let G = (V,E) be a locally
finite graph, which consists of a set V' of vertices and a set F of edges. We suppose
that it is not directed and it does not have loops and multiple edges. Here, a loop
is an edge joining a vertex and itself, and multiple edges are two or more edges
joining a pair of vertices. We call this graph Kdhler if the set F is divided into
two disjoint subsets E®), F(@) satisfying the following conditions: At each vertex
v € V, there exist at least four edges emanating from v, and two of them are
contained in E® and two of them are contained in E(®. We call an edge in E(®)
principal and an edge in E(®) auxiliary. For a Kihler graph G = (V, E®) U E(@)
we have two subgraphs G®) = (V, E®) and G = (V, E(®). We call them
the principal graph and the auxiliary graph of G, respectively. The condition on
edges of Kéhler graphs shows that their principal and auxiliary graphs do not
have hairs, which are edges of blind alleys. (For construction of Kéahler graphs
see [9].) For two vertices v,w € V we denote v ~, w to mean they are adjacent to
each other in (V E(p)). That is there is a principal edge joining them. Similarly,
we denote by v ~, w if they are adjacent to each other in (V, E(®).

Given a pair of relatively prime positive integers (p,q), we say a path v =
(Vo -+, Uptq) €V X --- X V to be a (p, q)-primitive bicolored path if it satisfies
the following conditions;

(i) vig1 Fviegfor1 <i<p+4gqg—1,
(i) wi—1 ~pv; for 1 <@ < p,
(iil) vi—1 ~qv; forp+1<i<p+q.

The first condition shows that this path does not have back-tracking. We say
a path v = (vo,. .., Um(pt+q)) to be a (p,q)-bicolored path if all subpaths v; =
(VG—1)(p+a)s - -2 Vji(pt+q)) (3 = 1,...,m) are (p, q)-primitive bicolored paths. For
this path v we put o(y) = vo, t(y) = VU (ptq) and call them the origin and the
terminus of . With the set E, , of all (p, ¢)-primitive bicolored paths we have a
directed graph G = (V, E,, ;). We shall call this graph the (p, ¢)-derived graph
of G. This graph may have loops and multiple edges.

We consider here the meaning of bicolored paths. We define Kéhler graphs to
give discrete models of Riemannian manifolds with magnetic fields. We consider
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bicolored paths as models of trajectories for magnetic fields in the following way.
On a Kéhler graph, paths in its principal graph are considered as geodesics, which
are motions of particles without any influences. Under the influence of a magnetic
field motions of charged particles are bent. When the strength of a magnetic field
is q/p, we consider that a p-step path (vo, ..., v,) in the principal graph is bent
and reaches to the terminus of a (p, g)-bicolored path (vo, ..., Vp, Upt1,-- -, Uptq)-
But as a graph is of 1-dimensional, we can not show the direction of the action
of magnetic fields. We therefore treat positions of the terminus of trajectories
probabilistically. For a vertex v € V' we set dg) (v) and dgl)(v) the cardinalities
of the sets {w € V | w ~, v} and {w € V | w ~, v}, respectively. We call them
the principal and the auzxiliary degrees at v, respectively. By the conditions we
have dg)(v) > 2 and dgf)(v) > 2 at an arbitrary v € V. For a (p, ¢)-primitive
bicolored path v = (vo,...,vptq), we define its probabilistic weight w(vy) by

w(y) = {dgl)(vp) H?ig;i{d(ca) (v) — 1}}_1. For a (p,q)-bicolored path v =
Y1+ Ym, which is a chain of (p, ¢)-primitive bicolored paths v; (j = 1,...,m),
we set its probabilistic weight by w(y) = w(y1) X -+ X W(Ym). Thus when we
consider the adjacency by (p, ¢)-primitive bicolored paths it is equivalent to the

adjacency of the weighted oriented graph (Gp, q,w).

3. Laplacians for Kiéhler Graphs For an ordinary finite graph G = (V| E)
we define its adjacency operator Ag and its transition operator Pg acting on the
space of functions on V by A f(v) =Y, f(w) and Pe f(v) =de(v) "t Ag f(v),
respectively. Here, for two vertices v,w € V we denote as v ~ w when they
are adjacent to each other, and denote by dg(v) the degree at v, which is the
cardinality of the set {w | w ~ v}. By use of the degree operator Dy which is
defined by Da f(v) = da(v)f(v), we have the combinatorial Laplacian A4, =
Dg — Ag and the transitional Laplacian Ap, = I —Pg. In this section we define
such operators for Kahler graphs.

