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ABSTRACT. In Theorem 1, we show a new condition for a real hyper-
surface M isometrically immersed into a nonflat complex space form to be
a hypersurface of type (A). This condition is expressed by the parallelism
of a certain tensor of type (1, 1) on M. Furthermore, using the discussion
in the proof of Theorem 1, we can give a condition for a K&hler manifold
to be a complex space form (see Theorem 2).

REsUME. Dans le théoréme 1, nous donnons une nouvelle condition
pour qu’une hypersurface réelle M immergée dans une “space form”
complexe non plate soit une hypersurface de type (A). Cette condition
est exprimée par le parallélisme d’un certain tenseur de type (1, 1) sur M.
De plus, en utilisant la discussion dans la démonstration du théoréme 1,
nous donnons une condition pour qu’une variété de Kéhler soit une “space
form” complexe (voir le théoréme 2).

1. Introduction We denote by Mn(c) a complex n(2 2)-dimensional com-
plete and simply connected Kahler manifold of constant holomorphic sectional
curvature ¢, namely a complex space form. It is well-known that M, (c) is
holomorphically isometric to either an n-dimensional complex projective space
CP™(c) of constant holomorphic sectional curvature ¢, a complex Euclidean space
C™ or an n-dimensional complex hyperbolic space CH™(c¢) of constant holomor-
phic sectional curvature ¢ according as c is positive, zero or negative.

The geometry of real hypersurfaces of M, (c), ¢ # 0 is a bit complicated. For
examples, the following three properties are known.

(i) There exist no real hypersurfaces M with parallel shape operator A (cf. [7]).

(ii) There exist no real hypersurfaces M with parallel Ricci tensor S (cf. [7]).

(iii) There exist no real hypersurfaces M with parallel structure tensor ¢ (see
Proposition 1).

As we mention in Section 2, by the complex structure J of Mn(c) the structure
tensor ¢ is defined on real hypersurfaces M of M,,(c). We here define a symmetric
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tensor ¢ = ¢A — A¢p on M. Using the parallelism of this tensor 1, we shall
characterize hypersurfaces of type (A), which are the simplest examples of Hopf
hypersurfaces with constant principal curvatures in a nonflat complex space form.

THEOREM 1. Let M?"~1(n = 2) be a connected real hypersurface in a nonflat
complex space form Mn(c) through an isometric immersion. Then M is locally
congruent to a hypersurface of type (A) if and only if the tensor v = pA — A¢ is
parallel, where ¢ and A are the structure tensor and the shape operator on M,
respectively.

Using the discussion in the proof of Theorem 1, we can prove Theorem 2.

THEOREM 2. Let M be a complex n(2 2)-dimensional Kdihler manifold. Then
the following two conditions are mutually equivalent.

1. M is locally congruent to a complex space form.

2. At any point m € M, the tensor Y, = GmrAmr — Amrdm,r on every
sufficiently small geodesic sphere Gy, (1) of M is parallel in the direction of
the characteristic vector & r of Gin(r), d.e., Ve, tbm, =0, where ¢, and
Ay, are the structure tensor and the shape operator on G, (r), respectively
in the ambient space M.

2. Preliminaries Let Mn be a complex n(Z 2)-dimensional Kéhler manifold
with complex structure J and M?" ! a real hypersurface isometrically immersed
into M,,. A real hypersurface M 2n—1 has locally a unit normal vector field .
The Riemannian connections V of M and V of M are related by the following
formulas of Gauss and Weingarten:

(2.1) VxY = VxY + g(AX,Y)N,
(2.2) VxN = —

for arbitrary vector fields X and Y on M, where g is the Riemannian metric
induced from the metric of the ambient space M,, and A is the shape operator
of M in M,. It is well-known that M has an almost contact metric structure
(¢,€,7,9) induced from the Kéhler structure J of the ambient space M,,. This

quadruple is defined by

The vector field £ is called the characteristic vector field on M. This quadruple
satisfies

(2.3) ¢ =—T+n®¢ g(6,€) =1 and ¢€=0
Tt follows from ([2.1), (2.2), V.J = 0 and JX = ¢X + n(X)A that
(2.4) (Vx9)Y =n(Y)AX — g(AX,Y)¢,

(2.5) Vxé =pAX.
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We usually call M a Hopf hypersurface in ]T/fn if the characteristic vector field &
of M is a principal curvature vector at each point of M. For a Hopf hypersurface
M we set A = §¢ on M.

