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TOPOLOGICAL OBSTRUCTION TO APPROXIMATING
THE IRRATIONAL ROTATION C*-ALGEBRA BY
CERTAIN FOURIER INVARIANT C*-SUBALGEBRAS

S. WALTERS

Presented by David Handelman, FRSC

ABSTRACT. We demonstrate, in a rather quantitative manner, the ex-
istence of topological obstructions to approximating the irrational rotation
C*-algebra Ay by Fourier invariant unital C*-subalgebras of either of the
forms

M @® B ® o(B), M®N®D®o(D)®c?(D)® o (D),

where M, N are Fourier invariant matrix algebras (over C), B is a C*-
subalgebra whose unit projection is flip invariant and orthogonal to its
Fourier transform, and D is a C*-subalgebra whose unit projection is or-
thogonal to its orbit under the Fourier transform. Here, o is the non-
commutative Fourier transform automorphism of Ay defined by o(U) =
V~1, o(V) = U on the canonical unitary generators U,V obeying the
unitary Heisenberg commutation relation VU = 20UV

RESUME. On montre l'existence d’obstructions topologiques
a lapproximation du tore non-commutatif par sous-algebres de certains
types qui sont invariantes sous I’automorphisme de Fourier.

1. Introduction The irrational rotation C*-algebra Ag (also known as the
noncommutative 2-torus) is the unique C*-algebra generated by two unitaries
U,V subject to the Heisenberg commutation relation VU = e2™UV. (Here, 0
is any irrational number in (0,1).) The noncommutative Fourier transform is
the canonical order 4 automorphism o defined by

o(U)y=V"t o(V)=U.
In [8] we showed that there is a topologically equivalent order 4 automorphism

o of the irrational rotation C*-algebra that models the Fourier transform, in
the sense that both agree on K;(Ap) = Z?, and that & is an inductive limit
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automorphism. More specifically, we proved that the irrational rotation C*-
algebra is the closure of an increasing union of unital C*-subalgebras of the form
M @& N®B®6(B), where M, N are -invariant matrix algebras and B is circle
algebra that is 62-invariant. This result suggests that the same may be the case
of the Fourier transform o, but this is still an outstanding problem raised by
George Elliott in the early 1990s. The inductive limit problem for the flip (i.e.,
0?) was solved in [5] thanks to the Elliott-Evans structure theorem [2].

The model might suggest that other variations on the approximating ba-
sic building blocks may be possible, such as for example invariant unital C*-
subalgebras of either of the forms

M®B®o(B), M®&N®&D®o(D)®a*D)do’(D)

where M, N are Fourier invariant matrix algebras (over C), and B, D appropri-
ate C*-subalgebras orthogonal to their Fourier transforms as indicated in the
abstract. We show, however, in this paper that there are certain topological
obstructions to approximating the irrational rotation C*-algebra by these forms
in a Fourier invariant way. Therefore, our result is the following.

THEOREM 1.1. The irrational rotation C*-algebra Ay cannot be approximated
by Fourier invariant unital C*-subalgebras of either of the forms

(1.1) M & B®o(B)

(1.2) M@ N&D@o(D)®o*(D)®a®(D)

where M = M,(C) and N = M,(C) are Fourier invariant matrix algebras, and
B, D are C*-subalgebras where the unit projection of B is flip invariant and
Fourier orthogonal and the unit projection of D is orthogonal to its Fourier
transform and to its flip.

We now present a few basic preliminaries for the proof of this result (given in
the next section).

A map ) : B — C on a *-algebra B, with an automorphism ¢ acting on it, is
called a o-trace when it satisfies the twisted trace condition

U(zy) = P(o(y)z)

for z,y € B.