For a finite Kéhler graph G = (V, E®) U E(@), we set C(V) the space of all
functions on V. Given a pair (p, q) of relatively prime positive integers, we define
two operators Ag.p ¢ = Apq and Qaip.q = Qp,q acting on C(V) by

-Ap,qf(v) = Zw(V)f(t(’Y)), Qp,qf(v) =<

~

respectively, where in each summation v runs over the set of all (p, ¢)-primitive
bicolored paths with o(y) = v. We call them the (p, ¢)-adjacency operator and
the (p, q)-probabilistic transition operator, respectively. We should note that they
are not symmetric in general. Also, we note that the (p, ¢)-adjacency operator
is not the adjacency operator of the derived directed graph G, because we
treat bicolored paths probabilistically on the auxiliary graph. For a positive

integer p and a vertex v € V, we denote by d(é’;)p(v) the cardinality of the set of

all p-step paths without back-tracking in the principal graph G®) = (v, E(p))
which emanate from v € V. We define an operator D, = D,()p ) on C(V) by
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D,f(v) = d(é);)p(v)f(v) for each function f € C(V), and set A4, , =Dy — A, 4
and Ag, . = I — Q,, with the identity operator I on C(V). We call them
combinatorial and probabilistic transitional (p, q)-Laplacians, respectively. If the
principal graph G(®) of a Kihler graph G is regular, that is, if the degree d(Gp) does
not depend on the choice of vertices, then we have A, 4 = d(p) (d(p) )pilQp’q
and hence have Ay, = d(é)) (d(é)) — )p 1AQm'

In order to see that Ké&hler graphs are compound graphs, we decompose
these operators A, 4, Qp, 4 into two operators associated with principal and aux-
iliary graphs. For a Kédhler graph G = (V, E® y E(“)) we define two operators
AP PP acting on C(V) by

A(p)f Z £t (p)f d(P) Z £t

where o runs over the set of all p-step paths in (V, E(”)) without back-tracking
whose origin is v. When p = 1, they are the adjacency operator Aq) and the
transition operator P of G = (V, E®). For a g-step path p = (vy, .. .,v,)
without back-tracking in the auxiliary graph G(®) = (v, E(a)) we define its prob-
abilistic weight w(p) by regarding it as (0, ¢)-bicolored path. That is, we set

p) = {d(c?) (vo) Hg;%{dgl) (vj) — 1}}71. We define an operator Q\") acting on
C(V) by

where p runs over the set of all g-step paths in G(*) without back-tracking whose
origin is v. We should note pr(p) = 1. Clearly, when ¢ = 1 this operator is

given as an)f(y) = d(%(v) Y w~yo f(w). Hence, it coincides with the transition

operator Pg of G(*). Define an operator ’Péa) for G@ as we did for 731()1’).

When G(@ is regular, then we have O\ = P{* . but they do not coincide with
each other in general.

LEMMA 1. Let G = (V,E®) UE®) be a finite Kihler graph. For an arbitrary
pair (p,q) of relatively prime positive integers, we have the following:

(1) dg;)p(v) = >, w(7), where y runs over the set of all (p, q)-primitive bicolored
paths with o(v) = v;
(2) Ap g = (p) ° Qf(la) and Qp,q — fPI()P) ° Q((]a)'

Proor. (1) Given v € V we denote by S(p, q;v) the set of all (p, ¢)-primitive
bicolored paths whose origins are v. For a p-step path ¢ in the principal graph
G®) which does not have back-tracking, we denote by S(g; ) the set of all (p, g)-
primitive bicolored paths whose first p-step subpaths coincide with o. Then we
find that

(i) {0 ]

p is a g-step path in (V, E(®) which does not
have back-tracking and satisfies o(p) = t(o)
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Here, for paths o = (vg,...,vp) and p = (wo,...,w,) in G satisfying v, = wo
we set o-p = (vo, ..., Up, W1,...,Wq). We have also that S(p,¢;v) is the disjoint
union of such sets, i.e. S(p,q;v) =, S(q;0), where o runs over the set of all
p-step paths in GP) without back-tracking and with o(c) = v. Since we defined
the weights of g-step paths in G(® without back-tracking so that Q((Za)l =1, we
get the first assertion.

(2) By definition we have

Apgf) =" > wftt)=>_ D wp)f(tp)

v€S(p,q;v) o y=0-p€S(q;0)

=2 QP (o) = AP QP f(v).