In the following, we consider a nonflat complex space form ]T/fn(c) as the
ambient space M,,. The following lemma is fundamental (see [7]).

LEMMA 1. Let M?"~1 (n = 2) be a Hopf hypersurface with A& = 6¢ in Mn(c),
c# 0. Then, the following hold:

(1) If X is a principal curvature vector of M perpendicular to & with AX = A\X,
then (2\ — §)ApX = (6A + (¢/2))pX.

(2) 0 is locally constant on M.

Remark 1. When ¢ < 0, we need to consider the case of 2\ — 6 = d\ + (¢/2) =
0. In fact, the horosphere HS in CH™(c) has two distinct constant principal

curvatures A = /|c| /2 and § = /||

We here recall the classification theorems of Hopf hypersurfaces M?"~1 all of

whose principal curvatures are constant on M in a nonflat complex space form
M, (c),n =2 (ct. [5,6]).

In CP™(c) (n 2 2), every Hopf hypersurface all of whose principal curvatures
are constant is locally congruent to one of the following:

(A1) A geodesic sphere G(r) of radius r, where 0 < r < 7/y/c ;

(As) A tube of radius r around a totally geodesic CP%(c) (1 £ ¢ < n — 2),
where 0 < r < w/+/c;

(B) A tube of radius r around a complex hyperquadric CQ" ™!, where 0 <
r<w/(2Vc);

(©) A tube of radius r around the Segre embedding of CP'(¢)x CP"~D/2(¢),
where 0 < r < w/(24/c ) and n (2 5) is odd;

(D) A tube of radius r around the Plitker embedding of a complex Grass-
mannian CGq 5, where 0 < r < 7/(2y/c ) and n = 9;

(E) A tube of radius r around a Hermitian symmetric space SO(10)/U(5),
where 0 < r < 7/(24/c ) and n = 15.

These real hypersurfaces are said to be of types (A1), (A2), (B), (C), (D) and
(E). Unifying real hypersurfaces of types (A1) and (Asz), we call them hyper-
surfaces of type (A). The numbers of distinct principal curvatures of these real
hypersurfaces are 2,3,3,5,5,5, respectively. The principal curvatures of these
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real hypersurfaces in CP"(c) are given as follows (cf. [8]):

(A1) (A2) (B) (C,D, E)
A1 gcot(gr) gcot(gr) gcot(gr -I) gcot(Tr -I)
| o | EweE) [Fercfen Lo
A3 — — — ‘/QEcot(Tcr)
A4 — — — 7% tan( %)
§ |vcceot(y/er) | y/ccot(y/cr) Ve cot(y/er) Ve cot(+/er)

In CH"™(¢) (n 2 2), every Hopf hypersurface all of whose principal curvatures
are constant is locally congruent to one of the following:

(Aop) A horosphere HS in CH"(c);

(A1,0) A geodesic sphere G(r) of radius 7 (0 < 7 < 00);

(A1,1) A tube of radius r around a totally geodesic CH"~!(c), where 0 < r < 00;

(As) A tube of radius 7 around a totally geodesic CH*(c) (1 £ ¢ < n — 2),
where 0 < 7 < oc;

(B) A tube of radius r around a totally real totally geodesic RH"(¢/4), where
0<r<oo.