Recall the canonical smooth dense *-subalgebra Ag® of Ay consisting of el-
ements x such that its canonical derivations exist to all orders (thus, 0705 (x)
exist in Ay for all positive integers m,n, where d;, 2 are the canonical partial
derivatives with respect to U and V, respectively.) Equivalently, it consists of
infinite series Zm,n Amn U™V™ with rapidly decreasing Fourier coefficients.
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In [6] we found that there are basically two o-trace linear maps %0, %11 :
A% — C given on the basis elements by

Y1o(U™V™)
P11 (UMV™) =e(—

(m +mn)?) 65",

(m+n)*) 63",

I
]
—~
|

where the divisor §-function §7" is 1 when d|m and 0 otherwise, and e(t) := e?™*.
(Thus, any o-trace linear map on Ag° is a linear combination of these two.) In
addition, there are three basic o-invariant o?-trace linear maps Pa5,5 = 0,1,2,

given by

Yoo(U™V™) = e(—gmn) 85405,
o (U™VT™) = e(—gmn) 6;"_16;_1,
Yoo (U™V™) = e(—&mn) 63"

When restricted to the fixed point smooth *-subalgebra Ag'™ = Ag° N AF, these
functionals define unbounded traces. These unbounded traces 1, along with
the canonical bounded trace T comprise the associated Connes-Chern character
group homomorphism on the Ky-group of the fixed point C*-subalgebra A§:

Ko(A3) = C° = — (t(x); Pjr(x)).

This map was shown to be injective in [7] for a dense Gs set of 8’s, but since by
[1] or [3] one has Ko(Ag) = Z° for all 6, this map is injective for all irrational 6.
As the maps ;3 induce group homomorphisms Ky(Aj) — C, we simply write
1 (e) := Y1x[e] for any projection e in Ay.

We shall find it useful to consider the order 2 automorphism v of Ay defined
by v(U) = —U,~(V) = =V because it commutes with the Fourier transform. It
further has the property that it reverses the sign of the 111, 992 invariants while
preserving the others: ¢;;v = —1;; (j = 1,2). Thus, if f is a Fourier invariant
projection, then so is y(f) and

Y107(f) = Y10(f),  Yuv(f) = —vu(f),

(1.3) Yooy (f) = ¥20(f),  Y2a1v(f) = Y21 (f), Yoy (f) = —2a(f)-

In [10] we constructed a canonical Fourier invariant projection of trace %6 —pq
for each pair of rational approximants p/q of 6 — i.e., such that 0 < 6§ — % < q%.
Applying this construction with p = 0,¢ = 1 one obtains a Fourier invariant
projection e of trace 6 (assuming 0 < 6 < 1). Further, one checks that the

topological invariants of this projection are

(14)  twole) =vuile) = 15, tnole) =tmile) = 5, Ym(e) =1.
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2. The Proof We now prove Theorem 1.1.

Proor. First, let us note that there exists a Fourier invariant smooth projec-
tion e in Ap such that 111(e) # 0. For example, the projection cited in will
do.

Assume that Ay can be approximated by unital C*-subalgebras of the form
M@®B®o(B) as in where the matrix algebra M is o-invariant and B is a
flip invariant C*-subalgebra (thus, B @ o(B) is o-invariant). The matrix units
{ejr} of M can be chosen to be covariant with respect to ¢ in the sense that
o(ejx) = wjkejr where wj, = £1,+4. (This is because ¢ is an inner automor-
phism of M and is therefore given by Ad,, for some order 4 unitary matrix w
in M.) Applying the methods of Sakai’s Lemma 2 in |4], these matrix units can
be approximated by a system of matrix units consisting of smooth or analytic
elements. An examination of Sakai’s proof shows that the constructed analytic
system of matrix units can be chosen to be covariant with respect to o — thus,
the condition o(ejr) = wjre;r can be maintained for smooth matrix units {e;}.
Therefore, the matrix algebra M can be chosen to be contained in Ag° and
remain Fourier invariant.

Now since o(x) = wzw* for x € M, where w € M is an order 4 unitary, it is
easy to see that the map

p(r) = Tr(zrw®)

defines a o-invariant o-trace on M, where Tr is the unique normalized trace
on the matrix algebra M. Further, ¢ is unique up to scalar multiples. (The
uniqueness of ¢ follows from the uniqueness of the normalized trace on a matrix
algebra.)ﬂ Therefore, now that M is smooth, we can restrict the o-traces 119, 111
to M and thereby obtain constants cg, c; such that

P10 = coyp, Y = cip

on M.