We get Pp 4 = PISP ) an) by the first assertion. O

As a consequence of Lemma, we see that A, ,f(v) = d](f )(v) f and hence
Ay, ,f = 0 for every constant function f € C(V). A graph is said to be
connected if for each pair of distinct vertices there is a path joining them.

COROLLARY 1. When the derived graph Gy, 4 of a Kdhler graph G has k, 4 con-
nected components, then its (p,q)-Laplacians Ay, , and Ap,  have null eigen-
values. Their multiplicities are the number k,, 4 of connected components of Gy 4.

4. Eigenvalues of Finite Regular Kéahler Graphs In this section we
study eigenvalues of (p, ¢)-Laplacians for finite regular Kéhler graphs. We call a
Kihler graph G = (V, E®) UE(@) regular if both of its principal and its auxiliary
graphs are regular, that is, the degrees d(g;) and d(c?) do not depend on the choice
of vertices.

Given a positive integer d (> 2), we define a sequence {F),(¢; d)}>2, of monic
polynomials by the relations

Fri1(t;d) =tF,(t;d) — (d— 1) Fp_1(t;d)  (n > 2),
{ Fo(t;d) =1, Fi(t;d) =t, Fo(t;d) =t* —d.

Therefore we have F3(t;d) = t3—(2d—1)t and Fy(t;d) = t* — (3d—2)t> +d(d—1),
for example. The degree of the polynomial F,,(¢;d) is n, and it contains only
terms of odd degree if n is odd and contains only terms of even degree if n is even.
These polynomials satisfy F,(d;d) = d(d —1)""! for n > 1 and Fy,_1(0;d) =
0, For,(0;d) = (—=1)*d(d — 1)*~1 for k > 1.

For a finite graph H = (W, F'), we denote by ny the cardinality of the set
W of vertices. We here recall the adjacency and transition operators by n-step
paths on a regular graphs.

LEMMA 2. Let H= (W, F) be a regular graph of degree dp.
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(1) The adjacency operator A, by n-step paths on H without back-tracking is
given as F,(Ag;dp).

(2) The transition operator P, by n-step paths on H without back-tracking is
given as di (dg — 1) " F, (Am; dpr).

Here, for a positive k the operator AY, means the kth-composition A o- -0 Ay
and AY =1.

PROOF. As A; = Ap, it is trivial that A; = Fy(Ap;dg). A 2-step path on H
with back-tracking is of the form (wq, w1, wo) with wg ~ wy. Since H is regular
of degree dp, we see the adjacency by 2-step paths without back-tracking is
expressed by the operator Ay = A% — dp 1.

For n > 3, we take an n-step path (wy, ..., w,) without back-tracking. When
we consider a sequence of vertices (wy, ..., w,,w), we see that it is an (n + 1)-
step path if and only if w ~ w, and that under this condition it is without
back-tracking if and only if w # w,_1. Since w,_o # w,, we find that the
adjacency operators satisfy A,+1 = A, Ag — (dg — 1) A,—1. Since F,,(Ag;dy)
and Ap are commutative, we find A,, = F,,(Ag;dg), which is the first assertion.
Since we can not go back, the cardinality of n-step paths emanating from a vertex
is dgg(dg — 1) t. Hence we get the second assertion. O

As a consequence of Lemmas and of a property of eigenvalues of ordinary
regular graphs, we have the following.

THEOREM 1. Let G = (V, E®) UE®) be a finite regular Kihler graph. Suppose
its adjacency operators Agw , Aqw of the principal and the auziliary graphs are
commutative (Agw) 0Aga) = Ag@ oAgw ). We denote the eigenvalues of A
by p; (j=1,...,ng) and those of Agw by v; (j =1,...,nq), where u; and v;
have common eigenfunctions. Then the eigenvalues of the combinatorial (p,q)-
Laplacian Ay, , are

Fy (s A& Fy vy )
a a -1
& (d 1)’
PROOF.  Since these adjacency operators Agw, Agw are symmetric and si-
multaneously diagonalizable, there exist functions f; € C(V), j = 1,2,...,n¢
satisfying f; # 0, A(p)fj = p;f; and A(“)fj = v; f; with their eigenvalues p;
and v;. As G is regular, we have

d(é))(d(é)) 71)7’71 _ , Jg=1,...,ng.