These real hypersurfaces are said to be of types (Ag), (A1), (A1), (A2) and (B).
Here, type (A1) means either type (A1) or type (Aq,1). Unifying real hyper-
surfaces of types (Ap), (A1) and (Asg), we call them hypersurfaces of type (A).
A real hypersurface of type (B) with radius r = (1/+/]c| ) log.(2 + v/3 ) has two
distinct constant principal curvatures A\; = § = 1/3[c[ /2 and A2 = /|| /(2V/3 ).
Except for this real hypersurface, the numbers of distinct principal curvatures
of Hopf hypersurfaces with constant principal curvatures are 2,2, 2, 3, 3, respec-
tively. The principal curvatures of these real hypersurfaces in CH"(¢) are given
as follows:

(Ao) (A1,0) (A1) (A2) (B)
A | ¥ @ coth(@r) @ tanh(@r) @ coth(@r) @ coth(@r)
Ao | — — — @ tanh(‘/f‘r) @ tanh(‘/Fr)
6 | V/lel | Vel coth(y/Ie]r)| /el coth(y/[e[r)| /el coth(y/Ief r)| v/Ie] tanh(y/[c[ r)

Next, concerning to the fact (iii) in Introduction, we need the following.
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PropPoOSITION 1. There does not exist real hypersurfaces with parallel structure
tensor ¢ in a nonflat complex space form M, (c),n = 2.

PRrOOF. Suppose that there exists a real hypersurface with parallel structure
tensor ¢ in a nonflat complex space form M, (c),n = 2. Then it follows from

that
(2.6) nY)AX —g(AX,Y)¢ =0 forVX,Y € TM.

Putting X =Y =¢ in , we get AL = g(AE, €)E, so that our real hypersur-
face M is a Hopf hypersurface. Next, we take a principal curvature vector X
orthogonal to £ with AX = AX. Then, setting Y = £ in , we can see that
the principal curvature vector X satisfies AX = 0, i.e., A = 0. Hence our real
hypersurface M is a Hopf hypersurface having two distinct constant principal
curvature § and A = 0. However there does not exist such a Hopf hypersurface
(see the above tables of principal curvatures), which is a contradiction. Therefore
we obtain the desired statement. O

For the proof of Theorem 2, we prepare the following lemma due to Chen and
Vanheche (see [3]).

LEMMA 2. Let M be a Riemannian manifold of dimension greater than two with
Riemannian metric g. We denote by G, () a geodesic sphere with center m and
radius T in M, and by A, the shape operator of Gy, (1) in M with respect to
the outward unit normal vector field. For non-zero tangent vectors v,w € T,, M
at a point m € M, we choose a unit tangent vector u € T,,, M orthogonal to both
v and w. We denote by vy, w, € Toxp ()M the parallel displacement of v,w
along the geodesic segment exp,,(su), 0 £ s < r. Then for sufficiently small r
we have

(27) g(Am,r'Urawr) = % g(v,w) - g g(R(ua v)w,u) + O(TQ)v

where R is the Riemannian curvature tensor defined by R(X,Y)Z = Vx y|Z —
[Vx,Vy|Z.

3. Proof of Theorem 1 We first mention the following well-known propo-
sition without proof (see [6,/7]).

PROPOSITION 2. Let M?"~! (n = 2) be a connected real hypersurface in a

nonflat complex space form Mn(c) through an isometric immersion. Then the
following two conditions are mutually equivalent.

(1) M is locally congruent to a hypersurface of type (A).
(2) A= A¢, ie., v =0pA— Ap=0 on M.
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We first suppose that our real hypersurface M is locally congruent to a hy-
persurface of type (A). Then from Proposition 2, we know ¢ = 0, so that ¢ is
parallel in a trivial sense.

Next, we suppose that 1 is parallel on M. The following discussion is es-
sentially due to the work of |4]. By direct computation, from we get the
following:

(3.1) 0=y9((Vx¥)Y,Z) =n(AY)g(AX, Z) — n(Z)g(AX, AY)
+9((6(VxA) = (VxA)P)Y, Z)
+1(AZ)g(AX,Y) —n(Y)g(AX, AZ)

for any tangent vector fields X,Y and Z on M. Putting X =Y =27 =¢ in
(3.1), because of (2.3) we obtain

9(Ver)E, €) = 2(n(A€)* — n(A%)).