(We note that the smooth perturbation of M above can be carried out so that
the unit projection g of B remains o-orthogonal to the unit projection of M and
to o(g).)

In view of this, we can approximate the projection e by the Fourier invariant
projection

e’ =eg+go+0(g0),
say |le —€'|| < 1, where ey € M is a Fourier invariant projection and go is a flip

invariant projection in B such that goo(go) = 0. The latter equality clearly gives
Y1k(90) = Y1k(9090) = Y1k(0(g0)go) = 0. As there is a Fourier invariant unitary

IThere is a one-to-one correspondence between (o-invariant) o-traces on M and trace maps
on M given by the relation p(z) = Tr(zw*).
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v such that e = ve'v*, we have (for k =0,1)

Y1x(e) = Pri(ve'v*) = Yii(e)
= 1x(e0 + go + o(go0))
= Y1r(eo) = crp(eo).

Writing 1 = h + g + o(g) where h is the unit projection of M and g the unit
projection of B, we have

VY1k(1) = 1x(h) = crp(h).

Therefore,
L=110(1) = cop(h),  0=1vnu(l) = crp(h).
The first of these gives ¢(h) # 0, so the second gives ¢; = 0. Therefore we have

0 # ¥11(e) = crp(eg) = 0,

a contradiction.

Now assume that Ay can be approximated by unital C*-subalgebras of the
form M & N @ o*(D) as in (1.2), where 0*(D) := D @ o(D) & (D) & 03(D).

By the preceding proof we can similarly arrange to have M, N, D contained in
the smooth *-subalgebra AJ°, as would their associated unit projections which
we denote by p1, pa, ps, respectively. Thus 1 = p; + pa + 0*(p3), where we write
0*(ps) :=p3 + o(p3) + 0*(ps) + o°(p3).

Restriction of 1 to M gives ¢ = ;1 on M where ¢; is the unique (up
to scalars) o-invariant o?-trace on the matrix algebra M. Similarly, restriction
of 19; to N gives 19; = djp2 on N where ¢y is the unique (up to scalars)
o-invariant o2-trace on N.

Since 195 (p3) = 0, we have

P2 (1) = Po2;(p1) + P25 (p2) = cjp1(p1) + djp2(p2)

(j = 0,1,2) which we write into a matrix equation

1 co d

I e 2
0f = C1 d1 ( ) .
0 o d2 P2(P2

Let e denote the projection in Ag° cited at the end of the Introduction whose
a.-topological invariants are given by (1.4]), so that the projection 7(e) has
invariants

Yoo (v(e)) = va(v(e)) =35, va(v(e)) = -1
in view of (1.3). Approximating e ~ ¢’ and ~v(e) ~ f’ (say to within norm less
than 1) by Fourier invariant projections

e =e1+ex+0*(es), "=+ fo+0"(f3),
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where eq,e9,e3 are (smooth) projections in M, N, D, respectively, as well as
f1, f2, f3, and taking 15, of e and of y(e) gives

Whaj(e) = a;(€') = aj(e1) + Paj(e2) = cjpr(er) + djpa(es)
Uaj(v(e)) = ¥2;(f) = ¥2;(f1) + ¥2;(f2) = cj01(f1) + djepa(f2)
(for 5 =0,1,2), or

M I

% ¢ do [@1(61) Sﬁl(fl)]_

=lcg d
2 C; d; pa(e2) p1(f1)

Combining the preceding two matrix equations yields the matrix equation over
C

11
(1) g ; = Z? 3(1) {901(171) p1(e1) <P1(f1)] )
0 1 -1 ey do e1(p2)  p2(e2) p1(f1)

This gives a contradiction since the matrix on the left is invertible (its
determinant is —1) while the right side is not invertible. This proves Theorem
1.1. 0

REMARK 2.1. The proof shows that there are two special projections in the
rotation C*-algebra that cannot be simultaneously approximated by unital C*-
subalgebras of the form in Theorem 1.1.
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