1
AP = Fy(AD;dg)) and - QfF) = Fy(A©:dg).
D q d(G)(d(G) _ 1)q71

Thus, by Lemma [T} we have
1

F (.A(p);d(p))F (A(a);d(a))f
d(ciwl)(d(c?)—l)q_l PG G a\"G G /JJ

Aanj

 Bylpgi dB)Fy(vy3ds) 4
— .

A (dS) — 1)a-1
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We hence get the conclusion. O

COROLLARY 2. Let G be a finite reqular Kdhler graph. Under the same as-
sumption as in Theorem 1, its eigenvalues of the probabilistic transition (p,q)-
Laplacian Aq, , are

3 Fy(py3 ) Fy (v de)
D (-1 -

jZl,...,nt.

Remark. If the adjacency operators Agm, Agw of a regular Kéahler graph
G are commutative, then its (p,q)-adjacency operator A,, and its
(p, q)-probabilistic transition operator 9, , are symmetric.

We now apply Theorem 1 to some typical examples of Kahler graphs. For a fi-
nite graph G = (V, E') whose degree satisfies 2 < min,cy dg(v) < max,ev dg(v)
< ng — 3, we take its complement graph G¢ = (V, E°). Here, we define that
two distinct vertices are adjacent in G¢ if and only if they are not adjacent in
G. Then we obtain a Kihler graph GX = (V, E U E°). We say this to be the
complement-filled Kahler graph of G. Clearly when G is regular then G¥ is a
regular Kahler graph.

PROPOSITION 1. Let G = (V,E) be a connected regular finite graph whose
degree satisfies 2 < dg < ng — 3. If we denote by 0 = A1 < Ay < --- < A\, the
eigenvalues of the combinatorial Laplacian A 4., of G, we see the eigenvalues of
the combinatorial (p, q)-Laplacian Ay, , of G¥ are 0 and

Fp(d(; — )\j; dg)Fq(Aj — dG — 1;nG — dG — 1)

da(dg —1)P~1 —
G( ¢ ) (ng—dG —1)(71@—6[@—2)‘1_1

forj=2,...,ng.

Proor. We put H = G¥. Since Age = M — I — Ag with the operator M
defined by Mf(v) = 3 oy f(w), we see that Ayp) = Ag and Agw = Age
are commutative. If a nonzero function f; satisfies A, f; = A;f;, we have
Acf;i = (dg — Aj)fj. Moreover, as G is connected, we see f is constant and
f; (j > 2) is orthogonal to f1, that is, > .y f1(v)fj(v) = 0. Thus we find that

AG“f': (nG*dGil)f_]v j:17
! —fi—Acfi=W\ —dec—1)f;, j>2

We hence get the conclusion by Theorem O

Given two finite graphs G = (V, E) and H = (W, F') we define Kéhler graphs
of Cartesian product type GUH, of strong product type GKH, of semi-tensor
product type G®H, and of lexicographic product type G > H as follows:

~

(i) the set of vertices is V' x W;
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(ii) two vertices (v,w), (v',w’") € V. x W are adjacent in the principal graph if

and only if v, v are adjacent in G and w = w';
(iii) two vertices (v,w), (v',w’") € V' x W are adjacent in the auxiliary graph if
and only if they satisfy the following conditions;

(a) for GOH, v =1’ and w, w’ are adjacent in H,

(b) for G@H, either v = v' and w, w’ are adjacent in H, or v, v are adjacent
in G and w, w’ are adjacent in H,

(c) for GRH, v, v are adjacent in G and w, w’ are adjacent in H,

(d) for G> H, w, w" are adjacent in H.

Then it is clear that their adjacency operators A®), A@ of principal and aux-
iliary graphs are commutative. When both G and H are finite graphs, the
principal and the auxiliary degrees of these graphs of product types at a vertex
(v,w) € V x W are given as

d(GﬁH)(p) (1), U)) = d(G@]{)(ﬁ) (”U, w) - d(G@H)(p) (’U, w) = d(GDH)(P) (Uv U)) =dg (U)v

dstrpryn (0 0) = dpy (w), b sgapnyo (v:0) = dpg (w) (ds (v) + 1),

diGam@ (v,w) = dg(v)dn (w), d(Gorry (v, 0) = dg(w)ng.

Thus, if both G and H are regular, then these Kahler graphs of product types
are regular Kéhler graphs. Following [10], we can calculate eigenvalues of (p, q)-
Laplacians of these regular Kéhler graphs.