So we have

(3.2) n(A&)? — n(A%¢) =0

Setting A = a& + bU for two functions a and b on M, where U is the unit
tangent vector field orthogonal to £ on M and substituting this in 7 we get
a? — (a®> +b?) = 0. So, we conclude that b = 0, i.e., £ is a principal curvature
vector. Namely, our real hypersurface is a Hopf hypersurface.

Next, we take a principal curvature vector X with principal curvature A or-
thogonal to €. Setting Y = X, Z =€ in and multiplying 2\ — ¢ to ,
from Lemma , 7 , we find

0=02x=0)g((Vx¥)X,¢)
= (=A% + 002X = 8)g(X, X) — (2X = 0)g(¢X, (Vx A)E)
= (=A% + 6N (2A — 8)g(X, X) + (2X — 0)(9(0¢* X, AX) + g(ApX, pAX))
= (=X 40N (2) = )g(X, X)

+ (20— 8)(9(8(~X +n(X)E), AX) + g((5A + (¢/2))$X, SAX)
= 22X - 8)g(X, X) — (5A + (¢/2))9(¢*X, AX)
= AN — 207 — (¢/2))g(X, X),

so that A(2A\%2 — 26\ — (¢/2)) = 0. We here note that A = 0 is not a solution
to the quadratic equation 2A? — 26\ — (¢/2) = 0. Hence our Hopf hypersurface
M in Mn (c) has at most four constant principal curvatures , A = 0 and A1, A2
which are solutions to the equation 2A? — 25\ — (c/2) = 0. However we emphasize
A # 0 (see the above tables of principal curvatures). So we see that our Hopf
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hypersurface M has at most three constant principal curvatures § and A1, Ao
which are solutions to the following quadratic equation:

(3.3) 20% — 20\ — (¢/2) = 0.

When our Hopf hypersurface M with constant principal curvatures does not have
a principal curvature A with 2\ — 6 = 0, Equation (3.3)) can be rewritten as:

5= oA+ (c/2)
TN =46

This means pAX = ApX for every X in V), which, together with the fact that
PAE = 0 = A¢E, implies A = A¢p on M. Then M is locally congruent to a
hypersurface of type (A) in a nonflat complex space form (see Proposition .

Finally, we investigate the case that our Hopf hypersurface M with constant
principal curvatures has a principal curvature A with 2\ — § = 0. Then M
is nothing but the horosphere HS in CH"(c) (see the above table of principal
curvatures in the case of ¢ < 0), so that M is a member of hypersurfaces of type
(A). Therefore we obtain the desired conclusion.

4. Proof of Theorem 2 We first show that Condition (2) implies Condition
(1). We denote by &, and 7y, the characteristic vector and the contact form
on our geodesic sphere G,,(r) in a Kihler manifold M. By the assumption
Ve Wmr =0 we have

nm,r(Am,ré-m,r)Q - nm,r(Agn’rgm,r) =0

which corresponds to Equation , so that the geodesic sphere G, (r) is a Hopf
hypersurface in the K&hler manifold M.

Next, in Lemma [2| we choose w orthogonal to both v and Jv and we put
u = Jv. Since u, is a normal vector on G,,(r) in M at exp,,(ru), the vector v,
is the characteristic vector of G, (r) at this point. It follows from the fact that
our geodesic sphere G, (r) is a Hopf hypersurface in M and Equation that
the curvature tensor R of M satisfies

g(R(u, Ju)w,u) =0

(cf. [1]). Hence we can see that R(u,Ju)u is proportional to Ju for every
w € T,,M, so that M is locally congruent to a complex space form (see [9]).
Thus we obtain Condition (1).

Conversely, we suppose Condition (1). We take an arbitrary geodesic sphere
G(r) in a complex space form M, (c). Since Gy, (r) is a totally umbilic hyper-
surface in the case of ¢ = 0, the tensor ¥y, » = GmrAmr — Amr@Gmr on G (r)
vanishes. On the other hand, when ¢ # 0, our geodesic sphere G,,(r) is not
totally umbilic. However the tensor iy, , on Gy, (r) also vanishes (see Proposi-
tion . Therefore the tensor ¢, is parallel in a trivial sense. Thus we obtain
Condition (2).
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