PROPOSITION 2. Let G = (V, E) and H = (W, F) are regular finite graphs. We
denote by 0 = Ay < --- < A, the eigenvalues of the combinatorial Laplacian
Ap, of G and by 0 = p1 < -+ < py, the eigenvalues of the combinatorial
Laplacian A4, of H.

(1) The eigenvalues of the combinatorial (p, q)-Laplacians of GOH are

p—1 _ FP(dG _ Aj;dG)Fq(dH — pa;dr)

(2) The eigenvalues of the combinatorial (p, q)-Laplacians of GXH are

_ Fyldg—Xjide)Fy((dg—Aj+1)(dn —pa)idu(da+1)) .

de(de —1)P~!
¢(da = 1) dp(de +1)(dgdy +dg — 1)771

(3) The eigenvalues of the combinatorial (p, q)-Laplacians of GRH are

o1 Fplde — Ajida)Fy((de — A\j)(dr — pa); dadn)

dg(dg —1
G( ¢ ) deH(dgdH — 1)‘171
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PrOOF. By taking characteristic functions of V" and W as bases, we represent
adjacency operators Ag, Ag by adjacency matrices Ag = (a}), Ag = (al 5),

respectively. Then the common adjacency matrix A®) = (agf )a) G ﬁ)) of principal

graphs of the three Kahler graphs of product types are given as agf_)a) G.B) =

agéalg where 0,3 denotes the Kronecker delta. We take eigenfunctions f; and
go. Which are associated with A\; and p,, respectively, and define a function @,
on V x W by gia(v,w) = fi(v)ga(w). By the expression of A®) we find that
the common adjacency operator AP of the principal graphs satisfies A® ;, =
(dg — \i)¢ia. Hence its eigenvalues are dg — A; (i = 1,...,ng). We note that
each of them are counted ng times. R R

The adjacency matrices of the auxiliary graphs of GOH, GXH, GRH are
given as (6;;ally), ((afi 4 0i5)ally), (afially), respectively. Hence for the three
Kaéhler graphs of product type we find that adjacency operators of their principal
graphs and their auxiliary graphs are commutative. By the expression of the
adjacency operator A(Gﬁ )@ of the auxiliary graph of GOH we find that it

satisfies A(GGH)(‘” Via = (dg — pa)pia and that its eigenvalues are given as dy —
pa (a=1,... npg) each of which are counted n¢g times. Similarly, the adjacency
operator A(G@H)W of the auxiliary graph (GRH)(® satisfies A(G®H)(a)g0m =
(de—Xj+1)(dg — pa)@ia, and the adjacency operator Az myw of the auxiliary
graph (G@H)(“) satisfies A(G@H)(a> Via = (dag — Xj)(da — pa)pia. We get our
result by applying Theorem 1 with the common eigenfunctions ;. O

For a Kahler graph of lexicographic product type we can calculate its eigen-
values for (p, ¢)-Laplacians a bit more directly.

PROPOSITION 3. Let G = (V,E) and H = (W, F) are finite graphs. Suppose H
is reqular. We denote by 0 = p1 < --- < py,,, the eigenvalues of the combinatorial
Laplacian Ay, of H.

(1) When q is odd, the -eigenvalues of the probabilistic transitional
(p, q)-Laplacian of G> H are 1 and

1— Fq(ng(dH — pa);ngdH)/{ngdH(ngdH - (a=1,...,ny),

where the former 1 appears (ng — 1)ny times.

(2) We denote by 0 = Ay = -+ = Mgy < Apgt1 < -+ < Ang the eigenvalues of
the combinatorial Laplacian A4, of G, where kg is the number of connected
components of G. When G is regular and q is even, the eigenvalues of the
probabilistic transitional (p, q)-Laplacian of G> H are

1_Fq(nG(dH—pa);nGdH) (a=1 n) 1_&
ngdu(ngdy—1)7-1 B (ngdy —1)1/2’
)92, (dg—\i;d
)T (de— A da) (i=ke+1,...,n0).

dg(dg— 1)P*1(ngdH —1)‘1/2
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Here, the eigenvalue of the second type appears ng(kg — 1) times, and each
eigenvalue of the third type appears ny times.

Proor. We denote by Ag., = (ag;p) the p-step adjacency matrix of G. That
G

is, we define a;;., as the cardinality of the set of p-step paths on G without
back-tracking which join vertices v; and v;. We set dg.p(v) the cardinality of
the set of all p-step paths without back-tracking emanating from v. We hence
have dg.p(vi) = Zj ag;p. Since the principal graph of G > H is isomorphic to a
disjoint union of ny-copies of G, if we express the operator Aj(gp) of G H by a
: (p) (p) _ G

matrix (a(f,a)“ﬁ);p), we have a(f)a)’(j’ﬂ);p = ag.,008-

Next we study the auxiliary graph of G > H. We denote by Ay the matrix
representation of the adjacency operator Ay of H. The adjacency operator of
the auxiliary graph (G > H )(@) is expressed by the matrix

Ay - Agp
Al — :
Ay - Ap

where components of A(®) are expressed according to lexicographical order.
Clearly its kth power is given as

(A(a))k — :
As H is regular, we see this graph (G > H)(® is regular of degree ngdy. We

hence find by Lemma [2] that the ¢-step adjacency matrix of (G > H)(®) is given
by F,(A;ngdy). We show below the following by mathematical induction:

N, -~ N,
, when ¢ is odd,
N, --- N,
Fy(A“:ngdu) =4 (N, --- N,
) ’ when ¢ is even.
N, --- N,
+ (-1)"?*ngdp(ngdr — 1) YD
where
n&qu(ngAH; nedp), when ¢ is odd,
Ny = ¢ ng' Fy(ngAm;nadn)

when ¢ is even,
— (-1)"2dg(nady — 1)@/,
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and I denotes the identity matrix of size k. Since Fj (A(a); nedyg) = A and
Fy(A:ngdy) = (A2 — ngdy I, ny,, these satisfy the above. We suppose
the above expression holds for 1 < ¢ <2¢ (¢ > 1). As we have

F

w1 (A ngdy) = Fy(A;ngdy) A — (ngdy — 1) Fy1 (A nedp),
we find that

Foppq (A(a) inagdm)

ngNogAy -+ ngNyAp
— : : + (=) fngdy(ngdy —1)1A@
ngNogAy -+ ngNuAnp
Nog—1 -+ Nog
— (ngdy — 1) : :
Nog—1 -+ Napa

As we have
ngNoAg + (—1)'ngdp(ngdy — 1) "' Ay — (ngdy — 1)Nag—y
=ng' {FarngAmingda)ncAn — (ngdy — 1) Fa—1(ng A nady) }
=ng' Fai(ngAninedn),

we find that the expression of Fq(A(“); ngdp) holds for ¢ = 204+ 1. We therefore
have

F25+2(A(a); TLgdH)

nGN2e+1AH ce TLGN2£+1AH

ngNogr1Ag -+ ngNopp1Ag
Nog --+ Ny

— (ngdH — 1) — (71)enGdH(ngdH — ].)ZInGnH.
Noy -+ Ny

As we have
ngNor1Ag — (nedr — 1) Noy
=ng'"{FPors1(ncAmngdu)ncAn — (ngdy — 1) Far(ng A nedn) }
— (=) (ngdy — 1)1,

= n51F2¢+2(n(;AH; ’I’LgdH) — (—1)£+1dH(n(;dH — I)ZInH,
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we find that the expression of F,(A(*);ngdy) also holds for ¢ = 2¢ + 2. Thus
we get the form of F,(A);ngdy) by induction.
If we set Ny = (bap,q), the operator Q((]a) of G H is represented by a matrix
as
(Capiq)s when ¢ is odd,
(Capiq) + (=1)2(ngdp — 1)79%(5;;045), when g is even,

where cap.q = bap/{ncda(nedy — 1)1}
When ¢ is odd, the (p, ¢)-probabilistic transition operator Q,, , is represented
by a matrix Q) 4 as

Qpq = (dG;p(i)flag;p‘saﬁ)(Caﬁ;q) = (dG;p(i)il(Z aiGj;p)CaB;q) = (Capiq);
J

where dg.,(7) denotes the cardinality of p-step paths on G without back-tracking
emanating from v;. We define functions €¢; on V' by €;(v) = 1 for all v € V, and
by € = 6,, — d,, for 2 < i < ng. For a nonzero function g, on W satisfying
Auug = paga we define a function ¢; o on V- x W by 1; o(v, w) = €(v)ga(w).
By the matrix representation of Q, , we have

Fy(ng(du — pa)incdn)
’IlGdH(ngdH — ].)q*l

Qp7qw17a = wLOu Qp7qwi7a = 0 (Z = 2, . 7’I’LG).

Thus we get the first assertion.
When G is regular and ¢ is even, we have

1

@ra = Gl =11

(ag;paaﬁ) <Caﬁ;q + (=1)"*(nady - 1)7'1/25@]‘5&5)

(~1)7 ¢
= |{ cas: = OaB |-
<C Bia T dG(dG — l)pfl(nGdH _ 1)q/2 @ij;pQaB

We decompose G into connected components G; = (V;, E;) (j =1,...,kg) and
denote by n; the cardinality of V;. We set fi = 1 and f; = nidy, — n;dy, for
i = 2,...,kg, where 0y, denotes the characteristic function of V; in V. For
i = kg+1,...,nc we take a nonzero function f; on V satisfying Aa.fi =
Aifi. Then we find that ) i fi(v) = 0 for i = 2,... kg by definition and
that > .y fi(v) = 0 for i« = kg+1,...,ng because they are orthogonal to
fis---, fre. Taking nonzero functions g, on W satisfying A4, 90 = pafa, We
define a function ;o on V- x W by @iq(v,w) = fi(v)ga(w). By the matrix
representation of 9, , we have

Fy(ng(dg—pa);ncdn)
ngdH(ngdH — 1)‘1_1
(—1)92F,(dg—Xi;da)
dg(dg—l)p_l(n(;dH — 1)’1/2 Piseo

i, o5 1= ]-7

QpgPia =

i=2,...,ng,
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because dg., = dg(dg—1)P~! and the p-step adjacency operator Ag., of G
which is represented by the matrix Ag,, satisfies Aq.pfi = Fp(da—Ai;de) fi- As
F,(dg;de) = da(dg—1)P~1, we get the second assertion. O

Remark. When G is not regular, the adjacency operators of the principal and
the auxiliary graphs of G > H are not commutative in general. When G is
regular, they are commutative. Hence we can apply Theorem [1] with common
eigenfunctions ;, in the above proof.

For a graph G = (V, E) we denote by E, the set of all p-step paths without
back-tracking, and define a new graph G, = (V, E,,). By the proof of Proposition
we obtain the following.

PROPOSITION 4. Let G be a finite graph and H be a finite regular graph. We
denote by 0 = p1 < -+ < py,,, the eigenvalues of the combinatorial Laplacian
Auy of H, and denote by 0 =1n1p = -+ = kg ip < Nk, +1p < < Nngip the
eigenvalues of the transitional Laplacian of G,. When q is even, the eigenvalues
of the probabilistic transitional (p,q)-Laplacian of G> H are

(-1

Fy(ng(du—pa);nad) (
(TlgdHfl)q/Q ’

negdg(ngdy—1)7-1
(=192 (1 — nip)

L i (ke 1)

1-—

a=1,....,ng), 1—

Here, the eigenvalue of the second type appears ng(kg, — 1) times, and each
eigenvalue of the third type appears ny times.

Two ordinary finite graphs are said to be combinatorially isospectral (resp.
transitionary isospectral) if their combinatorial Laplacians (resp. transitional
Laplacians) have the same eigenvalues by taking account with their multiplici-
ties. It is well known that there exist many pairs of regular graphs which are
isospectral (see [4,/6], for example). We note that for two regular graphs they
are combinatorially isospectral if and only if they are transitionary isospectral.
Hence we just say that they are isospectral.

We here study the isospectral property for Kéhler graphs. For a pair of finite
Kéhler graphs we shall call them (p, q)-combinatorially isospectral (resp. (p,q)-
probabilistic transitionary isospectral) if they satisfy the following conditions:

(i) their combinatorial (p, q)-Laplacians (resp. probabilistic transitional (p, q)-
Laplacians) have the same eigenvalues by taking account of their multiplic-
ities,

(ii) their principal graphs are combinatorially (resp. transitionary) isospectral.

It is clear that these notions that two Kéhler graphs are (p, ¢)-combinatorially
and (p, q)-probabilistic transitionary isospectral are equivalent to each other if
their principal graphs are regular. In this case, we just say that they are (p,q)-
isospectral. As a consequence of Theorem [I| we have the following.
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THEOREM 2. Let Gy = (Vi,EY U E) and Gy = (Va, B U EL™) be two
reqular Kdhler graphs having the same principal and auziliary degrees (i.e. d(Gpl) =
dg;) and d(C;ll) = dg2), Suppose their adjacency operators Ag’i), A((‘;i) of principal
and auxiliary graphs are commutative (A(Gp) o A(C?i) = A(Gai) o A(C?i)7 i=1,2). If
their principal graphs (Vl,E?)), (Va, Eép)) are isospectral and if their auziliary

graphs (Vl,Eia)), (Vg,Eéa)) are also isospectral, then they are (p,q)-isospectral
for an arbitrary pair (p,q) of relatively prime positive integers.

The commutativity condition on adjacency operators is a strong condition.
Still, we have many examples of isospectral pairs of regular Kahler graphs.

Since there are many isospectral pairs of finite regular graphs of the same
degree, the operation of complement-filling is a way of constructing isospectral
pairs of Kahler graphs.

COROLLARY 3. If two finite regular graphs G1,Gs are isospectral and have the
same degrees, then their compliment-filled Kdihler graphs are (p, q)-isospectral for
an arbitrary (p,q) of relatively prime positive integers.

ExaMPLE 1. We take two regular graphs G, G2 of degree 4 as in Figures
1 and 2. It is known that they are isospectral. Hence their complement-filled
Kihler graphs GE G are (p,q)-isospectral. We list here the eigenvalues of
their combinatorial and transitional Laplacians and those of their (1, 1)-, (2, 1)-,
(1,2)-combinatorial and probabilistic transitional Laplacians:

Ay 0,4—+/5,(9—v17)/2,3,5,5,5,5,4+/5, (9++/17) /2

Aay 0,4,4,4,4,22/5,(25—+/5)/5,24/5,24/5, (25+/5) /5

Aay, | 0,54/5,56/5,56/5, (61-+/5)/5,12,12,12,12, (614++/5) /5

Auy 0, (70—+/5)/20, (704++/5) /20, (151 —+/17) /40,
15/4,15/4,15/4,15/4, (151++/17)/40,81/20

Ap | 0,(4—V/5)/4,(9—v/17)/8,3/4,5/4,5/4,5/4,5/4, (A+/5) /4, (9+/17)/8

Ag,, 0,1,1,1,1,11/10, (25—+/5)/20,6/5,6/5, (25++/5) /20
Ao, , 0,9/10,14/15,14/15, (61—+/5)/60,1,1,1,1, (61++/5) /60
Ag,, 0, (70—+/5)/80, (704++/5) /80, (151 —+/17) /160,

15/16,15/16,15/16,15/16, (151++/17) /160, 81/80

Another way to construct isospectral pairs of regular Kahler graphs is to con-
struct Kéhler graphs of product type by using regular graphs. By Propositions
[4 we have the following.
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Figure 1 Figure 2

COROLLARY 4. If we take two isospectral pairs of finite reqular graphs G1, G2
and Hy, Hy having the same degrees, then their Kdhler graphs of Cartesian prod-
uct type G1DH1, GQDHQ, of strong product type GlﬁHl, Gg&Hg, of semi-tensor
product type G1RH1, Go®Ho, and of lexicographic product type G1>Hy, Go>Ho
are (p, q)-isospectral pairs for all (p,q).

COROLLARY 5. Let Hyi, Hy be an isospectral pair of regular graphs having the
same degree and G be a finite graph. Then the Kdhler graphs Gv> Hy, G Hy of
lezicographic product type are (p, q)-probabilistic transitionary isospectral for all

(p,q)-

COROLLARY 6. Let Hy, Hs be an isospectral pair of regular graphs having the
same degree, and let G1,Gq be finite graphs satisfying ng, = ng,. Then their
Kahler graphs Gi>Hy, Ga>Hs of lexicographic product type are (p, q)-probabilistic
transitionary isospectral when q is odd.

EXAMPLE 2. We take the regular graphs G, G2 given in Example 1. Let H be
a complete graph with ny = 3. Then the pairs Gi00H, GoOH; G1XH, GoXH;
G1®H, Go®H; G H, Gy H are (p, q)-isospectral. Since it is known that we
do not have isospectral pairs of regular graphs whose cardinalities of their sets
of vertices are less than 10, they are the smallest examples of isospectral pairs
of regular Kéahler graphs obtained by product operations.

In order to study adjacency by p-step paths without back-tracking Kotani-
Sunada [5] consider line graphs (see also [3]). Since Kéahler graphs are compound
graphs and we consider transition operators for auxiliary graphs, we can not
apply their consideration directly to our case. We shall discuss this in future.
For a systematic way to construct isospectral pairs of graphs see [7,8].
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